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Wilson-Cowan model of neuronal population with time-varying delays is considered in this paper. Some sufficient conditions
for the existence and delay-based exponential stability of a unique almost periodic solution are established. The approaches are
based on constructing Lyapunov functionals and the well-known Banach contraction mapping principle. The results are new, easily
checkable, and complement existing periodic ones.

1. Introduction Tp(t), Tn(t) correspond to the transmission time-varying

Consider a well-known Wilson-Cowan type model [1, 2] with
time-varying delays

delays.

It is interesting to revisit Wilson-Cowan system on the
following points.

dXp (t)
;t = —Xp (1) + [kp = rpXp (1)]
(i) The Wilson-Cowan model has a realistic biological
% G [wpXp (t - 75 (1)) background which describes interactions between
excitatory and inhibitory populations of neurons [1-
—w;\]X NyE-Tn @)+ 1Ip (t)] , 3]. It has extensive application such as pattern analysis
@ and image processing [4, 5].
dXy (t)
T = _XN (t) + [kN - rNXN (t)]

x G [wf,XP (t—1p(t))

—wy Xy (- 1y () + Iy ()],

where X,(t), Xn(t) represent the proportion of excitatory
and inhibitory neurons firing per unit time at the instant
t, respectively. rp, and ry are related to the duration of the
refractory period, kp and ky, are constants. wi,, wll\,, wf,, and
w?, are the strengths of connections between the populations.
Ip(t), Iy(t) are the external inputs to the excitatory and
the inhibitory populations. G(-) is the response function of
neuronal activity and it is always assumed to be sigmoid type.

(ii) There exists rich dynamical behavior in Wilson-

Cowan model. Theoretical results about stable limit
cycles, equilibria, chaos, and oscillatory activity have
been reported in [2, 3, 6-9]. Recently, Decker and
Noonburg [8] reported new results about the exis-
tence of three periodic solutions when each neuron
was stimulated by periodical inputs. However, under
time-varying (periodic or almost periodic) inputs,
Wilson-Cowan model can have more complex state
space and coexistence of divergent solutions and local
stable solutions which could not be easily estimated
by its boundary. To see this, we can refer to Figure 1
for the phase portrait of solutions of the following
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FIGURE I: Coexistence of divergent and local stable solutions of (2)
with almost periodic inputs.

Wilson-Cowan type model with G(z) = tanh(z) and
almost periodic inputs [10-12]:

dx
% =—Xp@t)+[1-Xp(t)]
x G [Xp () - Xy (t) + 5sinV2t],
(2)
% Xy () +[1- Xy (0]

X G[Xp(t)— Xy (t) +0.5costsint].

(iii) Few works reported almost periodicity of Wilson-
Cowan type model in the literature. Under almost
periodic inputs, whether there exists a unique almost
periodic solution of (1) which is stable? How to esti-
mate its located boundary? Revealing these results can
give a significant insight into the complex dynamical
structure of Wilson-Cowan type model.

Throughout this paper, we always assume that kp, ky, 7p,
N> w;), wf), wll\,, and u)i, are positive constants, 7p(t), T5(t),

Ip(t), and I (t) are almost periodic functions [12], and set

T = sup7p (t), T = supty (t),
teR teR

(3)

I, = sup|Ip (1), I, = sup|Iy (1)].
teR teR

Moreover, we need some basic assumptions in this paper.

(H;) G(0) = 0, sup, . |G(v)| < By and there exists an L >
0 such that

|G(uw)-GW)|<Llu-v| for Yu,veR. (4)
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(H,) The quadratic equation (K + Rx)(I + Wx) = x has a
positive solution &, where

W = max{L (w}, + wll\,),L(wIZJ + wf\,)} ,

K = maX{kP, kN} 5 R = max{rpy rN} 5 (5)

I = max{LI,,LI}.

(H;) 1p(t), Ty(t) are bounded and continuously differen-
tiable with 0 < 7,(f) < T;,

0<ty(t) <1y, 1—1p(t) >0,

1-1y(@#)> 0 forteR

For for all u = (u;,u,) € R? we define the norm [u|| =
max{|u, |, |u,|}. Let B := {y | v = (v, y,)}, where y is an
almost periodic function on R2. For all y € B, if we define
induced nodule ||yl = sup,glly(t)ll, then B is a Banach
space. The initial conditions of system (1) are of the form

Xp©)=vyp(s),  Xn()=yn(s), sel-7.0], (7)

where T = max{t,, 7y} and y = (yp, yy) € B.

Definition 1 (see [12]). Let u(t) : R — R" be continuous.
u(t) is said to be almost periodic on R if, for any € > 0, it
is possible to find a real number I = I(¢) > 0, and for any
interval with length I(e), there exists a number § = &(¢) in
this interval such that |u(t + §) — u(t)| < ¢, forall t € R.

The remaining part of this paper is organized as follows.
In Section 2, we will derive sufficient conditions for checking
the existence of almost periodic solutions. In Section 3,
we present delay-based exponential stability of the unique
almost periodic solution of system (1). In Section 4, we
will give an example to illustrate our results obtained in
the preceding sections. Concluding remarks are given in
Section 5.

2. Existence of Almost Periodic Solutions

Theorem 2. Suppose that (H,) and (H,) hold. If KW + R(B, +
OW) < 1, then there exists a unique almost periodic solution of
system (1) in the region

B = {y v eB fyl, <o), ®)
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Proof. For for all y = (yp, yy) € B*, we consider the almost
periodic solution X¥(t) = (Xp(t), X% (t)) of the following
almost periodic differential equations:

pr (1) - _XP (t) + [kp —TpYp (t)]
dt
x G [wzlﬂ/’P (t-7 (1)
—wnyy (=7 () + I (t)] ’
)

xG [wf’V/P (t-7p (1)
—wiyy (- () + Iy (0] -

By almost periodicity of 7p(t), T5(f), Ip(f), and Iy(t) and
Theorem 3.4 in [12] or [10], (9) has a unique almost periodic
solution

X} ()
= [ e -9 o= rowi 9]
x G [wpyp (s =75 (5))
—wpy (s =Ty (9) + Ip ()] ds,  (10)
X% ) = jtm exp(=(t =) [ky = rnyn ()]
x G [wpyp (s = 7 ()
~win (s =Ty () + Iy (5)] ds.

Define a mapping F : B* — B by setting F(y)(t) =
(Fp(y) (1), Fy(w)(t)) = X¥(t), for all w € B*. Now, we prove
that F is a self-mapping from B* to B*. From (10) and (H,),
we obtain

|Fp () ()]

| e -9 ke - rewi 9]

< sup
teR

xG [w113‘//P (s=7p ()

—wNyy (s =Ty (9)) + Ip (s)] ds

< su{g [kp +7p l‘//p (t)H
te

x G |[wpyp (- 75 (1)
—wpy (= 1y () + I ()|
< (kp+ oy 5)
x L (wpllylly + wilvls +I7)
< (kp +7pyllp)

(L (wh + why) Iyl + LI7)-

D)
By similar estimation, we can get
|Fx (w)] < (ky +y]lw]p)
(12)
X (L (wﬁ, + wf\,) vl + LII,) )
Therefore, by the above estimations and (H,), we get
I ()]s = sup {[Ep (W), [Ex (w)I}
€
< (K + Ry ) Wyl +1) (13

<(K+RO) (WS +1) =6,

which implies that F(y) € B*. So, the mapping F is self-
mapping from B” to B*. Next, we prove that F is a contraction
mapping in the region B*. For all y, ¢ € B*, by (10), we have

|Fs (v) (t) - Fp (¢) )]

< sup
teR

| ew =) ke - rowe 9]

x G [wpyp (s = 7 ()
—wpyy (s =Ty () + Ip (s)] ds
[ w1 o)
x G [wpdp (s = 75 (5))

—wll\,qSN (s—1n () +1Ip (S)] ds

>

(14)




which leads to
|Fp (v) (1) - Fp (¢) (®)]

t
< supJ

teR J-oo

exp (= (t—s))

x [kpL |wpyp (s = 7 (5)) — wyw (s = 7y (5))
~wpdp (s = 7p (5)) +wydn (s = 7y ()
+7p |vp () G [wpyp (s — 75 (5))
—wpyy (s =1y (5))
+Ip (5)]
— ¢ () G [wpp (s - 75 (5))
—wyy (s =7y (9))

+1p(s) || ] ds
< kpL (w}aiuﬂg lyp (1) — dp (1) + wzlqiuug lvw @) — ¢n (t)|)

t
+supJ

teR J—o0

exp (= (t=s))rp

x [|ve () G (wpyp (s = 75 (5))

—wr Yy (5 = Tn () + 1 (5))

~¥p ()G (wpp (s~ 7p (5))
— wyn (s = T (5))

+1p (5))|
+ |vp (9) G (wpsp (s — 7 (5))
— wydy (s =5 () + I (5))
~ 65 ()G (wpp (s = 75 (5))
—wyy () + Ip (5))||1ds
< kpL (wp + wy ) v - ¢l

+7p (Bylly = ¢ls + OL (wp +wy ) |y~ ¢l5)-
(15)

By similar argument, we can get
|Ex () () = By (v) ()]
< kL (wp + ) v - 9l (16)

+1y (Byllw = ¢l + 0L (wp + wi) v - ¢l5).-
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From (15) and (16), we have

IF (w) = F ()5
= Stlelﬂg {IFP (v) - Fp (V’)l > |FN (v) - Fy (‘/’)l}

<KWy ¢] 7)

+R (B |y — ¢l + oW [ly - ¢]))
= (KW + RB, + RSW) |ly - ¢| -

Since KW +RB,+R6W ¢ (0, 1), it is clear that the mapping F
is a contraction. Therefore the mapping F possesses a unique
fixed point X* € B* such that FX* = X". By (9), X" is
an almost periodic solution of system (1) in B*. The proof is
complete. O

Remark 3. Obviously, quadratic curve €(v) := RW2+(KW+
RI - 1)v + KI satisfies with €(0) > 0. So, A := (KW + RI —
1)> —4RWKI > 0 and KW + RI < 1 guarantees the existence
of § in (H,) and 9 lies in the following interval:

(18)

1-KW-RI-+A 1-KW —RI + VA
2RW ’ 2RW

By Theorem 2, we know that the unique almost periodic
solution depends on KW + R(B; + 6W) < 1. Choosing
6 = (1 - (KW + RI))/2RW, we get a simple assumption as
follows:

(H,) KW +RI < 1 -2VKWRI,RB; < (1 - (KW —RI))/2,

and hence it leads to a parameter-based result.

Corollary 4. Suppose that (H,) and (H,) hold. Then there
exists a unique almost periodic solution of system (1) in the
region B* = {y | v € B, |yl < (1 = (KW + RI))/2RW}.

3. Delay-Based Stability of
the Almost Periodic Solution

In this section, we establish locally exponential stability of the
unique almost periodic solution of system (1) in the region
B*, which is delay dependent.

Theorem 5. Suppose that (H,)-(H;) hold. If KW + R(B, +
OW) < 1 and there exist constants €, > 0, €, > 0 such that

C
1-7rp,B,)¢; > su —P,
(B o> o )

CN
1-ryB,)t, >sup—————,
( N s) 2 tel}gl — TN (UI_\JI (t))

(19)

where Cp := L[(kp + rPS)Elw}l, + (ky + rN6)€2w12;] and Cy :=
L{(kp + rP8)€1w11\, + (ky + rN8)£2wf\,], v;,l(t) and v;\,l(t) are
the inverse functions of vp(t) = t — 1p(t) and vy (t) = t — Ty (),
then system (1) has exactly one almost periodic solution X" (£)
in the region B* which is locally exponentially stable.
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Proof. From Theorem 2, system (1) has a unique almost
periodic solution X*(¢f) € B*. Let X(t) = (Xp(t), Xn(£))
be an arbitrary solution of system (1) with initial value v =
(Wp,¥N) € B . Set X(t) = Xp(t) — Xp(t), Y(t) = Xy(t) -
X}(t). By system (1), we get

ax@®
e X
+ [kp —1p (X (1) + X5 (1))]
x G [wp (X (t=1p (1) + Xp (£ =75 (1))
—wy (Y (t =1y () + X3 (t - 7y (1)) Ip (8)]
- [kP - TPX; (t)]
x G [w}l,X; (t-1p(1)
—wp Xy (t- 1y () + I (0],
v
ar Yo

+ky -y (Y () + X5 ()]
x G [wy (X (t=1p (1) + Xp (£ =75 (1))

—wyy (Y (=1 (0)+ X5 (¢ = 7y (6)) + 1y ()]
= [k — Xy (1)]

x G [wf,X; (t—1p (1))

—wi Xy (t -1y (1) + Iy (1)].
(20)

Construct the auxiliary functions Fp(u), Fy(u) defined on
[0, +00) as follows:

CPeu'r;
Fp(u) = (u—1+rpB,) €, + sup—————,
ter 1 —1Tp (Up (t))

(21)

CNeuT;’
Fy () :=(u—-1+ryB,) &, +sup———————.
N ( N s) 2 te[}gl — iy (UNI (t))

One can easily show that Fp(u), Fy(u) are well defined
and continuous. Assumption (19) implies that F,(0) < 0,
Fp(u) - +ooasu — +ooand Fy(0) < 0, Fy(u) — +00 as
u — +00. It follows that there exists a common A > 0 such
that Fp(A) < 0 and Fy(A) < 0.

Consider the Lyapunov functional

V()= [ 1X@0)]+ &, [V ()] e

t
P AMs+15)
+ TP X (s)] M ds
L—rp(t) 1 —ip (vp' (5)) (22)

t C T
+ J —— N |y (5)] s,
t-ry(t) 1 =Ty (UN (5))

Calculating the upper right derivative of V(¢) along system
(1), one has

DV (t)
< Afe X () + & Y (1)]]
+eMe [~ 1X (1)l
+ |[kp = 7p (X (£) + X5 (1))]
x G [wp (X (t=1p (1) + X (t - 75 (1))
—wy (Y (-1 (1) + X3, (-1 (1))
+Ip (1)]
= [kp = 1pXp ()]
x G [wpXG, (t -~ 7p (1))
—wn X (=1 () + 1 (1)][]
+eMe, [~ 1Y (1)l
+ | e = e (Y (8) + X5, (1))
x G [w (X (£ = 7p (1) + Xp (£ - 75 (1))
—wi (Y (E-1ny () + X5, (=13 (1))
+y ()]
[y =X ()]

x G [w}z,X; (t—1p ()

—wi Xy (t =1 () + Iy (0] ]

Cp
1= (0 )
S Cp|X (t—Tp (®)] exp [A(t - o () + 7))

C

N
@)

—Cy Y (t -ty )] exp [A(t -7y (6) + 1)

|X (t)| e}t(tﬂ';)

Y (t)| e)t(t+-rN)

(23)
which leads to
DV (t)

<[A-D e IXOI+ (A -1) 6™ Y (t)]
+ e, [epL (wp | X (t - 75 ()]
+un |V (£ -1y O)]) +7p X ()] B,
+7pOL (wp [X (£ =75 (1)

+wy Y (t -1y (1))])]



¢, [kyL (wp [X (£ =75 ()|
Y (t-1y @)])
+ 1y Y (0] By + L (wp |X (= 7 ()|
+wi Y (-1 0)])]

P At+15)
t T S X®leT?
1—1p (v3! (1))

~Cp|X (t-1p ()| "

Cy
Tt (v )

—Cy|Y (t -5 (1)) "

|Y (t)l e/\(t+r;)

IN

Ce/\‘r;
A=1+71pB,) & +sup—2 —
[( PB4 teugl—fp(upl(t))]

x M |X (t)]

+|(A=1+ryB,)¢ +supCN—eM;
NTIT2 teR 1 — Ty (U;\]l (t))
x MY (8)]

<—q [IX@®)+ Y (0] Y,
(24)

where ¢, := —(1/2) max{Fp(\), F5 (1)} > 0. We have from the
above that V(¢) < V(¢,) and

min {€,,6,} M (X O+ Y O <V () <V (0), t=0.

(25)
Note that
V()= |(&,+8&)+1p sup _C—P_le)"}I
se[—‘r;,o] 1- Tp (UP (S))
T CN Aty *
+Ty sup ——————¢e"'N - ,

L e ) M L

(26)

where y*(s) = X*(s), s € [-7, 0]. Then there exists a positive
constant M > 1 such that

|Xp () = Xp O] < My -y e™, -
[Xn ()= X3 0] < My -y [le ™.

The proof is complete. O

Set§ = (1-(KW +RI))/2RW . It follows from Corollary 4
and Theorem 5 the following.
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Corollary 6. Suppose that (H,), (ﬁz), and (H;) hold. If there
exist constants €, > 0, €, > 0 such that

L (ocpflwll) + (xN€2w123)

(1 -rpB,) &, > sup

>

1—1p (vp' (1))

teR
(28)
L(apt w?, + oy, w?
(1-ryB,) €, > sup ( - I.N ,IN ’ N)a
rer 1=ty (v (1)
where
1- (KW +RI
ap =kp+ rpﬁ,
2RW
(29)
Ly L= (KW +RI)
N N—————,
N NtTN SRW

u;,l (t) and vI_\,l(t) are defined as Theorem 5, then system (1) has
exactly one almost periodic solution X (t) in the region

1—(KW+RI)},

2RW (30)

B = {ylves lyl, <

which is locally exponentially stable.

4. An Example

In this section, we give an example to demonstrate the results
obtained in previous sections. Consider a Wilson-Cowan
type model with time-varying delays as follows:

pr (t) _ _XP (t) + [kP - rpXP (t)]
dt
x G [w}DXP (t-7p (1)
—wp Xy (-1 () + I ()],
31
chZ 0. ~Xy () + [y = ry Xy (8)]

x G [wpXp (£ =75 (1))

—wi Xy (t -1 () + Iy ()],

where kp = ky = 1,7p = ry = 0.0, wp = wp = wy =
wy, = 0.1, Tp(t) = Tyy(t) = 0.1¢ + 10, Ip(t) = 7 sin V7t, G(v) =
tanh(v), and Iy(t) = 7 cos V2t. Tt is easy to calculate that

K=1, W =0.2, R =10.01, I1=7,
1 1 (t +10)
v, (t) = vy (t) = ——, 32
p (1) =vy (1) 09 (32)
L=B,=1, 6 =182.5.

Itis easy to check that (H,) and (f—fz) hold. By Corollary 4, (31)
has a unique almost periodic solution X (¢) in region B* =
{v | v € B, |ylg < 182.5}. Setting ¢, = €, = 0.5, we can
check that (H;) and (28) hold and hence X*(¢) is exponen-
tially stable in B*. Figure 2 shows the transient behavior of the
unique almost periodic solution (X (), X (#)) in B*. Phase
portrait of attractivity of X, and X is illustrated in Figure 3.
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FIGURE 2: Transient behavior of the almost periodic solution of (31)
located in B*.

-3 -2 -1 0 1 2 3
Xp ()

FIGURE 3: Phase portrait of attractivity of the unique almost periodic
solution of (31) located in B*.

5. Concluding Remarks

In this paper, we investigate Wilson-Cowan type model and
obtain the existence of a unique almost periodic solution and
its delay-based local stability in a convex subset. Our results
are new and can reduce to periodic case, hence, complement
existing periodic ones [7, 8]. We point out that there will exist
multiple periodic (almost periodic) solution for system (1)
under suitable parameter configuration. However, it is diffi-
cult to analyze its multistability of almost periodic solution by
the existing method [10, 11, 13, 14]. We leave it for interested
readers.
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