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We derive several sufficient conditions for monotonicity of eventually positive solutions on a class of second order perturbed
nonlinear difference equation. Furthermore, we obtain a few nonexistence criteria for eventually positive monotone solutions of
this equation. Examples are provided to illustrate our main results.

1. Introduction

The theory of difference equations and their applications
have received intensive attention. In the last few years, new
research achievements kept emerging (see [1-7]). Among
them, in [3], Saker considered the second order nonlinear
delay difference equation

A (pnAxn) + qnf (xnfa) =0,

Saker used the Riccati transformation technique to obtain
several sufficient conditions which guarantee that every
solution of (1) oscillates or converges to zero. In [4], Rath et
al. considered the more general second order equations

nz0. (1)

A (TnA (yn - pnynfm)) + qnG (ynfk) =0, n=0,

A (rnA (yn - pnynfm)) + qnG (ynfk) = fn’ nz0.

They found necessary conditions for the solutions of the
above equations to be oscillatory or tend to zero. Following
this trend, this paper is concerned with the second order
perturbed nonlinear difference equation

2)

A (anAxn) +P (1’!, xn’ xn+1) = Q (”’ xn’ Axn) > nz 0’

(3)

where {a,} is a positive sequence, P,Q : N x R> — R are
two continuous functions, and A is the forward difference
operator defined as Ax,, = x,,,; — x,,.

In [8], Li and Cheng considered the special case of (3)

A (Pnflen—l) + qnf (xn) = 0’ nz=0. (4)

They got the sufficient conditions for asymptotically mono-
tone solutions of (4). Enlightened by [8, 9], in this paper, we
derive several sufficient conditions for monotonicity of even-
tually positive solutions on (3) and obtain a few nonexistence
criteria for eventually positive monotone solutions of (3). Our
results improve and generalize results in [8]. We also provide
examples to illustrate our main results.

For convenience, these essential conditions used in main
results are listed as follows:

(H,) there exists a continuous function f : R — R such
that xf(x) > 0 for all x # 0;

(H,) f is a derivable function and f'(x) > 0 for x # 0;

(H,) there exist two sequences {p,} and {g,}, such that
P(n, x,, x,,1)/ f(x,1) = p, and Q(n, x,,Ax,)/
f(‘xn+1) < dn for X #0;

(Hy) fo:)nn 1/a, = +00, n, is a positive integral number,

where a,,, P(n, x,,, x,,,;) and Q(n, x,,, Ax,,, ;) are all in (3).



2. Main Results

We first state a result which relates a positive sequence and
a positive nondecreasing function. Its proof can be found in

(8].

Lemma 1 (see [8]). Let f(x) be a positive nondecreasing
function defined for x > 0. Let {x;} be a real sequence such
that x;. > 0 fori < k < j+ 1. Then

J Axk Xje1 du J Axk
— < . (5)
kZ::f(xkﬂ) J J W kzzif(xk)

Theorem 2. Suppose that conditions (H,)-(H,) hold, p,, and
q, satisfy the following conditions:

(Hs) z::”o (ps — q5) < +o0;

(He) lim inf,, _, o, ¥, (ps—q,) =0

for all ny. Then eventually positive solutions of (3) are eventu-
ally monotone increasing.

Proof. Suppose that {x,,} is a positive solution of (3), say x,, >
0 for n > N > n,. If conclusion cannot hold, without any loss
of generality, assume Axy < 0, in view of (3) and conditions,
we have

A ( anAxn) _A(a,8x,)  a,(8x,)’f' (x, +0Ax,)
f(xn) f(xn+1) f(xn)f(an) (6)
— P (0< 0 < D,

by summing (6) from N to n — 1, then

a,Ax,
) S

Making use of condition (Hg), we know Ax,, < 0 forn > N.
Summing (3) and using (H;), we have

aNAxN

Z (p—4s)- %

anAxn < aNAxN - z f (xs+1) (ps - qs)

= A - n+ s s
anAxy — f (x 1)3;(17 ®)

n-1 s=1
+ Z Af (x;) (Z (P _Qt))
s=N t=N
< ayAxy.
By summing (8), we then see that

xn+1\xN+aNAxNZa——> -00 (asn— 00),
s=N s

)

which contradicts the fact x,, > 0. The proof is complete. []
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Example 3. Consider the difference equation

A(Anx )+x <r(n,xn)+ ! S

n?(n+1) (n+1)3> (10)

=% (mx,), n=0,

where r(n, x,,) is any function of nand x,,. By taking f(x) = x,
we have

P(n’xn’xn+1) _ 1 1 _
Flom) 0D Gy P
Q(n, x,, Ax,)
— " =r(nx,) = q,

f (xn+1)
(1)

So conditions of Theorem 2 hold. By Theorem 2, (10) has a
positive monotone increasing solution {x, } = {n}.

Theorem 4. If conditions (H,)-(H,) hold, there exist M > 0
and j > ny for ny > M such that

lim supzn: Z (ps—q,) > 0. (12)

no00 g A s=n,

Then eventually positive solutions {x,} of (3) are eventually
monotone increasing or lim inf, x, =0.

n—0o00""'n

Proof. Suppose {x,} is a positive solution of (3), there exists
N > n, such that x,, > 0 forn > N. Let Axy < 0, and

lim sup i Z

"m0 k=j sy

-q)>0, j>N. (13

If lim inf, _,  x, #0, then there exist T > N and a number
a > 0 such that x,, > a > 0 for n > T; in view of (7), we get

Ax, ayAxy 1 _iml )
fx )< f(xy) a, a, s;(Ps qs) - (14)

Summing (14) and making use of Lemma 1, we know

J fiL;) s J fﬁ)

J

(15)

aNAxN 1 3
S F ) £ Z Z Z

k]aksN

By (H,), the right side of (15) tends to —co as n — 00,
whereas the left side is finite. This contradiction completes
our proof. O

Example 5. Consider the difference equation

A(Axn>+ Xpi1 _ \/n+2x
\/E \/ﬁ n+1 n+1>

By taking f(x) = x, we have P(n,x,,x,,1)/ f(x,,1)

1/vn = p,,Qn,x,,Ax,)/ f(x,.,) = Vu+2/n+1 = g,
So conditions of Theorem 4 hold. By Theorem 4, (16) has a
positive monotone increasing solution {x,} = {~/n}.

n=0. (16)
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Theorem 6. If conditions (H,)-(H;) hold, and

n-1

o1
lim inf—~ > (p,

n s=y

-q,)>0 (17)

holds for all ny. Then eventually positive solutions {x,} of (3)
are eventually monotone increasing or eventually monotone
decreasing and lim x, =0.

n—o0""'n

Proof. Suppose {x,} is a positive solution of (3), there exists
N > n, such that x, > 0 forn > N. Let Axy < 0 and

lim inf,_, o 1/a, ¥"_\(ps — q;) > 0, then there exists § > 0

such that
—Z(Ps q)=B>0, n>N. (18)
an s=N

From (7), we have

f(x Z (ps qs _ﬁf (xn) <0, mn>N.
an s=N

19)
Iflim,,_, . X, # 0, then there exists ¢ > 0 such that x,, > ¢ > 0.

There is no harm in assumption x,, > ¢ for n >

(19), we obtain

N. Summing

c<Xy Sxy—m+1-N)Bf(c) — -0 (n— 00),

(20)
which is a contrary. The proof is complete. O

Example 7. Consider the difference equation

)= )
(21

1
A(rA ( ,
(n xn)+xn+1 r(n x")+n+2

where r(n, x,,) is any function of n and x,,. By taking f(x) = x,
we have

P(?’l, Xn> xn+1)
f(xn+1)

Q(n, x,, Ax,,)
f(xn+l)

So conditions of Theorem 6 hold. By Theorem 6, (21) has a
monotone decreasing positive solution {x,} = {1/n}.

=r (1’1 xn) +— n+ - pn’
(22)

=r(nx,) =g,

Theorem 8. If conditions (H,)-(H,) hold and

(Hy) lim sup,_, oo Xy 1/a; Yoy (P = q,) = +00;
(Hy) foralle > 0, [ du/ f(u) < +oo.

Then eventually positive solutions of (3) are eventually mono-
tone increasing.

Proof. Suppose x,, > 0 forn > N > ny, {x,} is a solution
of (3), and lim sup, , . Y7, 1/a, Y-\ (p; — q,) = co. If the
result does not hold, without any loss of generality, assume
Axy < 0. In view of (7), we see that

Ax,, anyAxy 1

A LS ()

(23)
- Z (Pe—a)-
Gy =N
Summing (23) and using Lemma 1, we know

1

Z%Z ~q,). (4

=N

J’ n+1 du L
o TS purt f
This is a contradiction. The proof is complete. O

Remark 9. In Theorems 2 and 4, condition (H,) is essential;
that is, the series with positive terms Z;’Zno 1/a,, is divergent,
but it is not required in Theorems 6 and 8.

Remark 10. The eventually positive solutions in Theorems 4
and 8 are increasing it is not necessarily so in Theorem 6.

Next, we will derive several nonexistence criteria for
eventually positive monotone solutions of (3).

Theorem 11. If conditions (H,)-(H;) hold and

lim sup Z (Px — qx) = +00. (25)

Then, (3) cannot have any eventually positive monotone
increasing solutions.

Proof of Theorem 11 is obvious. If x,, > 0 is an eventually
positive increasing solution, by means of conditions, (7) is a
contrary.

Theorem 12. If conditions (H,)-(H;) hold, and there is a
nonnegative and nondegenerate sequence {¢,,} such that

lim su Zk 1y (Pk+1/ak Zs 1y (ps qs) - (26)

fHOO py o Prei1 /%

holds for all ny. Then, (3) cannot have any eventually positive
nondecreasing solutions.

Proof. Suppose that {x,} is a positive solution of (3), there
exists N > n, such that x, > 0 and Ax, > 0forn > N.
Multiplying (7) by ¢,,,,/a,,, we have

(Pn+1Ax (Pn+1 ( (Pn+1 ayAxy
p—4s) < - @27)
f(xn) a, SZI:\] a, f(xN)
So we obtain
¢ Prel Y ( anAxXy ¢ P
ps— qs) < (28)
k:ZN 5 S:ZI:\I f(xN) =N %

This is contrary to our condition. The proof is complete. [



Theorem 13. If (H,) and (H;) hold, {a,} is a nondecreasing
sequence, f(x) is a nondecreasing function, and there is a
nonnegative sequence {¢, }, where {A¢, } is bounded, and

(H ) hmn%oo Zs =, ¢S+l(p5 QS)/asH - +00f01’ all y;

(Hyp) 0 < [, du/ f(u) < +c0, & > 0.

Then, (3) cannot have any eventually positive monotone
increasing solutions.

Proof. Suppose that {x,} is a solution of (3), and there exists
N > n, such that x,, > 0 and Ax,, > 0 for n > N. Multiplying
(3) by @,,,1/a,,41 f (x,,1) and summing from N to »n — 1 again,
we have

n—1
Ps+1 905+1
—_A(aAx,) - (29)
SZN s+1f(xs+1) Z s+1
Namely,
(PnAxn (pNAxN < ( (P )
- - aAx ANl ——
f(xn) f(xN) s;\l asf (xs)
30
- (30)
< Z Letl (qs - ps) .
s=N as+1

As {a,} is a nondecreasing sequence, we get

A ( Ps ) — Ps+1 _ Ps < A‘Ps .
asf (xs) as+1f(xs+1) asf (xs) as+1f(xs+1)

(31)
Thus
Ax A
aAx, - A ( L2 ) e (32)
sf (x ) ( s+1)
From (30), we obtain
SDnAx (PNAXN Z 905+1 _ Z Ax A(Ps
f(xn) xN) gyl N Xst+1
(33)

using Lemma 1 and conditions, we have

- n-l1 +00
ZA’CA‘PS <My A, sMJ A s
=N 5+1) s:Nf(xs+1) XN f(u)

(34)

By letting n — 00, we see that the left-hand side of (33) is
bounded, this is contrary to our condition (Hy). The proof is
complete. O

By means of proof of Theorem 13, we get

Corollary 14. If (H,), (H;), and (H,) hold, {a,} is a non-
decreasing sequence, f(x) is a nondecreasing function, and
there is a nonnegative sequence {¢,}, {Ag,} is bounded, and

0< j; du/ f(u) < +oo for e > 0. Then, (3) cannot have any
eventually positive nondecreasing bounded solutions.
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Corollary 15. Suppose (H,), (H), and (Hy) hold, {a,} is
a nondecreasing sequence, f(x) is a nondecreasing function,
and there is a nonnegative nonincreasing sequence {¢,,}. Then,
(3) cannot have any eventually positive monotone increasing
solutions.

Theorem 16. Suppose (H,), (H,), and (Hj
nondecreasing function, and

) hold, f(x) isa

(Hll) lim SUP, - o Zzzno l/ak zsgk(ps_%) = +ooforallno;
(Hyy) 0 < [ du/ f(u) < +00, > 0.

Then, (3) cannot have any eventually positive nondecreasing
solutions.

Proof. Assume to the contrary that there exists N > n, such
that x,, > 0 and Ax,, > 0 forn > N. {x,} is a solution of (3).
By means of (3) and (H;), we get

A (a,Ax,)
f (xn+1 )

by summing (35) from N to n — 1, thus

< (qn - pn) > (35)

a,Ax, ayAxy & ( 1 )
- - ) ag Ax A ———
f(xn+1) f(xN+1) S:ZI:\] o o f(xs+1)
. (36)
< Z (qs _Ps)'
s=N
As  f(x) is a nondecreasing function, we know
Ax, A1/ f(x4,)) <0, s0
(e}
A
Y (po-a) < 37)

s=N f (xN+1)

In view of Lemma 1, we see that

n

R Moy (" du
2o 200 L e <L, T

N=T N =N N=T
This contradiction establishes our assertion. O

By means of proof of Theorem 16, we obtain the following.

Corollary 17. Suppose (H,), (H;), (Hs), and (H,;) hold,
f(x) is a nondecreasing function. Then (3) cannot have any
eventually positive nondecreasing bounded solutions.
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