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By generalizing the restricted p-isometry property to the partially sparse signal recovery problem, we give a sufficient condition
for exactly recovering partially sparse signal via the partial [, minimization (truncated /, minimization) problem with p € (0,1].
Based on this, we establish a simpler sufficient condition which can show how the p-RIP bounds vary corresponding to different

ps.

1. Introduction

The partially sparse signal recovery (PSSR) is the problem of
recovering a partially sparse signal from a certain number of
linear measurements when the part of the signal is known
to be sparse, which was coined by Bandeira et al. [1, 2].
This type of problems has many applications in signal and
image processing, derivative-free optimizations, and so on;
see, for example, [1-4]. Clearly, PSSR includes sparse signal
recovery (SSR) as a special case. The latter is the well-
known NP-hard problem in the compressed sensing (CS),
which is also called cardinality minimization problem (CME,
or ly-norm minimization problems); see, for example, [5-8].
In particular, Candés and Tao [8] introduced a restricted
isometry property (RIP) of a sensing matrix which guarantees
to recover a sparse solution of SSR by minimizing its convex
relaxation (£, -norm minimization). However, there are some
problems which cannot be reformulated as an SSR, but
a PSSR. As we know, PSSR happens naturally in sparse
Hessian recovery; see, for example, [2], where Bandeira et al.
employed partially sparse recovery approach for building
sparse quadratic interpolation models of functions with
sparse Hessian. They have successfully applied the ¢,-norm
minimization of PSSR in interpolation-based trust-region
methods for derivative-free optimization. Vaswani and Lu [3]
successfully applied modified CS (partially sparse recovery)
in image reconstruction, where the sufficient RIP condition
is weaker than the RIP for SSR. Moreover, Bandeira et al. [1]

considered the RIP and null space properties (NSP) for PSSR
and extended recovery results under noisy measurements to
the partially sparse case, where partial NSP is a necessary and
sufficient condition for PSSR. In [4], Jacques also established
the partial RIP condition for PSSR with noise via its convex
relaxation problem.

Note that in the CS context, the SSR problem can
also be relaxed to a [ -norm minimization (truncated lp-
minimization) problem with 0 < p < 1; see, for example,
[9-19]. It is well known that Chartrand [20] firstly show that
fewer measurements are required for exact reconstruction if
we replace [, -norm with /,-norm (0 < p < 1), and Chartrand
and Staneva [10] established p-RIP conditions for exact SSR
vial,-minimization. In particular, the numerical experiments
in magnetic resonance imaging (MRI) showed that this
approach works very efficiently; see [9] for details. Wang
et al. [19] studied the performance of lP—minimization for
strong recovery and weak recovery where we need to recover
all the sparse vectors on one support with one sign pattern.
Moreover, Saab et al. [16] provided a sufficient condition for
SSR via [,-minimization and provided a lower bound of the
support size up to which [ -minimization can recover all
such sparse vectors, and Foucart and Lai [14] improved this
bound by considering a generalized version of RIP condition.
While SSR and ,-minimization have been the focus point
of some recent research, there are fewer research related to
PSSR and the partially /,-minimization. One may naturally
wonder whether we can generalize the p-RIP conditions



introduced by [10] from the SSR to the PSSR case. This
paper will deal with this issue. We will give a different p-
RIP recovery condition for PSSR via its nonconvex relaxation.
Furthermore, based on the recent work by Oymak et al. [21],
we also extend our result to the matrix setting.

In the next section, we give the PSSR model and review
some preliminaries on p-RIP conditions. In Section 3, we
establish the exact partially p-RIP recovery conditions for
PSSR viaits nonconvex /,-minimization. In Section 4, we give
a sufficient condition for partially low-rank matrix recovery
via the partially Schatten- p minimization problem.

2. Preliminaries

In this section, we will review some basic concepts and results
on the p-RIP recovery conditions for SSR and introduce
the p-RIP definition for PSSR. We begin with defining the
mathematical model of the PSSR problem as follows:

min [|x[l, st Ax+A,y=0b, )

where the [,-norm | x||, is defined as x|, := |{i : x; #0}|
(which is not really a norm since it is not positive homo-
geneous). For any positive number s, we say x is s-sparse if
lxlly < s. A =[A,A,] € RMN js a sensing matrix with
A, € RMWNT A ¢ RM and b € RM. It means that
the unknown vector consists of two parts (x, y), where x €
RN is sparse and y € R’ is possibly dense. When A =
A, the previous problem reduces to the following I;-norm
minimization problem (sparse signal recovery, SSR):

min [|x[lp, st Ax=b. 2)

The previous PSSR problem (1) is an NP-hard problem, since
its special case SSR (2) is well-known NP-hard problem in
the compressed sensing (CS). As we mentioned in Section 1,
one popular and powerful approach is to solve it via £, -norm
minimization (its convex relaxation), where the [,-norm is
replaced by the [, -norm in SSR (2). Moreover, we can also use
a nonconvex approach for exact reconstruction with fewer
measurements than the convex relaxation; see, for example,
[9, 10]. That is the lp-norm minimization problem with 0 <
p < 1, where we replace the /-norm with the [,-norm in (2)
as follows:

min [|x||f, st Ax =b. (3)

Note that || - IIP is not a norm when p € (0,1), but it is
much close to [,-norm. Moreover, the numerical experiments
in MRI showed that the approach via [,-minimization works
very efficiently; see [9] for details. In particular, Chartrand
and Staneva [10] introduced the concept of restricted isome-
try constant via p-orm.

Definition 1 (p-RIC [10]). Given a matrix A € RMN where
M < N, sisapositivenumberand 0 < p < 1, then we say that
0, is the restricted p-isometry constant (or p-RIC) of order s
of the matrix A if §, is the smallest number, such that

(1-0) 1] < A<l < (1+8) el (@

for all s-sparse vectors x.
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In the same paper, Chartrand and Staneva gave the fol-
lowing sufficient condition for exact SSR via l,-minimization.

Theorem 2 (see [10]). Let A € RN, x ¢ RN, and k = ||x]|,
be the size of the support of x, 0 < p < 1,a, > 1, and

a, = af/<2—p>’ rounded up, so that a,k is an integer (a, =

(@)@ Pk k). If A satisfies
8u2k + a16(u2+1)k < a, — 1, (5)
then x is the unique minimizer of problem (2).

Inspired by the previous analysis, it is natural to give
the partially /,-norm minimization problem for PSSR (1) as
follows:

min ||x[|?, st A;x+A,y=>b. 6)
In order to establish the link between the PSSR (1) and its
partially [ -norm minimization problem, we need to give a
partially p-RIC definition. Here we borrow the idea from
Bandeira et al. [1]. Assume that A, is full column rank. For
A =[A,,A,] as mentioned above, let

Bi=1-A4,(AT4,) " AT, @)

which is the matrix of the orthogonal projection from R™ to
R(A,)".

Definition 3 (Partially p-RIC). Let A = [A},A,] € RN,
where A, € RM* W™ and A, € R™" is full column rank.
We say that §7_, is the Partially Restricted Isometry Constant
(Partially p-RIC) of order s —r of the matrix A if §,_, is the p-
RIC of order s—r of the matrix BA ; that is, 8:_r is the smallest
number, such that

(1-8,) x5 < [BA x|} < (1+87,) Ixl5, ()

for all (s — r)-sparse vectors x, where B is given by (7).

3. Main Results

We will give our main results which state sufficient p-RIP
recovery conditions on the exact PSSR via the nonconvex
l,-norm minimization. We begin with the following useful
lemma.

Lemma4. ForO< p<1,letc = a:_p/z and ¢, = a;_p/z with
a, >0anda, > 0.If (¢, - 1)/c, > |la; —a,l/a,, then a; > 1 and
a, > 1.

Proof. In order to prove the lemma, we consider the following
two cases.

Case 1(a, > a,). In this case, from the fact (¢, — 1)/¢, > la; -
a,|/a,, we have

a _ <_>’ - (i)l‘l’” ©)
a, a, a,
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If 0 < a, < 1, from the previous inequality we easily obtain
1-p/2 1-p/2
0<ﬂ—<ﬂ> <1—<l) <0,  (10)
a ) a

which is a contradiction. Hence a; > a, > 1.

Case 2 (a, < a,). Similarly, in this case, from (¢, — 1)/¢, >
la, — a,|/a,, we obtain

a -1
0<1l—-— < —. 1)
a )
If0 < g, < 1, then
a=a <1 (12)

Combining the previous inequalities we obtain
a ¢-1
0<1-2L<d —<o, (13)
@ G
which is a contradiction. Hence 1 < g, < a,.
Therefore, taking into account the previous two cases, we
completed the proof. O

We below propose a general recovery condition for PSSR
via its p-norm minimization.

Theorem 5. Let A = [A, A,] € RMN with A| € RMN™)
and A, € R™"_ Suppose that A, is full column rank, and let
Ax+ A,y =bwith x|, = k. For0 < p < 1,a, > 0, and
a,>0,letc, =a % ¢, =a ?

I

with (c,—1)/c, > |a,—a,|/a,.

a,¢,0(q, 1)k + (|‘11 - ‘72| G +ay) sk (14)

<a2¢1‘|“1‘“2|"2‘“2’

then (x, y) is the unique minimizer of problem (6).

Proof. Note that (x, y) is a feasible solution to optimization
problem (6). We remain to show that the solution set is
a singleton {(x, y)}. This proof generally modifies that of
[10], but under different assumptions. (Specifically, we use a
different way to arrange the elements of T in the following.)
Let (4, v) be an arbitrary solution to problem (6). we will show
that u = x and y = v. We will prove u = x firstly. Taking
h = u — x, we will show that h = 0. Let ® = BA,. For
T € {I,...,N — r}, @ denotes the matrix equaling @ in
those columns whose indices belong to T and otherwise zero.
Similarly, we define the vector hy. Let T, be the support of x.
Then, the supports of x and hyc are disjoint since Ty () TS =
0. From direct calculation, we obtain

Iel? = udl? = f1x + R
= [+ by, + g,
(15)
= [+ g +

P
> llxllp = [ iy + g,

where the first inequality holds because (u, v) solves (6), and
the last one holds by the triangle inequality for | - |I§. Then we
have

gl = I w

Now we arrange the elements of T in order of decreasing
magnitude of |h| and partition into Ty = T, T, J---U T,
where T has a,k elements and T; (j > 2) each has a,k
elements (except possibly T). Set Ty, = T, |J T). Note that

-1
BA, = [1- A,(434,) 43] 4, =0. 17)
Direct calculations yield

0=|B(Ax+ Azy—Alu—sz)"i

= |BAx - BA1u||§ = ||0x - Dul;

p
= |Ohl} = |Ohy, + ) Ohy,

j=2

p

p

> |@hy, | -

Y Ohy,

=2

|k, I} - 2|0,
22

(18)

p
p

\Y

p
p

V

> (1= 8ne) [ar, s — (1+ 84s)

p
x .
Z ||th 2
=

Now we discuss the relation between /,-norm and [,-norm.
For eacht € T; and s € T; it holds |h,| < |hy]. So, we have
for j =2,

h p
e <

2
< |z,
~ (agk)™?

ey _ Il

mk (azk)Z/P

= |ht|2

(19)

ab

p 2 p
, S W"hn I,

= b,




Similarly, we obtain that for j > 3,

= W"hn

[p, 1, 20)

Applying the Holder’s inequality, we obtain

2|l 1

teT,

p/2 1-p/2
)" -
teTy teT,

-l

I, =

Similarly, we have

[ = | - Gy (22)

Therefore,

Z ”th
j=2

p
2

P2
<l

* (alk)llp/2 ;"hTJ

(By (19) and (20))

(al a,) “1

aya,k'- p/2 “ Tl"p

( k)l p/2 Z”

(a; - ay) af/z

( k)l p/2 “ TC"p alazkl‘f’/z ”th“;
1
SW“hTw (Zlawﬂhnﬂp (By (16))
1

klfp/Z
s 1-p/2
(ak) P

(o) ()"
az(alk)l_p/z

“hTo 2

p
[

(a, - ‘12) Q "hT "P

(By (21) and (22))

= _"hTo

1 p |ap—a P
< L p + el Zi%IIhTII
c oli2 a !

1

P N |a1;jz|‘>z”h_rm p

1
< L
C 01
1

(23)
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Thus by (18) and (23), we have

0> (1 - 8(g2+1)k) “hTm f

e gl

(By (18))

1+06,

ak

\%

(1 B 8(“2+1)k) “hTm “f " Toy "

24
B |a1—azlq(1+8alk) (24)

e (By (23))

llhTm s

1+ 5a1k |a1 - a2| Iy (1 + Salk)
1 =811k — -

q 10|

P
x "hTOI 2

Clearly, the assumption ensures that the scalar factor is
positive, and hence we obtain hy, = 0. That means hy, = 0.
Using ||h7§ 2 < ||hT0||P, we obtain th = 0. Therefore, h = 0,
which means x = u.

Now we remain to show that y = v. It is obvious that
Ax+A,y=Au+A,v. Sincex = u, wehave A,(y—v) =0.
Then y = v because A, is full column rank. O

Theorem 5 states a different sufficient condition for the
exactly PSSR via its nonconvex relaxation from the existing
conditions for SSR.

Theorem 6. Let A = [A|, A,] € RMXN ith A, € RMX(N-)

and A, € R™"_ Suppose that A, is full column rank, and let
A x+Ayy=bwith|xl|ly=k ForO< p<landa>1,if
1-p/2
a -1

then (x, y) is the unique minimizer of problem (6). Specifically,
forall0 < p<1,if

Va-1

Vil (26)

Oark <

then (x, y) is the unique minimizer of problem (6).

Proof. Applying Theorem 5, here we only need to show that
if (25) holds, we can find g, and a,, such that (14) holds. We
consider the three cases in the following.

Case i (a, = a, + 1). In this case, we easily obtain a, — a, >
land 8, > (4 1)k Therefore the following condition can
guarantee the inequality (14):

2,60,k + [(a1 = a) 6 + @] 8, < ay (¢ + 6, = 1) —ayc,.
(27)
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Simplifying the previous inequality, we obtain

ae —(a -a) 6 - a,
a261+(a1_a2)cz+az

Ok <

(28)
_ “11_p/2 —(a, - az)az_P/z -1

- a,” +(a1—a2)a2_p/2+1'

In this case, employing a, ” 25 0,we easily getthata, = a,+1
gives the maximum value of the right of the inequality (the
strongest result) which satisfies the condition (14). That is,

(ay + 1)171]/2 - az_P/z -1
(a +1)1_p/2+afp/2+1' 29
) )

6(%+1)k <

Case ii (a, < a, < a,+1). In this case, we can get that 0 < g, —
a, < land §, < O, 1) Similarly, the following condition
can guarantee the inequality (14):

6104, 413k + [(a; - )¢ +a,] O(a, +1)k

(30)
<a(q+tg-1)-ag.
Simplifying the previous inequality, we obtain
1-p/2 -p/2
a " - (a-a)a’" -1 1)

1) < .
(a,+1)k _ _
o all P/2+(a1—a2)azp/2+1

In this case, employing a,” 250, we get that a, = a, give the
maximum value of the right of the inequality; that is,

a PP

2
Ok < I (32)
a,

+1.

Case iii (a, < a,). In this case, it is clear that 0 < a, — g,
a; < ay+1,and §, p < 8, 1)k So the following condition
can guarantee the inequality (14):

6104, 1)k + [(a,—a)) ¢, +a,] 8(a, 113k

(33)
<ay(q -6 -1)+apq,.
Simplifying the previous inequality, we obtain
oo (mma)e™ o1

S < .
(a+1)k 1-p/2 -p/2
a, PP+ (ay-a)a " + 1

In this case, employing a,” /25 0, we chose a,—-a;, — 0to
give the maximum value of the right of the inequality. That is,
azl_P 2 _q

1) < —F.
(a,+1)k _
a ; p/2 1

(35)

Itis easy to see that ((a2+1)17*’/2—112_‘0/2—1)/((a2+1)17p/2+

a,?? +1) < (@ P - 1)/(a) " +1). In fact, (a, + 1) +
2

a;p/2+l > aifp/2+l. On the other hand, (a2+1)1_P/2—a;p/ -

1-(a "% =1) = (@, + Dl(a, + 1) = a,?”*] < 0, which

means(a2+1)1_P/2—a2_p/2— 1< a;_P/z—l.

5
0.7
=
£ 060 p=1/4 —]
3
5 ~p=1/2
g 05t 1
< —p= 3/WF
E 04r MM i
A
B 03t W*M i
g o
5 P
e L +¥ J
5 0.2 P
— e
o) **
& o
i 0.1 ** 1
=
0 . . . . .
2 3 4 5 6 7 8

The value of a + 1

FIGURE 1: The upper bound of p-RIC of order (a+1)k with particular
values of p.

Therefore, combining the previous three cases, we obtain
that one can choose a; = a, to get the weakest sufficient
condition. It is easy to see that a; = a, satistying the
assumptions of Theorem 5.

After the previous discussion, using condition (25) and
choosing a, = a, = a, we can derive condition (14).

Specifically, we consider the following function:

1-p/2
a -1 2
_ % 36
flp al=pl2 41 ! al=pl2 4 1’ (36)
Clearly,
l—p/Zl
a na
f(p)=- 0, (37)

(a-p2 + 1)

and hence f(p) is a decreasing function of p. Thus, for all
0 < p < 1, condition

Va-1
S(aryk < —\/ﬁ+ N (38)
can guarantee condition (14).
The proof is completed. O

Applying Theorem 6, we understand how the p-RIP
bounds related to p as in Figure 1. From Figure 1, it is easy
to give a stronger result (i.e., weaker sufficient condition)
for smaller p. Moreover, by taking different values of p with
p = 1/4,1/2,3/4, we obtain some interesting p-RIP bounds
as in Table 1.

4. Final Remark

In this paper, we studied the restricted p-isometry property
to the partially sparse signal recovery problem and proposed
a sufficient p-RIP condition for exactly recovering partially
sparse signal via the partially /,-minimization problem with
p € (0,1]. It is worth generalizing the p-RIP condition
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TABLE 1: Bounds comparison on different values of p.

p= i 0.1756 0.2943 0.3807 0.4468 0.4991 0.5417
p= % 0.1509 0.2542 0.3307 0.3902 0.4380 0.4776
p= Z 0.1260 0.2133 0.2788 0.3304 0.3726 0.4080
p=1 0.1010 0.1716 0.2251 0.2679 0.3033 0.3333

from the vector case to the matrix case. Note that the well-
known low-rank matrix recovery (LMR) problem has many
applications and appeared in the literature of a diverse set
of fields including matrix completion, quantum state tomog-
raphy, face recognition, magnetic resonance imaging (MRI),
computer vision, and system identification and control; see,
for example, [21, 22] for more details and the reference
therein. In particular, Oymak et al. [21] showed that several
sufficient RIP recovery conditions for k sparse vector are
also sufficient for recovery of matrices of rank up to 2k via
Schatten p-norm minimization. According to our approach
to extend the p-RIP bound from SSP to partially SSR, we
can obtain some different restricted p-isometry properties for
LMR problem by using the idea in [21].
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