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The limiting behavior of the maximum partial sums (1/a,)max; ;| Z{:l X,,;| is investigated, and some new results are obtained,
where {X,;,i > 1,n > 1} is an array of rowwise AANA random variables and {a,,n > 1} is a sequence of positive real numbers. As
an application, the Chung-type strong law of large numbers for arrays of rowwise AANA random variables is obtained. The results
extend and improve the corresponding ones of Hu and Taylor (1997) for arrays of rowwise independent random variables.

1. Introduction

Let {X,,,n > 1} be a sequence of random variables defined on
a fixed probability space (Q, #, P) with value in a real space
R. We say that the sequence {X,,,n > 1} satisfies the general
strong law of large numbers if there exist some increasing
sequence {b,,n > 1} and some sequence {a,, 7 > 1} such that

1 n
b_z (X;-a;) — 0as. asn— oo. (1)
i1

For the definition of general strong law of large numbers,
one can refer to Chow and Teicher [1] or Kuczmaszewska [2].
Many authors have extended the strong law of large numbers
for sequences of random variables to the case of triangular
array of rowwise random variables and arrays of rowwise
random variables. In the case of independence, Hu and Taylor
[3] proved the following strong law of large numbers.

Theorem A. Let {X,;:1 <i < n,n > 1} be a triangular array
of rowwise independent random variables. Let {a,,n > 1} be
a sequence of positive real numbers such that 0 < a, T oo.
Let g(t) be a positive, even function such that g(|t|)/|t|? is
an increasing function of |t| and g(ItI)/ItIPJrl is a decreasing
function of |t|, respectively, that is,

g (|t)) g (t])
|t|? |7+

Ts Loas Jt7 2)

for some nonnegative integer p. If p > 2 and

EXni = 0,
© v g(lxml)
E bl
lel 9(a,) 3)

where k is a positive integer, then

1 n
—ZXm- — 0 a.s. (4)
s

Gan and Chen [4] extended and improved the result of
Theorem A for rowwise independent random variable arrays
to the case of rowwise negatively associated (NA, in short)
random variable arrays. For the details about negatively
associated random variables, one can refer to Joag-Dev and
Proschan [5], Wu and Jiang [6, 7], Wu [8], Wang et al. [9],
and so forth. In this paper, we will further study the strong
law of large numbers for arrays of rowwise asymptotically
almost negatively associated random variables based on some
different conditions.

The concept of asymptotically almost negatively asso-
ciated random variables was introduced by Chandra and
Ghosal [10] as follows.



Definition 1. A sequence {X,,n > 1} of random variables is
called asymptotically almost negatively associated (AANA, in
short) if there exists a nonnegative sequence u(n) — 0 as
n — oo such that

Cov (f (Xn) » g (Xn+1> Xn+2> e Xn+k))

< () [Var (f (X)) Var (g (X1 Xz Xui)]'*
©)

for all n, k > 1 and for all coordinatewise nondecreasing
continuous functions f and g whenever the variances exist.

An array of random variables {X,;,i > 1,n > 1} is called
rowwise AANA random variables if for everyn > 1, {X,;,i >
1} is a sequence of AANA random variables.

ni>

It is easily seen that the family of AANA sequence
contains NA (in particular, independent) sequences (with
u(n) = 0, n > 1) and some more sequences of random
variables which are not much deviated from being negatively
associated. An example of an AANA sequence which is not
NA was constructed by Chandra and Ghosal [10]. Hence,
extending the limit properties of independent or NA random
variables to the case of AANA random variables is highly
desirable in the theory and application.

Since the concept of AANA sequence was introduced
by Chandra and Ghosal [10], many applications have been
found. See, for example, Chandra and Ghosal [10] who
derived the Kolmogorov-type inequality and the strong law
of large numbers of Marcinkiewicz-Zygmund; Chandra and
Ghosal [11] obtained the almost sure convergence of weighted
averages; Wang et al. [12] established the law of the iterated
logarithm for product sums; Ko et al. [13] studied the Hajek-
Rényi-type inequality; Yuan and An [14] established some
Rosenthal-type inequalities for maximum partial sums of
AANA sequence; Wang et al. [15] obtained some strong
growth rate and the integrability of supremum for the partial
sums of AANA random variables; Wang et al. [16] established
some maximal inequalities and strong law of large numbers
for AANA sequences; Wang et al. [17, 18] studied complete
convergence for arrays of rowwise AANA random variables
and weighted sums of arrays of rowwise AANA random
variables, respectively; Hu et al. [19] studied the strong
convergence properties for AANA sequence; Yang et al. [20]
investigated the complete convergence, complete moment
convergence, and the existence of the moment of supremum
of normed partial sums for the moving average process for
AANA sequence; and so forth.

The main purpose of this paper is to study the limiting
behavior of the maximum partial sums for arrays of rowwise
AANA random variables. As an application, the Chung-type
strong law of large numbers for arrays of rowwise AANA
random variables is obtained. We will give some sufficient
conditions for the complete convergence for an array of
rowwise AANA random variables without assumptions of
identical distribution and stochastic domination. The results
presented in this paper are obtained by using the trun-
cated method and the maximal Rosenthal-type inequality of
AANA random variables.
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Throughout this paper, let {X,;,i > 1,n > 1} be an
array of rowwise of AANA random variables with the mixing
coefficients {u(i),i > 1} in each row. The symbol C denotes a
positive constant which may be different in various places.

2. Preliminaries

To prove the main results of the paper, we need the following
two lemmas.

Lemma 2 (see [18, Lemma 2.2]). Let{X,,n > 1} be a sequence
of AANA random variables with mixing coefficients {u(n),n >
1}, and let f,, f,, ... be all nondecreasing (or all nonincreasing)
continuous functions, and then {f,(X,),n > 1} is still a
sequence of AANA random variables with mixing coefficients
{u(n),n > 1}.

Lemma 3 (see [14, Theorem 2.1]). Let p > 1 and let {X,,n >
1} be a sequence of zero mean random variables with mixing
coefficients {u(n),n > 1}.

IfY2 u*(n) < 0o, then there exists a positive constant C
depending only on p such that foralln > 1and 1 < p <2,

E| max
1<j<n

If ¥°,ul?™V (n) < oo for some p € (3-251,4-2F),
where the integer number k > 1, then there exists a positive
constant D,, depending only on p such that for alln > 1,

J
X;
1

i=

P n
> <C,Y E|x|F. (6)
i=1

j P2
E| max
1<j<n g

p
X > <D, iE|X,.|P + (ZEX2>
i=1 i=1

7)

3. Main Results and Proofs

In this section, we will investigate the limiting behavior of
the maximum partial sums for arrays of rowwise of AANA
random variables. The first three theorems consider different
conditions from Hu and Taylor’s [3].

Theorem 4. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables with 2221 1 (n) < co and let {a,,n>
1} be a sequence of positive real numbers. Let {g,,(x),n > 1} be
a sequence of nonnegative, even functions such that g, (|x|) is
an increasing function of |x| for every n > 1. Assume that there
exists a constant 8 > 0 such that g,(x) > 0x for0 < x < 1. If

[0

>y (32) <o ®)

n=li=1 ay

then for any & > 0,

: >s><oo. 9)
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Proof. For fixed n > 1, define
X(n) —a,l (X < _an) + Xl (|Xni| < an)

tad (X, >a,), ix1,

(10)

Ty = li(x}’” -EX"), j=12...n

an i=1

By Lemma 2, we can see that for fixed n > 1, {Xg"),i > 1}is
still a sequence of AANA random variables. It is easy to check
that for any € > 0,

max
1<j<n

U max
1<j<n

LI )
—VYx!
an; !
which implies that
X

ni=1
SP(max|Xm| > a, >+P(max

1<i<n 1<j<n

J

1
—ZXm >e|cC (max|Xm| >a )
aﬂi:l 1<i<n

(11)

j

(n)
2

(n)
< ,ZI:P (|X,s] > a,) + P <{r<1]a<)§l T;
(n)
— max EX;
1<]<n an; )
(12)

Firstly, we will show that

max ZEX(”) 0, asn— o0o. 13)

1<]<n a

In fact, by the conditions g, (x) > éx for 0 < x < 1 and (8),
we have

(n)
max o ZEX "

1<j<n

DYICHEPS
+ZE< I(|X |San)>

which implies (13).

3
It follows from (12) and (13) that for » large enough,
P max —ZXm > €
1<]<n ani=1
(15)
L £
< ;quml > an)+P<112ja§l 5).
Hence, to prove (9), we only need to show that
YP(|X,] > a,) < co, (16)
n=1i=1
) | . €
n
Z ({ga;; T; |>2><00. 17)
When |X,;| > a, > 0, we have g;(X,,;/a,) = g;(1) > 6,
which yields that
1 X,
P(|X,| > a,) = EI(|X,| > a,) < —Eg,.( ) (18)
é a,
Hence,
> YP(X>a)< 1Y Sk (22) < )
n=1i=1 n=1i=1 a,
which implies (16).

By Markov’s inequality, Lemma 3 (for p = 2), g,(x) > x
for 0 < x < 1, and (8), we can get that

>r(mirl>5)

n=1

<C) ) P(|Xy|>a,) (20)

Eanll I (|an| < a?’l)

rcy

n=1i=1

<C+CZZ

n=1i=1

<C+CZZEgl< n> (|X,] < a,)

n=1i=1

<C+CZZEgl( ><oo,

n=1i=1

LE|X,, |I |Xm| <a,)

which implies (17). This completes the proof of the theorem.
O



Corollary 5. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables wzth 2221 u*(n) < oo and let {a,,n>
1} be a sequence of positive real numbers. If there exists a
constant f3 € (0, 1] such that

o n B
ZZE(L><OO (21)

then (9) holds for any € > 0.

Proof. In Theorem 4, we take

|x|P

—, 0<fB<l, n=1l (22)
1+|x/? P

Gn (%) =
It is easy to check that {g,(x),n > 1} is a sequence of

nonnegative, even functions such that g, (|x|) is an increasing
function of |x| for every n > 1. And

1 1
gn(x)zzxﬁzgx, 0<x<1,0<pB<l. (23)
Therefore, by Theorem 4, we can easily get (9). O

Corollary 6. Under the conditions of Theorem 4 or Corollary
5)

1 n
—YX,; — 0 as. (24)

N j=1

Theorem 7. Let {X,;:i > 1,n > 1} be an array of rowwise
AANA random variables with Y oo u*(n) < co and let {a,,n=>
1} be a sequence of positive real numbers. EX,; = 0,1 > 1,
n > 1. Let {g,(x),n > 1} be a sequence of nonnegative, even
functions. Assume that there exist § € (1,2] and § > 0 such
that g,(x) > 8xP for 0 < x < 1 and there exists a & > 0 such
that g,(x) > 8x for x > 1. If (8) satisfies, then (9) holds for
any e > 0.

Proof. We use the same notations as those in Theorem 4. The
proof is similar to that of Theorem 4.

Firstly, we will show that (13) holds true. Actually, by the
conditions EX,; = 0, g,(x) > dx for x > 1, and (8), we have

n
max o ZEX(" < ;P(le| >a,)

1<j<n

1<j<n | a, &=

J
+ max iZEXm-I(|Xm-| >a,)
ni

n X X
<2¥p(Belr (x> 0))

i=1

2 S Xni
< 3y (52 ) 1% > a)

i=1
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which implies (13). Hence, to prove (9), we only need to show
that (16) and (17) hold true.
The conditions g,(x) > dx for x > 1 and (8) yield that

SP(Xl> @)= 3 YE(X,] > a)

i=1 n=1i=1

Mg

[
—

n

(26)

which implies (16).
By Markov’s inequality, Lemma 3 (for p = 2), g,,(x) > 8x”
for1 < $<2,0< x <1,and (8), we can get that

< e
ZP(maX T(”)| > —)
=l 1<j<n J 2

< COZO:iP(|Xm| > an)

n=1i=1

Yy

n=1i=1 n

ElXﬂll I (|X7’ll| < a?’l)

B
<C+CZZE|X i I(le| <a,)

n=1i=1 an

£C+C§iEgi(i>I

n=1i=1 a,

SC+C§iEgi<

n=1i=1

><

ml =

>

) <o
aﬂ

(27)

which implies (17). This completes the proof of the theorem.
O

Corollary 8. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables with Y, | u*(n) < oo and let {a,,n>
1} be a sequence of positive real numbers. EX,; = 0,i > 1,
n > 1. If there exists a constant 3 € (1,2] such that

S \a x| +df
then (9) holds for any € > 0.

Proof. In Theorem 7, we take

|x|?

— . 1<B<2, n>1. (29)
1+ |xft P

Gn (x) =
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It is easy to check that {g,(x),n >
nonnegative, even functions satisfying

1} is a sequence of

gn(x)zéxﬁ, 0<x<1, 1<f<2,
(30)
1
Gn (%) = 2% x> 1.
Therefore, by Theorem 7, we can easily get (9). O

Furthermore, by Corollaries 5 and 8, we can get the
following important Chung-type strong law of large numbers
for arrays of rowwise AANA random variables.

Corollary 9. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables wzth 2221 u*(n) < co and let {a,,n=>
1} be a sequence of positive real numbers. If there exists some
B € (0,2] such that

o0 n ﬁ
Syl o, a1
n=li=1 0Oy

and EX,; = 0,i> 1, n > 1 if § € (1,2], then (9) holds for any
e>0and(1/a,) Y, X, — 0as.

For 8 > 2, we have the following result.

Theorem 10. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables wzth 2221 u*(n) < oo and let {a,,n>
1} be a sequence of positive real numbers. Let {g,(x),n > 1} be
a sequence of nonnegative, even functions. Assume that there

exists some 8 > 2 such that g,(x) > 8x* for x > 0. If
00 n 1/B
ZZ[ ( )] < 00, (32)
n=1i=1 a,

then (9) holds for any € > 0 and (1/a,,) Z?:l X, — 0as.

Proof. We use the same notations as those in Theorem 4. The
proof is similar to that of Theorem 4. It is easily seen that (32)
implies that

DGO
ii[Bgi<i—j>r/ﬁ < 00. (34)

Firstly, we will show that (13) holds true. In fact, by
Hoélder’s inequality, g,(x) > 8x” for x > 0, (32), and (33),
we have

max
1<j<n

(n)
QZEX”

<ZP(|Xm| >a )+ZE< I(|X Isan)>

5
B
Xni
< ﬁ(%zum S an))
i=1 ay,
n 1B 1/p
S s( Bl i <a )|
i=1 an
< CZEgi <X”'>
i=1 n
n X . 1/B
+CZ[Eg,. <l>1(|x |<a ]
i=1 G
n
< CZEgi <X”’>
i=1 2
n X, 1/B
+CZ[El<l>] — 0, asn— 0o,
i=1 n
(35)

which implies (13). To prove (9), we only need to show that
(16) and (17) hold true.

By the condition g, (x) > 8x” for x > 0 again and (33),
we have

iipuxml > an) = iiEIqX I > an)

n=1i=1 n=1i=1

L1 (1% > an>) (36)

which implies (16).
By Markov’s inequality, Lemma 3 (for p = 2), g,,(x) > 8x”
for x > 0, and (34), we can get that

- €
ZP(max |T(") > —)
= \lsjsn !/ 2

_i (anil > an)

iMS

E|Xm| I(IXmI <a,)

(37)

0 n B 2P
<cecyy E('Xa’:| 1(|xm|<an)>]

o nr X 2/[;
screy Y| (32 ) 1%, <a)]

n

o nr X, 2/B
<C+CY Y Eg,.<a—"’>] < 00,

which implies (17). This completes the proof of the theorem.
O




The next two theorems extend and improve Theorem A
for arrays of rowwise of independent random variables to the
case of AANA random variables.

Theorem 11. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables wzth 221 u*(n) < co and let {a,,n=>
1} be a sequence of positive real numbers. Let {g,(x),n > 1} be
a sequence of nonnegative and even functions such that g, (x) >
0 for x > 0 and everyn > 1, and

g, (1x]) . g”“jf')l as x| 1, (38)
|x| |x]

where 1 < p < 2. Assume further that

EX,;=0, i>1, n>1, (39)

o0 n

ZZ—Egi Ej’;") < 0. (40)

n=1i=1 gi\a,

Then (9) holds for any e > 0 and (1/a,) Y-, X,; — 0 a.s.

Proof. We use the same notations as those in Theorem 4. The
proof is similar to that of Theorem 4.

Firstly, we will show that (13) holds true. Actually, by the
conditions EX,; = 0 and (38)-(40), we have

max o ZEX(") < ZP(|Xm| > a,)

+ max
1<j<n

<2ZE(

< Egz (X )I(|Xm| > an)
2y

< - Eg; (X,u1)

- zzzzl gi (an)

ZEX 1 (X, > a,)
a,

1(%,] > an))

— 0, asn— 00,

(41)

which implies (13). Hence, to prove (9), it suffices to show that
(16) and (17) hold true.
The conditions (38) and (40) yield that

oo n
2P
n=1i=1

o n |Xm|
x> )< 33 8(Beligx,)>a)

n

(42)

which implies (16).
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By Markov’s inequality, Lemma 3, (38), and (40), we can
get that

[ee]
ZP max
1 1<j<n

1> 5) €Y Y P (x> @)

IPI(IXmI < a,)

53

Eg; (X
<C+CZZ gz( m)
n=1i=1 gl n)
xI(|X, < a,) < oo,
(43)

which implies (17). This completes the proof of the theorem.
O

Theorem 12. Let {X,;,i > 1,n > 1} be an array of rowwise
AANA random variables and let {a,,n > 1} be a sequence
of positive real numbers. Let p > 2,0 < r < 2, s > 0,
and § = max{p,2s} € (3- 251 4. 251 where the integer
number k > 1. Let {g,(x),n > 1} be a sequence of nonnegative
and even functions such that g,(x) > 0 for x > 0 and
every n > 1. Assume that conditions (38)-(40) are satisfied.
Iy, u® V() < 0o and

ZEIX 1 ] < 00, (44)

n

>

then (9) holds for any € > 0 and (1/a,) Y., X,; — 0 a.s.

Proof. We use the same notations as those in Theorem 4. The
proof is similar to that of Theorems 4 and 11.

Following the methods of the proof in Theorems 4 and
11, (13) and (16) hold. So we need only to show (17). Denote
6 = max{p,2s}. We have by Markov’s inequality, Lemma 3,
and C,’s inequality that

< €
ZP (max |T(<") > —>
= \lsjsn !/ 2

< CZE({nax T ")|6>
<j<n

< n n 6
< cz {ZE|X§ ' EX{| (45)

nln i=1

Qe o]
E|x™ _ px®
Sopee - mxf |

I R QNI R i
B N by
n=1% |i=1 i=1
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Since 8 > p and (g,(Ix)/Ix[) T, (g,(Ix1)/1x1") | as |x| T, it
follows that g,(|x|) T and (gn(lxl)/|x|5) | as |x| T. Hence,

< iiEgz(lxmb (46)

s~0/2s
8/2 n)|?
Y| Saer| -3 (E
n=1"n Li=1 n=1 i=1 n
- 2\ §6/2s
© (o E|X"
|35
_nzl i=1 n
r r s 5/23
0 n E|X§”)
|52
_n=1 i=1 n
" oo " EIX |r s0/2s
< = < 00.
(47)
Therefore, (17) follows from (45)-(47) immediately. This
completes the proof of the theorem. O
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