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The notions of (strong) intersection-soft filters in R -algebras are introduced, and related properties are investigated. Characteriza-
tions of a (strong) intersection-soft filter are established, and a new intersection-soft filter from old one is constructed. A condition
for an intersection-soft filter to be strong is given, and an extension property of a strong intersection-soft filter is established.

1. Introduction

To solve complicated problem in economics, engineering,
and environment, we cannot successfully use classical meth-
ods because of various uncertainties typical for those prob-
lems. Uncertainties cannot be handled using traditional
mathematical tools but may be dealt with using a wide range
of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of
interval mathematics, and theory of rough sets. However, all
of these theories have their own difficulties which are pointed
outin [1]. Maji et al. [2] and Molodtsov [1] suggested that one
reason for these difficulties may be due to the inadequacy of
the parametrization tool of the theory.

To overcome these difficulties, Molodtsov [1] introduced
the concept of soft set as a new mathematical tool for dealing
with uncertainties that is free from the difficulties that have
troubled the usual theoretical approaches. Molodtsov pointed
out several directions for the applications of soft sets. At
present, works on the soft set theory are progressing rapidly.
Maji et al. [2] described the application of soft set theory to a
decision making problem. Maji et al. [3] also studied several
operations on the theory of soft sets. Chen et al. [4] presented
a new definition of soft set parametrization reduction and
compared this definition to the related concept of attributes
reduction in rough set theory.

R,-algebras, which are different from BL-algebras, have
been introduced by Wang [5] in order to get an algebraic

proof of the completeness theorem of a formal deductive
system [6]. The filter theory in R, -algebras is discussed in [7].
In this paper, we apply the notion of intersection-soft
sets to the filter theory in R,-algebras. We introduced the
concept of (strong) intersection-soft filters in R,-algebras
and investigate related properties. We establish characteri-
zations of a (strong) intersection-soft filter and make a new
intersection-soft filter from old one. We provide a condition
for an intersection-soft filter to be strong and construct an
extension property of a strong intersection-soft filter.

2. Preliminaries

2.1. Basic Results on R,-Algebras

Definition 1 (see [5]). Let L be a bounded distributive lattice
with order-reversing involution - and a binary operation — .
Then (L, A,V,, —) is called an Rj-algebra if it satisfies the
following axioms:

(R])x — y:ﬂy — X,

R2)1 - x=x,

Ry = 2)A((x = y) = (x 2 2)=y - 2

RY)x = (y 2 2)=y - (x — 2),

R5)x = (yvz)=(x = y)V(x — z),

R6) (x = y)V(x = y) = (~xVy)) =1



Let L be an R -algebra. Forany x, y € L, we definexoy =
2(x = -y)andx @ y = ~x — y.Itis proven that © and ®
are commutative, associative, and x ® y = =(-x © =y), and
(L,A,V, 0, —,0,1) is aresiduated lattice. In the following, let
x" denote x ® x @ - - - © x where x appears n times for n € N.

We refer the reader to the book [8] for further informa-
tion regarding R, -algebras.

Lemma 2 (see [7]). Let L be an R,-algebra. Then the following
properties hold:

(Vx,yel)(x<ye=Sx—y=1), (1)

(Vx,yeL)(x<y — x), (2)

(Vx € L) (-x =x — 0), (3)

(V. y e L) ((x — y)v(y — x)=1), (4)
(Vx,y € L)

x(xgy:)y—)ZS)C—’Z,Z—’XSZ—))/),

©)

(Veyel)(x —y) —y) —y=x—y), (6

(Vx,y € L)
x(xvy=((x—y) = Ay — x) —x)),
(7)
Vxel)(xox=0,x0-x=1), (8)

(Vx,yeLl)(x0y<xAy,x0(x—y)<xAy), (9)
(Vx,pzel)((x0y) —mz=x—(y —2)), (10
(Voyel)(x<y— (xoy)), (11)
(Vx,y,zel)(x0oy<ze=x<y—z), (12)
(Vx,y,z€l)(x<y=x0z<y0z), (13)
(Vx,p.z€l)(x — y<(y—z) > (x—2), (14
(Vx,y.z€L)((x — y)o(y —2z)sx—z). (15

Definition 3 (see [7]). A nonempty subset F of L is called a
filter of L if it satisfies

(i) 1 €F,

(ii) (Vx e F)(Vy e L)(x » y€ F = y¢€F).
Lemma 4 (see [7]). Let F be a nonempty subset of L. Then F
is a filter of L if and only if it satisfies

(1) (VxeF)Vyel)(x<y = yeF),

(2) (Vx,y e F)(xo y € F).

2.2. Basic Results on Soft Set Theory. Soft set theory was
introduced by Molodtsov [1] and Cagman and Enginoglu [9].

In what follows, let U be an initial universe set, and let
E be a set of parameters. We say that the pair (U, E) is a soft
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universe. Let 2(U) (resp., P(E)) denotes the power set of U
(resp., E).

By analogy with fuzzy set theory, the notion of soft set is
defined as follows.

Definition 5 (see [1, 9]). A soft set of E over U (a soft
set of E for short) is any function f, : E —
P(U),such that fu(x) = 0ifx ¢ A, for A € P(E), or,
equivalently, any set

Fa=1(xfa(x)) | x €E, f4(x) e 2(U),
fA(x)Z(ZJifx¢A},

(16)

for A € P(E).

Definition 6 (see [9]). Let F 4, and F be soft sets of E. We
say that & , is a soft subset of F g, denoted by F , € Fp, if
falx) € fp(x)forall x € E.

3. Intersection-Soft Filters

In what follows, we denote by S(U, L) the set of all soft sets of
L over U where L is an R -algebra unless otherwise specified.

Definition 7. A soft set F € S(U, L) is called an int-soft filter
of L if it satisfies

(Vye 2(U)(F}+0 = F| isafilter of L),  (17)

where 97}: = {x € L |y < fi(x)} which is called the y-
inclusive set of & .

If &, is an int-soft filter of L, every y-inclusive set F/ is
called an inclusive filter of L.

Example 8. Let L = {0,a,b,c, 1} be a set with the order 0 <
a < b < ¢ < 1, and the following Cayley tables:

(18)

QR T~ ~Q
S S S
(T Y o
— e e |

0
1
c
b
a
0

Then (L, A, V, 7, — ) is an Rj-algebra (see [10]) where x A y =
min{x, y} and x V y = max{x, y}. Let # € S(U, L) be given
as follows:

Fr=10.7). (@), (by).(61). (Ly),  19)

where y, and y, are subsets of U with y; ¢ y,. Then & is an
int-soft filter of L.

We provide characterizations of an int-soft filter.
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Theorem 9. Let & € S(U, L). Then F is an int-soft filter of
L if and only if the following assertions are valid:

(1) (Vx € L)(f1(x) < fr.(1)),
(2) (Vx,y e L)(fr(x = y) N fi(x) € fr().

Proof. Assume that % is an int-soft filter of L. For any x € L,
let f;(x) = y. Then x € F'. Since F/ is a filter of L, we have
1 € F'andso fi(x) =y € fi(1). Forany x,y € L, let
filx = )N fi(x) =y. Thenx — y € F andx € F!.
Since Z/ isafilter of L, it follows that y € F}. Hence f;(x —
N fLx)=yc fily).

Conversely, suppose that & satisfies two conditions (1)
and (2). Let y € P(U) such that 9{ # 0. Then there exists
ace 972, and so y € f;(a). It follows from (1) thaty € f;(a) C
fi(1). Thus 1 € #?. Letx, y € Lsuch thatx — y € &} and
x € F . Theny C f;(x — y)andy C fi(x). It follows from
(2) that

yefilx—y)nfLx)cfly), (20)
thatis, y € #1. Thus %! (#0) is a filter of L, and hence F is
an int-soft filter of L. O

Proposition 10. Let #; € S(U, L) be an int-soft filter of L.
Then the following properties are valid.

(1) & is order preserving, that is,
(Veyel)(x<sy= fi<cfi(y). @)

(2) (Vx, y € L)(fr(x — ) = f1(1) = fr(x) € fL(¥).

(3) (Vx,y e L)(fy(x @ y) = fr(x) N fr(y) = fr(x A p)).

(4) (Vx € L)(Vn € N)(fL(x") = fL(x)).

(5) (Vx € L)(f(0) = f1(x) N f1(=x)).

(6) (Vx,y e L)(fr(x = y)Nfi(y = 2) < fi(x — 2)).

(7) (Vx,y,ze L)(x0y <z = fi(x)N fi(y) € fr.(2)).

®) (Vx,y € D)(fL(x) N frix — ») = fi(M N frly —
x) = fr(x) N f1(y).

9) (Vx,y e L)(fr(xo(x — ) = fryo(y — x)) =
fL(x) n fL()"))

(10) (Vx, ¥,z € L) (fr(x = (mz = )N frLy — 2) ¢
filx = (mz — 2))).

(1) (Vx, 3,z € L)(fi(x = (y = 2)N filx — y) ¢
filx — (x = 2))).

Proof. (1) Let x,y € Lsuchthatx < y. Thenx — y =1,
and so

) =fr)n fr()=frx)nfolx—y) < fr(y)
(22)

by (1) and (2) of Theorem 9.
(2) Let x, y € Lsuch that f;(x — y) = f; (1). Then

fr@)=fix)nfi)=frx)nfi(x—y) < fly)
(23)

by (1) and (2) of Theorem 9.

(3) Sincexo y < x A yforall x, y € L, it follows from (1)
that f;(x © y) € fi(x) N f.(y). Using (11) and (1), we have
fix) € fi(y — (x© y)). It follows from Theorem 9 (2)
that £,(6) N f,(0) € fu(y — (x© )N f(3) € fy(x0 ).
Therefore f;(x © y) = fi(x) N fi(y). Sincey < x — y
andxo (x — y) < xAyforallx,y e L, wehave fi(y) €
file — yand ;)0 f,0) € f10)N file — ») =
filxo(x - y) < fi(xAy) < frlx)n f.(y) by (1). Hence
frlxAy)= fr(x)n fi(y) forall x, y € L.

(4) Tt follows from (3).

(5) Note that x © =x = for all x € L. Using (3), we have

fL(0) = fr (x©-x) = f1 (x) N f (-x) (24)

forall x, y € L.

(6) Combining (15), (1), and (3), we have the desired
result.

(7) It follows from (1) and (3).

(8) Since y < x — yforall x, y € L, it follows from (1)
that

frnfi(y)cf@)nflx—y). (25)
Sincex® (x — y) <xAyforall x,y € L, we have
fr@nfilx—y)=fixo(x —y)) < fL(xnry)

=N f(y)
(26)

by (3) and (1). Hence f;(x) N fi(y) = fr(x) N fi(x — y).
Similarly, f;(y) N fi(y — x) = fi(x)N fy(y) forallx, y €
L

. (9) Using (3), we have
filxo(x —y))=fr(x)n fr(x — y),

fivoly—x)=fi(y)nfr(y —x),

for all x, y € L. It follows from (8) that f;(x © (x — y)) =

filyely = x)) = fi(x)n fr(y).
(10) Note that

(27)

(x—(z—y)oly —2)
=((x0-z) > y)o(y —2) (28)
<(x0z) —z=x— ("z — 2)
for all x, y,z € L. Using (1) and (3), we have
filx—(z—=y)n fi(y —2)
=filx = (z—y)oly —2) 29
< filx —(nz —2)

forall x, y,z € L.

(11) Note that (x — (y — 2))o(x — y) =(y —
(x 2 2)0(x - y)<x - (x - z)forallx,y,ze L. It
follows from (1) and (3) that

filx—= O —=2)nfilx = y)cfilx — (x —2)
(30)

forall x, y,z € L. O



Theorem 11. Let F € S(U, L). Then F is an int-soft filter of
L if and only if the following assertions are valid:

(1) & is order preserving,
(2) (vx, y € L)(fr(x 0 y) = frlx) 0 fL(y)).

Proof. The necessity follows
Proposition 10.

Conversely, suppose that #; satisfies two conditions (1)
and (2). Let x, y € L. Since x < 1, we have f;(x) € f.(1) by
(1). Note that x © (x — y) < y. It follows from (2) and (1)
that

from (1) and (3) of

frnfilx—y)=filxo(x—y) < f(y). @D
Therefore & is an int-soft filter of L. O

Proposition 12. Let b € L such that -b = b. If 7 € S(U, L)
is an int-soft filter of L, then f;(b) = f,(x) forallx e {a € L |
0<ac<b}

Proof. Suppose that there exists y € {a € L | 0 < a < b} such
that f;(b) # fi(y). Then f,(y) ¢ f.(b),and so b € 97{ and
y ¢ F) wherey = f;(b). Since F) is a filter of L, we have 0 =
bobeF }: This shows that # { = L, and it is a contradiction.
Hence f;(b) = fi(x)forallx e {fae L|0<a<b} ]

Theorem 13. Let # € S(U, L). Then & | is an int-soft filter of
L if and only if the following assertion is valid:

(Vx,y,z € L)
(32)
(LN fillx —y) —2) < frlx — 2)).

Proof. Assume that % is an int-soft filter of L, and let
x, %z € L. Since y < x — y, it follows from
Proposition 10 (1) and Theorem 9 (2) that

L0 fillx —y) —2)
cfilx—y)nfi((x —y) —2) (33)
Cfi® < filx—2).

Conversely, suppose that & satisfies the inclusion (32).
Let x, y € L. Then

frx) =) N fL((0— x) — x) € f(0— x)
= fi (D),
frnfilx—y)
=fi)nfi(l—x) —y)cfi(l—y)

=fi(y)
(34)

by (32). Therefore & is an int-soft filter of L by Theorem 9.
O
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Theorem 14. Let F | € S(U, L). Then & is an int-soft filter of
L if and only if the following assertion is valid:

(Ve yzel)(x<y —z= fix)nf(y) < fL(2).
(35)

Proof. Suppose that % is an int-soft filter of L. Let x, y,z € L
such that x < y — =z Then f;(x) € fi(y — z)by
Proposition 10 (1), and so

finfi(<cfily —2)nfi(y)cfrz (36

by Theorem 9 (2).

Conversely, assume that F satisfies the condition (35).
Letx,y € L.Since x < 1 = x — 1, we have f;(x) € f;(1)
by (35). Note thatx — y <x — y.It follows from (35) that
frlx = y)n fi(x) € fL.(y). Therefore & is an int-soft filter
of L by Theorem 9. O
Proposition 15. Every int-soft filter & of L satisfies.

(Vx,y,z € L)
(37)
x(fillxk = y) —2) < frlx — (y — 2))).

Proof. Letx,y,z € L.Sincel =y — (x — y) < ((x —
y) — z) — (y — z), wehave

Wil —y)—2)—(—2) (8
by Proposition 10 (1). It follows from (2) and Theorem 9 that

fullx —y) —2)
=fillx = y) —2)n fL.(1)
cfillx—y)—2)nfy (39)

x(x =) —2) — (y —2)

cfiy—2)<filx—(y—2).
This completes the proof. O

The following example shows that the converse of
Proposition 15 may not be true in general.

Example 16. Let L = {0,a,b,c,d, 1} be a set with the order
0 <a < b <c<d<1,and the following Cayley tables:

x| =x
01
al d
b| ¢
c|l b
d| a
110
(40)
—|0abcdl
0111111
aldl1111
blccl111
clbbb111
dlaabcll
110abcdl
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Then (L, A, V, =, — ) is an R -algebra (see [10]) where x A y =
min{x, y} and x V y = max{x, y}. Let | € S(U, L) be given
as follows:

Fr={0.11),(a1.),(6:12), (6 12),(d ), (L)}, (41)

where y, and y, are subsets of U with y; ¢ ¥,. Then &
satisfies the condition (37), but & is not an int-soft filter of
L since fi(a) ¢ f.(1).

Proposition17. For an int-soft filter F | of L, the following are
equivalent:

(Vx,yel)(fi(y —(y—x) < fily —x), 42
(Vx, 3.z € L) (fy(z — (y — x))

cfillz —=y) — (z—x).

Proof. Assume that (42) is valid, and let x, y,z € L. Using
(R4), (5), and (14), we have

(43)

z—(—x)<z—(E—((z—y) —x). 49
It follows from Proposition 10 (1), (42), and (R4) that
fiz—=(y—x)cfilz—(z—((z—y) — x))

cfilz—((z —y) —x)

=fi((z—y) — (z—x).
(45)

Conversely, suppose that (43) holds. If we use z instead of
yin (43), then

filz—(z—x) < f1((z—2) — (z — x)) 16)
=f1(1—=(z—x)=f(z—x),

which proves (42). ]

We make a new int-soft filter from old one.

Theorem 18. Let F; € S(U, L). For a subset y of U, define a
soft set F; of L by

fi(x) if x€ 9'{,
0 otherwise.

fi ' L—2@U), x'—>{ (47)

If F | is an int-soft filter of L, then so is F7.

Proof. Assume that % is an int-soft filter of L. Then F/ ( + 0)
isafilterof Lforally € (U). Hence 1 ¢ 97{, and so f; (1) =
fi(1) 2 fi(x) 2 fi(x)forallx € L. Letx,y € L.If x € 97}"
andx — y e F!, theny e F'. Hence

fr@nfi(x—y)

=finfrix—y)<cfi(y)=1 ).

Ifx¢ Florx — y¢ F, then fi(x)=0or f/(x > y) =
¢. Thus

(48)

fi@nfi(x—y)=0¢<f (»). (49)
Therefore 7 is an int-soft filter of L. O

Theorem19. Any filter of L can be realized as an inclusive filter
of some int-soft filter of L.

Proof. Let F be a filter of L. For a nonempty subset y of U, let
F ;. be a soft set of L defined by

y ifxeF,
1L 2 U), 50
foil = 2O S <{(Z) otherwise. (50)

Obviously f;(x) € f;(1) forall x € L. For any x, y € L, if
x € Fandx — y € F,then y € F. Hence f;(x) N fi.(x —
y)=v=fi(y).Ifx ¢ Forx — y ¢ F, then f;(x) =0
or fi(x — y) =0.Thus fi(x)N fi(x = y) =0 < fr.(y).
Therefore % is an int-soft filter of L and clearly %} = F. This
completes the proof. O

Definition 20. An int-soft filter # of L is said to be strong if
the following assertion is valid:

(Vx,yeL)(fr(y — x) € fr((x — y) — y) — x)).
(51)

Example 21. The int-soft filter % in Example 8 is strong.

Theorem 22. Let & € S(U,L). Then F | is a strong int-soft
filter of L if and only if the following assertions are valid:

(1) (Vx € L)(f(x) € fr(1)),

(2) (Vx, 3,2z € L)(fi(z — (y — x)n fi(z) ¢
filllx = p) = y) — x)).

Proof. Suppose that & is a strong int-soft filter of L.
Obviously, (1) is valid. For every x, ¥,z € L, we have

filz— (y —x)nfL(2) < fr(y — x)
cfilllx —y)—y) —x)

(52)

by Theorem 9 (2) and (51).

Conversely, assume that F satisfies two conditions (1)
and (2). If we take y = 1in (2), then f;(2) N fi(z — x) €
f1(x) for all x, z € L. Hence % is an int-soft filter of L. Now
if we put z = 1 in (2), then

iy —x)=fi(1—(y — x))
=fil—=(—x)nf1) (53
cfilllx—y)—y) —x)

by (R2) and (1). Therefore & is a strong int-soft filter of L.
O

Example 23. Let L = [0,1]. For any a,b € L, we define

-a=1-a, aAb = min{a,b}, a Vb = max{a, b}
4 b 1 a<b
" |-avb otherwise.

(54)



Then (L,A,V,, —) is an Ry-algebra (see [5]). Let F| €
S(U, L) be given as follows:

Fr={(Ly),(en) xe L\ {1}}, (55)

where y; and y, are subsets of U with y; ¢ y,. Then & is an
int-soft filter of L. But

fi(1— (03— 0.8)n f; (1)
=y, €y = fL (((0.8 — 0.3) — 0.3) — 0.8),

(56)

and so & is not a strong int-soft filter of L by Theorem 22.
We provide a condition for an int-soft filter to be strong.

Theorem 24. Let L be an R -algebra satisfying the following
inequality:

(Vxyel)((x —y) —y<(y —x) —x). ()
Then every int-soft filter of L is strong.

Proof. Let #; be an int-soft filter of L. Using (5), (6), and (57),
we have

y—x=((y—x) —x)—x
(58)
<((x—y)—y) —x
for all x, y € L. It follows from Proposition 10 (1) that
iy —=x)cfilllc—y) —y) —x) (9

for all x, y € L. Therefore & is a strong int-soft filter of L.
O

We consider an extension property of a strong int-soft
filter.

Theorem 25. Let | and & be two int-soft filters of L such
that F, € &, and f1 (1) = g (1). If F_ is strong, then so is
gL.

Proof. Assume that & is a strong int-soft filter of L. For any
x,y €L leta=y — x. Since ¥ is a strong int-soft filter of
L, we have

g )= f1)=fi(y — (@a— x)
cfil(ta—x) —y)—y) —(a— x)

cg.(((@—x)—y)—y) —@—x),
(60)

by (51) and assumption, and so
g (M) =g.((((@a—x)—y) —y) — (@a—x)

=g.(@a— (@ —x) —y) —y) —x)).
(61)

Since & is an int-soft filter of L, it follows that
gr(@)=grang, (1)=gr@ngg
x(a—((((a —x)—y) —y) —x)) (62)

cgr(((@—x)—y)—y) —x).
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Using (R4) and (14), we have
l=x—@—x<(@—x—y —(x—y
<((x—y)—y)—=(@—x—y)—y)
<(((@—x—y) —y) —x)

— ((x—=y) —y) —x).

(63)
It follows from (62) and Theorem 14 that
g.(y — x)
=g.@ < g.((a—x) —y) —y) —x) )
=g (M Ng.(((a—x) —y) — y) —x) o
g (((x—y) —y) —x).
Therefore & is a strong int-soft filter of L. O

4. Conclusion

Using the notion of int-soft sets, we have introduced the con-
cept of (strong) int-soft filters in R -algebras and investigated
related properties. We have established characterizations of
a (strong) int-soft filter and made a new int-soft filter from
old one. We have provided a condition for an int-soft filter to
be strong and constructed an extension property of a strong
int-soft filter.

Work is ongoing. Some important issues for future work
are (1) to develop strategies for obtaining more valuable
results, (2) to apply these notions and results for studying
related notions in other (soft) algebraic structures; and (3) to
study the notions of implicative int-soft filters and Boolean
int-soft filters.
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