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We are concerned with the magneto-micropolar fluid equations in R*. Using Littlewood-Paley decomposition, we obtain an Osgood

type global regularity criterion for the system.

1. Introduction

In this paper, we consider the following magneto-micropolar
fluid equations in R>:

atu—(M+X)Au+u-Vu—b-Vb+V(p+b2)
- yVxw=0,

O,w — pAw —kV divw + 2yw + u - Vo — xV xu = 0, W
0b—-vAb+u-Vb-b-Vu =0,

divu = divb =0,

u(0,x) = uy (x),w(0,x) = wy (x),b(0,x) =4, (x),

where u(t,x) = (u,(t, x), u,(t, x), us(t, x)) € R* denotes
the velocity of the fluid at a point x € R’ ¢t e [0,T),
w(t,x) € R’and b(t,x) € R? and p(t,x) € R denote,
respectively, the microrotational velocity, the magnetic field,
and the hydrostatic pressure. 4, y, «, y, and v are positive
numbers associated with properties of the material: y is the
kinematic viscosity, y is the vortex viscosity, x and y are spin
viscosities, and 1/v is the magnetic Reynold. u,, w,, and b,
are initial data for the velocity, the angular velocity, and the
magnetic field with properties divu, = 0 and divg, = 0.

It is well known that the question of global existence or
finite time blowup of smooth solutions for the 3D incom-
pressible Euler or Navier-Stokes equations has been one of the
most outstanding open problems in applied analysis, as well
as that for the 3D incompressible magneto-micropolar fluid
equations. This challenging problem has attracted significant
attention. Therefore, it is interesting to study the global
regularity criterion of the solutions for system (1). But there
are few theories about regularity and blow-up criteria of
magneto-micropolar fluid equations. Some blow-up criterion
are obtained by Yuan [1] in 2010. His paper implies that
most classical blow-up criteria of smooth solutions to Navier-
Stokes or magneto-hydrodynamic equations also hold for
magneto-micropolar fluid equations. In particular, using
Fourier frequency localization, Yuan proved the Beale-Kato-
Majda criterion only relying on Vu; that is, if

T
| vuolyd <o, @
() 00,00

then the solution (1, w, b) can be extended past timet = T. In
2008, Yuan [2] obtain the following blow-up criteria: if

T
limsupj |a; v xw®)|_dt <o, (3)
£—>0j€Z T—¢ (o8]

then the solution (u4,w,b) can be extended t = T.

Recently, Xu [3] also studied the regularity of weak solutions
to magneto-micropolar fluid equations in Besov spaces.



In this paper, we establish a refined global regularity
criterion by means of Osgood norm which improves the
results (2) and (3). As we know, Osgood condition plays
an important role in solving uniqueness of solutions to the
incompressible fluids equations. This induces us to apply it to
global regularity criterion problems of smooth solution. To
achieve this goal, taking full advantage of Fourier frequency
localization method and using the low-high decomposition
technique, we show the following main results.

Theorem 1. Suppose that for s > 1/2, (u,w,b) €
C([0,T); HY) n C((0, T); H®) n C((0, T); H**?) is the smooth
solution to (1). If the following Osgood type condition:

sup JT Mdt < 00, (4)
o qlogg

then the solution (u,w,b) can be extended past time t = T.

=
Here one denotes that §q = k=—q Ay

2<g<00

Remark 2. The Osgood type condition (4) is weaker than (2)
and (3). Note that, for g € [2, 00), we have

5.7, ZE e o]
qlogq qlogq

© < CVulpy . 6

2. Preliminaries

The proof of the results presented in this paper is based on
a dyadic partition of unity in Fourier variables, the so-called
homogeneous Littlewood-Paley decomposition. So, we first
introduce the Littlewood-Paley decomposition and review
the so-called Beinstein estimate and commutator estimate,
which are to be used in the proof of our theorem.

Let S(R’) be the Schwartz class of rapidly decreasing
functions. Given f € &(R?), the Fourier transform of f is
defined by

F®=@n O | e xdx ©)
R3

We consider that y,p € & ([R{3), respectively, support in B =
(EeR% & <4/3}and € = {£ € R®, 3/4 < |§| < 8/3}, such
that

x©+ Y278 =1, VieR’,

>0

2o(27) =1,

jez

vE e R*\ {0}. g

Setting ¢; = @(277%), then supp ¢; Nsupp <p; =0if|j-j'| =2
and supp y N supp(p;. =0if|j-j'| = 1.Leth = F'¢p and
h = F'y; the dyadic blocks are defined as follows:

Ajf=go(z’jD)f=23jJR3h(2jy)f(x—y)dy,

Sf= Y auf =2 [ B@y)f-y)dy jez

k<j-1
(8)

Discrete Dynamics in Nature and Society

Informally, A; = §;,; = S; is a frequency projection to the

; j+1
annulus || = 27, while S; is frequency projection to the ball
|€] < 27. The details of Littlewood-Paley decomposition can

be found in Triebel [4] and Chemin [5]. Now Besov spaces in

R> can be defined as follows:
1/q
q
A ijP > <00 } >

P 2j5q
B Z
i (jeZ
q+ 00,

B;,q: {f ez (R)I|f

B;,oo:{fez'(R3)|||f Ajf||P<oo},

S = Js
=
€)
where Z' denotes the dual space of Z = {f € &; D% £(0) =
0; Yo € N” multi-index}.
Now we introduce well-known Bernstetin’s Lemma and
commutator estimate, the proof is omitted here, and we can

find the details in Chemin [5], Chemin and Lerner [6], and
Kato and Ponce [7].

Lemma 3 (Bernstein’s lemma). Let 1 < p < g < oo.

Assume that f € LP, then there exist constants C, C,, and C,
independent of f, j, such that

sup[jo® f||, < C27 AP £
loal=k

supp f  {[¢] < 2/},

2"l < supl0” /1, < C:2"|1l,

supp} C {|§| = Zj}.

Remark 4. From the above Beinstein estimate, we easily know
that in R?, for the Reisz transform R, (k = 1,2,3), it has for
Vi<p<g<oo

[Rit ju, = €270 ay

If suppose vector valued funtion u be divergence free, by Biot
Savard law Vu = (-A)"'VV x v with v = V x u and the
boundedness of Reisz transform on L? (1 < p < 00), we
have, there exist constants C independent u such that

[Vull, < Clvll,, V1< p<oo. (12)

If the frequency of u is restricted to annulus [§]| = 2/, then (11)
implies that

IVull, < Clvl,, V1< p<co. (13)

Now we denote that A = (I — A)l/ 2 which satisfies

FO=0+)"7®. (14)
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A® (s € R) can be defined in the same way as follows:

N =0+ 7@, 15)

Using the perivious notation, we define the norm of Sobolev
space W*?

1l = 1A F ] s (16)
especially by Fourier transform, and H® 2 W®* can be
defined as

H 2{fes (R)||fly < oo} (17)
where
a S 2\5| 7 2 12
e 2 AL ([ Qo leP)F@fag) 09

Lemma 5 (Commutator estimate). Let 1 < p < ©o, s >
0; assume that f, g € W*F, then there exists a constant C
independent of f, g, such that

1A% 119l < CUVFinlGlwron + 1F lwess Gl )(19

with 1 < p,, p; < 00, such that
1 1 1 1 1
— ==t —=—+—
p Pt P Py D4

Here [A°, flg = A°(fg) — fA'g.

(20)

3. Proof of the Theorem 1

First we go on with the H ! estimates of the solution (1, w, b)
under the condition (3). Denote that H = V xu, I = V X
w, and ] = V x b we take curl on both sides of (1); we get the
following equation:

OH-(u+x)AH+u-VH-H-Vu-b-V]+]-Vb
—xVxI=0,
O —yAI+2xI+u-VI-H -Vwo-xVxH=0,
0] -vA]J+u-V]-H -Vb-b-VH + ] -Vu =2T (b,u)
(1)

with

d,b - Osu — D3b - Dy
33b - d,u - d,b - dyu (22)
9,b- 0yu — dyb - du

T (b,u) =

which uses the fact V x V divw = 0.

Multiplying the three equations with (H,I,]), respec-
tively, integrating by parts over R’ about the variable x, then
adding the resulting equations yields that

1d
5 27 UHI + 115 + 1)
+ (u+ x) IVHIE + YIVIIZ + 9IVT13 + 2x 1113

:J- (H-V)u~de+J (H-V)w-Idx

R R?

+J J-Vu-Jdx (23)
R3

[ Ubmxs | @rvbe g
R R’

+2)(J (V><H)~Idx+2J T (b,u)-Jdx
R? R}

=1, + I, + II; + 11, + 115 + 11, + 11,

where we use the following fact due to the divergence free
condition of u, b:

J (u-V)H-de=J (u-V)I-Idx
R3 R3
=j3(u-vn-1dx=o,
N (24)
J (b-V)]-de+J (b-V)H-Jdx =0,
R3 R3

J (VxH)-Idx:j (VxI)-Hdx.
R3 R3

Let us begin with estimating II, and II,.
Littlewood-Paley decomposition to Vu, we have

HI:ZJ

j<-N R

Using
(H-V)Aju~de
3

+ ) J (H-V)Aju-Hdx
-N<j<N IR’ (25)

+ZI (H-V)Aju-de,
J>N R?
=11} +II; +1IT,.

For the terms II; and II;, using Hélder’s inequality, Bein-
stein’s inequality, and (12), (13), we obtain

] < 1E; 3, [V jul , < e 3, 2% ],
j<—-N j<-N

—(3/2)N 3
< C2 PN,

| < 1HIE Y [VAu| < CIHI|[Sx V4|,
-N<j<N
(26)



for II, we get
|| < 1HI3 Y [ va ju],
Jj>N

< CIHI3 Y 2”|a ;H]|,

Jj>N
2
1/2 1/2 (27)
SCIHI| Y 2702 ) | Y 27H;
Jj>N Jj>N
< 2 VP H|,|IVH]S,
where we use the interpolation inequality
|Hls < CIHILIVHIL. (28)
Summing up (26)-(27), we have
|1, | < C (27NN HI + 1HI Sy Vul
(29)

—(N
+2 NP H,IVH]S) .

II; can be treated in the same way, and we decompose it as

=) JR3(]~V)Aju-]dx

Jj<-N

+ ) IW (J-V)Au-Jdx (30)

NSen
+ ) j J-V)Au-Jdx,
N IR
then we obtain
155 < C (2PN ITIG1H ], + 1T13[Sx vl

(31)
+2” NP1, 1971,I VAL, ) -

Now we study II,, we decompose H by using Littlewood-
Paley theory; that is,

I, = Zj

2 ) (AjH-V)w-Idx

+ Z J (AjH-V)w-Idx (32)
-N<j<N JR?

+ ZJ (AjH-V)w-Idx,

>N R
then
|15,] < € (27PN IHT, + 11 |8y V]

(33)
+2 NN,V IVH],) -
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Similarly for I1,, IIs, and II,, we have
\IL,| + |1I5| + |11,
< C(2®PNITIBIHN, + WI|Sevu],, G4

+2 NP1V, IVHI).

Using Young’s inequality, the term I, can be written as
11| < 21V x HIL I, < 2IVHE + 20115, 65)

Summing up (29)-(35) and taking the sum into (23), by
Young’s inequality, we get

d

7 (IHI + 0TI+ 1713) + (20 + ) IVHIL

+ 29V + 29| V][5
< C (27PN (11 + 1115 + 1713))
(36)

+ [Sx V| (LIS + 005 + 1713)
+ 27N (1H, + 11, + 111)

x (IVHI3 + IVII3 + IV]I2).

If we let 2”N2 (| H|, + I, + [71,) < min(g, y, ), that is, if
we choose

2 C
N> log* Hll, + |11 L
[logZ og (min ) (IH M, + 111, + ||]||2))] +

(37)

where [a] stands for the integral parts of a € R, log*(x) =
log(x + e), then we have
d 2 2 2 2
7 (HHI + 1T+ 1713) + (e + x) IVHI;
+YIVIIZ + VI3
< C|[SxVu, (1HI5 + 1115 + 1713) + C
< CfyNlogN (IHIZ + 112 + Wi2) +¢ - G
< Cfylog® (IHI, + 11, + I71,)
x log'log™ (1HI, + ITll, + 1711,

x (113 + 1115 + 1713) + C,

where fy = IIENVuIIOO/Nlog N.



Discrete Dynamics in Nature and Society

Using Gronwall’s inequality, we have

(IHIZ + 1712 + 1712)

t
+ jo [+ 2) IVHIE + YIVIE + AVIE]de (3,

t
< exp exp exp (C j fn (t') dt'> .
0

On the other hand, by multiplying (u, w, b), it can be easily
derived from magneto-micropolar fluid equation (1) that

t t
2 2 2 2,1 2 !
Wl + el + 1 + 24 L VUl + 2y L IVeol2dt

t t t
+ va IVbIRd + 2x j v |2’ + 2y j lwl2dt’
0 0 0
< Juolly + ol + olz-
(40)

Equation (39) along with (40) implies that the H ! estimate of
solution (4, w, b).

Next, we will show how to deduce H* estimates based on
the H' estimates. We apply operator A® on the two sides of
(1), multiply (A’u, A°w, A°b) by the resulting equations and
integrate the final form over R, and ge

1 d S S S
E¥ T (Iaull; + A% + | A%]5)
+ (u+ x) [V + VA @],
+V|[VAB; +xcldiv Awlf; + 2x]|A%b]f;
= —J A (u-Vu) Nudx - J A (u- Vo) NMwdx
R3 R3
- J A (- Vb) Abdx + J A (b- Vb) Audx
R3 R3
+ J A° (b-Vu)Asbdx—ij A (Vxu) Awdx,
R3 R3
(41)

where we use the fact
J A (Vxw)A'udx = J AN (Vxu)Nodx.  (42)
R? R?

Furthermore, the divergence free conditions of (u,b) imply
that

J (u-VA'u) N'udx
R3
= J (u-VANw) Nwdx = J (u-VA'D) A°bdx =0,
R R?

j (b-VATD) Audx + J (b-VA*) Abdx = 0,
R3 R3
(43)

5
then
1d
L v ol + [ele)
+ (+ 1) IVAul; + y|[VA ] + 9| VAD
+ wldiv Ay + 2x]| A%
= - A u| VuNudx — A u| VoN wdx
S S S S
R? R3
(44)

- J [A°,u] VOAD dx
R3

" J ([A°,b] VoA u + [A,b] VuA'b) dx
R3

+ -2y J A (Vxu)Nowdx.
R3
= III, + III, + III, + II, + I11,.

By Lemma 5, Hoélder’s inequality, Gagliardo-Nirenberg’s
inequality

e IVF (45)

Ws2>

/1

we <[ /]

Vil

and Young’s inequality

1 1 1
ab < —af + =b, » +-=1, (46)

| =

we deduce that
1| < [[A% ] Va5 | A0,
< C(IVully IVullyyera + lutllyes 1 Vlly) loallyyss

(47)

1/2 3/2
< CIVul llull 2 1Vl

< CIVullluli, + S1vul.
Similarly, we estimate II1,, III;, and III, as follows:
|11, + III, + I11,] < C (|Vul + [Vol; + Vb))

2 2 2
x (lullzs + ol + 1BlI7)

“ 2 Y 2 4 2
+ Z”VMHHS + 5||Vw||Hs + £||Vb||Hs.
(48)

Finally, we estimate the last term

|15] < 2x A" (V x ), | A"l

X (49)

2 2
< S Vullgs + 2xllwllzgs.

0|



Summing up (47)-(49) with (44), we obtain

d
= (luliy + Il + 1017,:)

+ (u+ X) IVulz + yIVoll + vIVbIlF

+ ldiv wl (50)
< C(llullgp + lolzp + 1bl)

x (lullzps + lwllzps + 1Bl -

Using Gronwall’s inequality we obtain

2 2 2
(lullfy + loliF + 1013 )

t
[ (0 1y + yvly + 1ol

+x|div w3, ) (') dt’ (51)
2
")

X exp (t sup (Ilullzp + ol + ||b||4Hl)> .

t'e[0,t)

<C (Iluol + b

2
HS

o

Hence by (39) and (51), we can get the H® regularity at time
t = T; that is, the smooth solution (1, w, b) can be extended
past time T..
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