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We establish the existence of ground states on RN for the Laplace operator involving the Hardy-
type potential. This gives rise to the existence of the principal eigenfunctions for the Laplace
operator involving weighted Hardy potentials. We also obtain a higher integrability property for
the principal eigenfunction. This is used to examine the behaviour of the principal eigenfunction
around 0.

1. Introduction

In this paper, we investigate the existence of ground states of the Schrodinger operator
associated with the quadratic form

Qv (u) = f <|Vu|2 —AVV(x)u2> dx, ueC® (]RN>, N >3, (1.1)
RN

where V belongs to the Lorentz space LN/% ©(RN) and Ay is the largest constant (whenever
exists) for which the form Qy is nonnegative. This assumption implies, when V > 0, that the
potential term [,y V(x)u? dx is continuous in D'*(RN), where D?(RY) is the Sobolev space
obtained as the completion of CZ(R") with respect to the norm

Iulf: = |1V (1.2



2 International Journal of Differential Equations

We are mainly interested in the case of the Hardy-type potential V(x) = m(x)/ |x|* with
m € L®(RN). Assuming that V is positive on a set of positive measure, the constant Ay is
given by the variational problem

Ay = inf j |Vul*dx, (1.3)
ueD2(RN), [on Vildx=1J) RN

and the continuity of IRN V(x)u?dx implies that Ay > 0. If problem (1.3) has a minimizer u,
then it satisfies

—Au—-AyV(x)u=0. (1.4)

A solution of (1.4) is understood in the weak sense
f VuVedx = Ay f V(x)up dx, (1.5)
RN RN

for every ¢ € D*(RN).

Since |u| is also a minimizer for Ay, we may assume that u > 0 a.e. on RY. In particular,
when V(x) = m(x)/|x|* with m € L®(RN), then u > 0 on RN by the Harnack inequality [1].
If the potential term is weakly continuous in D'?(RN), for example, when V (x) = m(x) /|x|*
with m € L®(RN) and limy o,m(x) = lim,_,gm(x) = 0, then there exists a minimizer for Ay.
We will call the minimizer of (1.3) a ground state of finite energy. In general, (1.3) may not have
a minimizer. This is the case for the Hardy potential V(x) = 1/|x|* with the corresponding
optimal constant Ay = Ay = ((N —2)/2)% In fact, the ground state of finite energy is a
particular case of the generalized ground state, defined as follows (see [2—4]).

Definition 1.1. Let Q C RN be an open set, and let Qy be as in (1.1). A sequence of nonnegative
functions v € CP(Q) is said to be a null sequence for the functional Qv if Qv (vx) — 0, as
k — oo, and there exists a nonnegative function ¢ € C2(Q) such that [, gordx = 1 for each

k.
Let us recall that the capacity of a compact set E relative to an open set Q ¢ RN, with

E C Q,is given by

cap(E, Q) = inf{f |Vu|2dx;u € C2(Q), with u(x) >1 on E}. (1.6)
Q

In the case Q = RN, we use notation cap(E) (see [5]).
We can now formulate the following “ground state alternative” (see [3, 4]).

Theorem 1.2. Let V be a measurable function bounded on every compact subset of Q = RN - Z,
where Z is a closed set of capacity zero, and assume that Qv (u) > 0 for all u € CP(Q). Then, if Qv
admits a null sequence vy, then the sequence vy converges weakly in H\. (RN) to a unique (up to a
multiplicative constant) positive solution of (1.4).

This theorem gives rise to the definition of the generalized ground state.
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Definition 1.3. A unique positive solution v of (1.4) is called a generalized ground state of the
functional Qy, if the functional admits a null sequence weakly convergent to v.

If V(x) = 1/|x[?, then the functional Qy has a ground state v(x) = x| N72 of infinite
D'? norm, while (1.3) has no minimizer in D*?(RY).

It is important to note that the functional Qv with the optimal constant Ay does not
necessarily have a ground state. We quote the following statement from [4].

Theorem 1.4. Let V be a measurable function bounded on every compact subset of Q@ = RN - Z,
where Z is a closed set of capacity zero, and assume that Qv (u) > 0 for all u € CP (). Then either
Qv admits a null sequence, or there exists a function W, positive and continuous on Q, such that

Qv(u) > JRN W (x)uldx. (1.7)

For example, let m be a continuous function on RN - {0} such that m(x) = 1/ |x|* for 0 <
x| <1, m(x) € [1/2,1] for |x| € (1,2) and m(x) = 1/2|x|* for |x| > 2. Then, Ay = (N —2)/2)?
and the functional Qy does not admit a null sequence. From Theorem 1.4 follows that Qy
satisfies (1.7) with some function W positive on RN - {0}.

Obviously, ground states of finite D' norm are principal eigenfunctions of (1.4). There
is a quite extensive literature on principal eigenfunctions with indefinite weight functions
for elliptic operators on RN or on unbounded domains of RV, with the Dirichlet boundary
conditions. We mention papers [2, 6-13], where the existence of principal eigenfunctions has
been established under various assumptions on weight functions. These conditions require
that a potential belongs to some Lebesgue space, for example L (RN) with p > N/2. These
results have been recently greatly improved in papers [14, 15], where potentials from the
Lorentz spaces have been considered. To describe the results from [14, 15] we recall the
definition of the Lorentz space [16-18].

Let f : RN — R be a measurable function. We define the distribution function ay and
a nonincreasing rearrangement f* of f in the following way

as(s) = erRN;

F)] >s}|, F7(8) = inf{s > 0; a5 (s) < t}. (1.8)

We now set

0

(1.9)
sup /P f*(t), if1<p<oo, g=oc0.
>0

* an\/1
ity =4 L o er ) rsp g <o

The Lorentz space LP4(RN) is defined by

La(RN) = {f € L (RY); [If[1{,) <o }- (1.10)
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The functional || f ||’(“p,q) is only a quasinorm. To obtain a norm we replace f by f*™(t) =

(1/1t) fé f*(s)dx in the definition of || f ||’(‘p/ Y that is, the norm is given by

® 1/q
(f [t“Pf**(t)]"?) , ifl<p, g<oo,
”f”(p,q): 0

sup 1P f*(t), ifl<p<o, g=co.
t>0

(1.11)

LP4(RN) equipped with the norm || f ||(M) is a Banach space.

In paper [15] the existence of principal eigenfunctions has been established for weights
belonging to U <y<c LN/2.4(RN). This was extended in [14] to a larger class of weights F x>
obtained as the completion of CZ(RY) in norm || - [|x/2c-

However, these conditions do not cover the singular weight functions considered in
this paper. By contrast, in our approach, we give an exact upper bound for the principal
eigenvalue which allows us to prove the existence of the principal eigenfunction. We point
out that if V € LN/2=(RN), then the functional [ V (x)u?dx is continuous on D'*(RV), but
not necessarily weakly continuous.

The paper is organized as follows. In Section 2, we prove the existence of minimizers
with finite norm D?(RN) and also with infinite norm D?(RN). In Section 3 we discuss
perturbation of a given quadratic form Qy, with V, € LN/2*(RN). We show that if Qy, has
ground state, then this property is stable under small perturbations of V5. This is not true
if Qy, does not have a ground state; rather it is stable under larger perturbation of V.. The
final Section is devoted to a higher integrability property of minimizers of Qy, in the case
where V,(x) = m(x)/|x|> with m € L*(RN). We also examine the behaviour of the principal
eigenfunction around 0.

Throughout this paper, in a given Banach space, we denote strong convergence by
‘—” and weak convergence by “—”. The norms in the Lebesgue space L7 (£2),1 < p < oo, are
denoted by ||ul],.

2

2. Existence of Minimizers

We consider the Hardy-type potential V (x) = m(x)/ |x|2 with m € L*(RN). In Theorem 2.2
we formulate conditions on m guaranteeing the existence of a principal eigenfunction. Let
¥+ > 1 and y- > 1. In our approach to problem (1.3), the following two limits play an
important role: it is assumed that the following limits exist a.e.

- 5 j

my(x) = jeklgl_nl m <y+x>, (2.1)
T -j

m_(x) = jeé}jm_) m (y_ x>. (2.2)

Both functions m, satisfy m. (y.x) = m.(x). We now define the following infima:

2
An=  inf Jin [Vul dlx )
weD12(RN)~(0} [ (m(x) /|x|2> w2dx

(2.3)
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(we use the notation A,, instead of Ay) and

_ Jan |Vudx
A = inf 5 . (2.4)
ueD'2 (RN)-(0) [ <mi(x) /1] >u2dx
Lemma 2.1. The following holds true
Ay <min(Ay, AL). (2.5)
Proof. Let u € DY2(RN) — {0}. Testing A,, with y, (N_Z)/Zu(yj x) gives
fon |Vuldx
Am < o - : (2.6)
fan <m <y+x) /x| )uzdx
Letting j — oo and using the Lebesgue dominated convergence theorem, we obtain
Jan |V dx
Ay < 5 . (2.7)
[ (m+ (x)/ x| udx
The inequality A,, < A, follows. The proof of the inequality A,, < A_ is similar. O

In the case when the inequality (2.5) is strict problem, (2.2) has a minimizer.

Theorem 2.2. Assume that the convergence in (2.1) is uniform on sets {x € RN; |x| > R} for every
R > 0 and that the convergence in (2.2) is uniform on sets {x € RN; |x| < p} for every p > 0. If
Ay < min(Ay, Ay), then problem (2.3) has a minimizer.

Proof. Let {ux} ¢ D'?(RN) be a minimizing sequence for A,,, that is,

m(x)
IRN Vi |2dx — Ay, IRN XP updx = 1. (2.8)

We can assume, up to a subsequence, that u; — w in DV2(RN), L2(RN, dx /|x[*), and uy — w

in L (RN) for some w € D'*(RN). Let v = ux — w. We then have

1= [ = | uwtars [ Heidxon), 29
RN x| RN x| RN |x|

Ay = f |V dx + o(1) = f |Vw|*dx + f |Vordx + o(1). (2.10)
RN RN RN
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We define a radial functlon x+ € CY(RN) such that 0 < x+(x) <1, X+ (x) = O for |x| < Y_Z
X+(x) =1 for |x| > y+ Let x (x) =1- x+(x) In what follows, we use okﬁ (1) to denote a
quantity such that for each j € N, o(] ) (1) — Qas k — oo. Thus,

,[R m(i)vidx:JR (x)< x) IRN rr|l(9§)< XJ) dx+o (1)

N x| N xf? x|
» . (2.11)
i j
m(y_'x m(y.x _
= I —< > (v;) dx +J < ) (vF)’dx + ol((]) (1),
Y xf? Y Jaf? o
where
Uk (x) ( (N- 2)/2)] k<Y—]x>X— <Y—_]x> ,
‘ _ (2.12)
v () = 1 o (yla) e (vlx).
We now estimate the integrals involving v, and v;. We have
<Y_ ) m_(x) , _\2
— - (0}) dx - 7 (vi) dx
RYJxf? RN x|
S\ AN 2.13)
m(y_'x) —m_(x) m(y_'x)—m_(x) (
< f A ( >2 (v;)zdx + f _ _ < >2 (v,;)zdx
Ixl<y |x] v <lel<y? |x]
=Ji+ ]2

By the uniform convergence of m(y__j x) to m_(x), we see that J; < e for j sufficiently large
uniformly in k. For ], we have

2
T2 <2||m]|, —kdx. (2.14)
i ehel<y? |

It is clear that ], is a quantity of type ok_m( ). Therefore, we have

f <Y—_>(vk)d I - (x)(vk) dx| <e+o’ (1) (2.15)
RN

Jxf?
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In a similar way, we obtain

j
m(yx) ma(x), )
JRN %(Uk)zdx - IRN |9C(|2 ) (Uk>2dx se+ Ol(cj)—mo(l) (2.16)

for j sufficiently large. We now fix j € N so that (2.15) and (2.16) hold. Consequently, we have

1< f ﬂf)wzdx + f m_(;c) (U;)zdx + J‘ m+(;c) (v;)zdx +2¢e+ O,((jloo(l). (2.17)
RN x| RN x| RN x|

We now estimate [,y |Voi|*dx in the following way

dx

IRN |Voy*dx = IRN |V<Uk)({ + UkXi) ’
- IRN |V<vkx{>|2dx+ IRN |V<UkXi> 2

+2 JRN \Y (kai> \% (vkxi>dx

dx

=I |Vv;|2dx+f |Vv;|2dx+2j \Vor 2y x| dx
RN RN RN
+2I kakaX];erdx+2J‘ kakaJ;indx+2J‘ viVX];Vx{rdx
RN RN RN
zj |V’0,;|2dx+J |Vv,:|2dx+2J‘ kakaxixidx
RN RN RN

+2I kavkfoXidx+2J‘ viVXj;indx.
RN RN
(2.18)

2

(RN), we obtain the following estimate
loc

Since vy — 0in L

J Vo Pdx > f |Vo; | dx +f |Vo; [Pdx + 0!, _(1). (2.19)
RN RN RN

k— oo
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This, combined with (2.9), gives the following estimate

AmZJ‘ |Vw|2dx+I |Vv;|2dx+J‘ |Vv,t|2dx+o,(<jlw(1)
RN RN N

zAmJ m(’g) widx+ A | T (x)( o) dx (2.20)
RN x| RN

A+I mx) )de+o,(jlw(1).
BN |x[?

Let A, = min(A_, A;). We deduce from (2.17) and (2.20) that

(A*—Am)<J m| (|x)( o) 2dx m|+(x (v?) dx> <2eAn+0l _(1). (2.21)
RN

Letting k — oo, we obtain

lim sup <IRN - (x)( k) dx m+(x)( 5 dx> % (2.22)

k— | | |

It then follows from (2.17) that

m(x) , 2e\,y,
1< wodx + ————. 2.23
IRN |x[? (As = Am) (223)
Since € > 0 is arbitrary, we get I]RN (m(x)/|x|))w?dx = 1, and the result follows. O

In what follows, we denote m(oo) = limy|—, -m(x), assuming that this limit exists. As
a direct consequence of Theorem 2.2, we obtain the following result.

Theorem 2.3. Let m € L®(RN), and assume that m is continuous at 0. Further, suppose that
m(oo) > 0 and m(0) > 0. If A,y < Anmin(1/m(o0), 1/m(0)), then there exists a minimizer
for A,

Remark 2.4. A, has a minimizer also in the following cases, corresponding formally to A, or
A_ taking the value +oo.

(i) Let m(0) = 0 and m(o0) > 0. If A,;; < An/m(00), then a minimizer for A;(m) exists.
(ii) Let m(0) > 0 and m(o0) = 0. If A,;; < An/m(0), then a minimizer for A;(m) exists.
(iii) If m(0) = m(o0) = 0, m(x) > 0and # 0 on RN, then A,, has a minimizer.

We point out that Theorem 2.3 and the results described in Remark 2.4 can be deduced
from [19, Theorem 1.2]. Unlike in paper [19], to obtain Theorem 2.3 we avoided the use of
the concentration-compactness principle.

We now give examples of weight functions m satisfying conditions of Theorems 2.2
and 2.3. In general, functions satisfying this condition have large local maxima.
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Example 2.5. Let

my (x), for 0 < |x| <1,
ma(x) =4 Amp(x), for1<|x|<2, (2.24)

ms(x), for 2 < |x|,

where A > 0 is a constant to be chosen later and m1; : B(0,1) — {0} — [0,00), m5 : (1 < |x| <
2) — [0,00), and m3 : RN\ B(0,2) — [0, o0) are continuous bounded functions satisfying the
following conditions: m;(x) = 0 for |x| = 1, my(x) = 0 for |x| = 1, ma(x) = 0 for |x| = 2, and
my(x) > 0for 1 < |x| <2, mz(x) =0 for |x| = 2. Further we assume that

a+ |xi||xa| + -+ + |xn-1]|xN]

, 2.25
b+ |x (2.29)

mz(x) =

for |x| > R > 2, where a > 0, b > 0 and R constants. A function m; (x) for small 6 > 0 is given

by

, (2.26)

for 0 < |x| £ & < 1. We have

—27
lim < J'x> - lim Y+ Ta+ |xy|xa] + -+ + [xn-a]|xn] _ ealxo| + -+ fxen—allxn] (x)
],HoomA Y+ _]'Loo 2 2 = 5 =mi(X),
Y b+ |x]| |x]

_ 1] + -+ + |xN] _

] m-(x).

lim m4 <Y__jx>

jooo

(2.27)

Both limits are uniform. Since m_ and m, are bounded, A_ and A, are positive and finite. We
have

Vul*d
Am= inf Ju IV -
D2(EN)-100 [ (ma(x) /| utdx

(2.28)
1 fon [Vufdx

< — inf
Apr@EN)-orf (mz(x)/|x|2>u2dx

<min(A_, A}),

for A large. By Theorem 2.2, A,, with m = m4 has a minimizer.

Example 2.6. Consider a sequence of functions of the form my(x) = BM(x) + Af(x), k =
1,2,..., where A > 0, B > 0 are constants and My and f are continuous functions satisfying
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the following conditions:
(@) My(0) =1, My(x) >0onRN, My(c0) =0, fork =1,2,...,
(b) Mi(x) =konl<|x|<2fork=1,2,...,
(c) f(x) >00on RN, £(0) =0and f(o0) =1.

Then my(0) = B and my(o0) = A for k = 1,2,.... We show that for k sufficiently large
satisfies the conditions of Theorem 2.3. Let u(x) = exp(—|x|) (one can take any other function
from DV?(RN) which is #0 on (1 < |x| < 2)). Thus

fan |V (exp(=|x])) | dx

Amk S

for ((BMic() + Af (x)) /|x[) exp(-2/x|)dx

Jan |V (exp(-|x])) [*dx (2.29)

< — 0,
B [on (Mk(x) /|x|2> exp(~2|x|)dx
as k — oo0.So we can find k., > 1 so that
. 11

A, < AN mm(z, E) for k > k.. (2.30)

In Proposition 2.7, we described a class of weight functions m satisfying conditions of
Theorem 2.3.

Proposition 2.7. Let m € C(RN). Suppose that m(x) > 0, m(0) > 0, and m(oo) > 0. Assume that
there exists a ball B(xpg, r) such that m(x) > m(xp) > 0 for x € B(xp, 7) and 0 € B(xp, 1). If

2 2
mO) = me) ! (ZN 2) . (2.31)
m(xpm)” mxm)  2(r + |xp]) (N + 1) (N +2)
Then Ay, < AN min(1/m(0),1/m(c0)). (Hence, there exists a minimizer for A,.)
Proof. Let u € H!(B(xp, 7)) — {0}. Then
2
I M0 g > m(ew) By M) Pdx.  (2.32)
Bewr) | X] B(xw) [X| (r+ lxm|)” ) Bamn
Hence,
[oten o VUl dx (r+ lxml)? [ [VulPdx
B(xair) B(xa,r) (233)

<
'[B(xM,T) <m(x)/|x|2)dx m(xM) IB(XM,r) udx
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Since H!(B(xpm,7)) = {0} C {u € DYRN); [0y (m(x)/|x[") ubdx > 0}, we deduce from the
above inequality that

o < rrlxu)’
m

< o) AP (B(xm, 1)), (2.34)

where )L? (B(xm, 1)) denotes the first eigenvalue for “—A” in B(xa,r) with the Dirichlet
boundary conditions. We now estimate AP = AP (B(xp1,7)). We test AP with v(x) = r—|x— x|
for x € B(xp, 7). We have

4 2wnrN*?
v2dx = f (r - |x|)?dx = w f (r-s)*sN"lds = N ,
[ s VTN NN+ D(N+2)
N (2.35)
f |VoPdx = N7
Blxnr) N
Hence
2
10 < 3 V24X (N +1)(N +2) (236)
T v2dx 2r2 ' '
B(xm,r)
Combining this with (2.34), we derive
2
A, < (N+1)(N +2)(r+ |xml|) . (2.37)
2r2m(xp)
Therefore A,;, < Ay min(1/(m(0)),1/(m(o0))) if (2.31) holds. O

The estimate (2.31) has terms that are easy to compute but are of course not optimal.
In particular, the factor ((IN + 1)(IN + 2))/2 can be replaced by the first eigenvalue of the
Laplacian on a unit ball with Dirichlet boundary conditions.

If m(x) is a continuous bounded and nonnegative function such that m(x) < m(0) on
RN and m(0) > 0 (or m(x) < m(o) on RN, m(c0) > 0), then A,, does not have a minimizer.
Indeed, suppose that m(x) < m(0) on RN and that A,, has a minimizer u. Then, by the Hardy
inequality, we obtain

Ax fon \Vuldx  fen[VuPdx An
MO Jon () /1P Yudx ~ m(0) fo (s2/1xP )~ 7(O)

(2.38)

So u is a minimizer for Ay, which is impossible.
We now construct a ground state with infinite D' norm.

Theorem 2.8. Let y > 1, and assume that the function m € L= (RN) satisfies

m(yx) =m(x) for x e RN. (2.39)
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Then the form Qv with V(x) = m(x)/ |x|* and Ay = A, (see (2.41) below) admits a ground state v
satisfying

v(yx) =y®* N 2p(x) for x € RN. (2.40)

The function v is uniquely defined by its values on Ay = {x € RN; 1 < |x| <y}, and, moreover, the
function va, is a minimizer for the problem

|Vol*dx
A, = inf J‘A"
fa, (m(x) /|x|2>u2dx

e H(AY) = (0], u(yx) = Y& () for |+ = 1}.

(2.41)

Proof. The problem (2.41) is a compact variational problem that has a minimizer v which
satisfies

—Av = Aom(’;)
|x|

v, x€A, (2.42)

with the Neumann boundary conditions. Since the test functions satisfy u(yx) = y&N)/2y(x)
for |x| =1, one has

g—:(}’x) = Y_N/2g—:)(x) for |x| = 1. (2.43)

Note that |v| is also a minimizer, so we may assume that v is nonnegative. We now extend the
function v from Ay to RN - {0} by using (2.40) and denote the extended function again by v.
Since v satisfies (2.41), the extended function v is of class C' (RN - {0}) and satisfies

m(x
—Av = A, | (|2)v, (2.44)
pe

in a weak sense. From this and the Harnack inequality on bounded subsets of RN — {0} it
follows that v is positive on RN — {0} and subsequently there exists a constant C > 0 such that

Clx|@™N2 < p(x) < Clx|* N2, (2.45)

We can now explain the choice of the exponent (2 — N)/2 in the constraint u(yx) =
Y@ N/2y(x) from (2.41): with any other choice, the resulting Neumann condition would not
yield the continuity of the derivatives of the extended function v on the spheres |x| =}/, j €
N. Finally, we show that v is a ground state for the corresponding quadratic form Q with
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V(x) = Aam(x)/|x|* . Using the ground state formula (2.10), from [20] and (2.45), we have
1/k -1/k

wi(x) = |x|"’" for |x| <1 and wy(x) = |x]| for |x| > 1,
Qvwy) = f V| Vwi [ dx < cf x> N Ve |dx
RN RN

(2.46)

c (' ~1+(2/k) C (" em C
<ﬁj‘or ( dr+PJ‘1r ( dr<?%0,

as k — oo. Since vwy, — v uniformly on compact sets, this implies that v is a ground state
for Q. By (2.45) and the Sobolev inequality, v ¢ D'?(RN). O

3. Perturbations from Virtual Ground States

In this section, we show that if a potential term admits a (generalized or large or virtual)
ground state, then its weakly continuous perturbations in the suitable direction will admit a
ground state with the finite D> norm. Then, we investigate potentials that do not give rise
to a ground state with finite D' norm.

We need the following existence result.

Proposition 3.1. Let V, € LN/2%(RN) be positive on a set of positive measure, and let

A, = inf f |Vu|*dx. (3.1)
ueD!2 (RN), Jan Vor2dx=1J RN

Assume that Vi € LN/2*(RN) is positive on a set of positive measure and that the functional
Jn (Vi (x) = Vo (x))u?dx is weakly continuous in DY (RN), and let

A= inf J‘ |Vu|2dx. (3.2)
ueD2(RN), [on Vintdx=1J RN
If A1 < A, then there exists a minimizer for A;.

Proof. Let {ux} ¢ D'?(RN) be a minimizing sequence for (3.2), that is, [py Vi(x)uzdx = 1
and [,y [Vuk|*dx — A;. We may assume that, up to a subsequence, ux — w in D'?(RV) and
L*(RN, Vi (x)dx). Let vy = ux — w. Then,

1= f Vi (x)uidx = f Vi (x)vidx +J Vi (x)w?dx + o(1) = f Vi (x)w*dx
RN RN RN N

R

+ f (V1 (x) - Vo(x))vidx + J‘ Vs (x)vidx +0o(1) (3.3)
RN RN

= J‘ Vo (x)vidx + f Vi (x)w*dx + o(1).
RN RN
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Lett = [x Vi(x)w?dx. Then [y Vo(x)vidx — 1—t. Assuming that t < 1 we get

A = J |Vog[*dx + f |Vw]?dx +0(1) > Ao(1 —t) + Art +0(1). (3.4)
RN RN

From this, we deduce that A; > A, which is impossible. Hence, IRN Vi (x)w?dx = 1. From this
and the lower semicontinuity of the norm with respect to weak convergence, we derive that
w is a minimizer and ux — w in D?(RY).

Proposition 3.1 is related to [19, Theorem 1.7] which asserts that a potential of the
form V(x) = (1/]x*) + g(x), with a subcritical potential g (for the definition of a subcritical
potential see [19]), has a principal eigenfunction. This follows from the fact that g is weakly
continuous in D?(RY) (see [12]) and the potential ¢ admits a principal eigenfunction. ~ [J

Remark 3.2. (i) If V1 >V, then A1 < A,, but not necessarily A < A,.
(ii) If, in Proposition 3.1, assumption A; < A, is replaced by A, < Ay, then A, is
attained.

Example 3.3. Let M be a continuous function RN such that M > 0, #0 on RN and M(0) =
M(w) = 0. Define map(x) = BM(x) + A, where A > 0 and B > 0 are constants.
Let Vi(x) = map(x)/|x* and V,(x) = A/|x|*. The functional Jan (Vi(x) = Vo (x))u?dx =
fan (BM(x)/|x|?) u?dx is weakly continuous in D'2(RN). It is easy to show that for every
A > 0 there exists B, > 0 such that A; < A, for B > B,. By Proposition 3.1 A has a minimizer
for B > B,.

We now give a sufficient condition for the inequality A; < A,.

Theorem 3.4. Suppose that V1 and V, satisfy assumptions of Proposition 3.1. Moreover, assume that
the quadratic form Qy, has a positive ground state v, possibly with infinite DY* norm, and that if
{vk} € C2(RN) is a null sequence corresponding to Ao, then

lim sup V1 (x) =V, (x))vidx > 0. (3.5)
RN

k— oo

Then A1 < Ao and A1 has a minimizer.

Proof. 1t suffices to show that the inequality
f |Vuldx - AOJ Vi(x)uldx > 0 (3.6)
RN RN
fails for some u € D'?*(RYN). We have

[ voldr-n | Vieeddc=Qu@) - A [ (V60 Vo@)eids
w = e (3.7)
=o(1) - Aoj (Vi(x) = Vo(x))vpdx <0,
RN

for sufficiently large k, which completes the proof of the theorem. O
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Note that the conditions of Theorem 3.4 are satisfied if, in particular, V; > V, on RY,
with the strict inequality on a set of positive measure. Indeed, the sequence {vr} converges
weakly in HllOC (RN) to v > 0, and the condition limsup, _, _ [on (Vi(x) =V, (x))vi dx > 0
follows from the Fatou lemma.

The situation becomes different if Qy, does not have a ground state. The absence of
the ground state is stable property under small (in some sense) compact perturbation, but
not under compact perturbations that are not small.

Theorem 3.5. Assume that V, satisfies the conditions of Proposition 3.1 and that (1.7) holds. (This
occurs under conditions of Theorem 1.4 if Qv has no ground state.) Let W be as in (1.7). Then, for
every t € (0,1/A,), the functional Qv,.sw has no ground state and Ay .ew = Avy,. Furthermore,
if the functional [y W (x)u*dx is weakly continuous in DV*(RN), the same conclusion holds for
-0 <t<0.

Proof. First, we observe that the constants A, and A; corresponding to V, and V; = V, + WV,
respectively, are equal. Indeed, since V; > V;, one has A < A, by monotonicity. On the other
hand, it follows from (1.7) that

J |VulPdx — A, f (Vo(x) + tW (x))1udx > 0, (3.8)
RN RN

for t € (0,1/A,) which implies A; > A.. Let vy € C2 (RN - Z) satisfy Qv, (vx) — 0. Then

(1-Aot) IRN Wuidx < Qv (vk) — 0, (3.9)

which implies that, up to subsequence, v, — 0 a.e. If vx were a null sequence, it would
converge in HllOC (RN) and it would have a limit zero. Therefore, Qy, admits no null sequence
and consequently no ground state. Assume now that the functional [y W (x)u*dx is weakly
continuous in DV2(RN). Let {wy} ¢ D'?(RY) be a minimizing sequence for A,. If {wy} has
a subsequence weakly convergent in D2(RN) to some w #0, then it is easy to see that |w|
would be a minimizer for A, and thus a ground state for Q.. Therefore, wy, — 0. By the

weak continuity of [,y W (x)u?dx, we get
f Vi (x)widx = f Vo(x)widx +0o(1)=1+0(1), (3.10)
RN RN

and thus

A < f |Vwy*dx = Ao + o(1). (3.11)
RN
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This yields A; < A.. Then,
f |Vuldx - Ay I Vi (x)utdx
RN RN

> %1 (fRN |VulPdx - A, f " Vl(x)uzdx) (3.12)
_ % <Qvo(u) A IRN W(x)uzdx> > Ay IRN (A1 - )W ().

Since t < 0, this implies that Qy, has no ground state. O

Theorem 3.5 concerns with small perturbations of a potential that does not change the
constant A or the absence of a ground state. The next theorem shows that a large compact
perturbation of the potential term yields a ground state of finite D'?(RY) norm.

Theorem 3.6. Assume that V,, satisfies conditions of Proposition 3.1 and that W € L>*(RN) is such
that the functional [,y W (x)u*dx is weakly continuous in D*2(RN). Then, for every A € (0, As)
there exists o € R such that Qy,.ow has a ground state of finite DV2(RN) norm corresponding to the
energy constant (3.2).

Proof. Assume without loss of generality that W is positive on a set of positive measure. Let
0 <X <A, and consider

o= inf At <f |Vuldx - Af V., (x)uzdx>. (3.13)
ueD!2 (RN), Jan W (x)u?dx=1 RN RN

. 1/2 . . s
Since (fpx |Vuldx — A Jan Vo(x)u?dx) "~ defines an equivalent norm on D'?(RN), it is easy to
show that there exists a minimizer for o. It is clear that this minimizer is also a ground state
of Qv,ow corresponding to the optimal constant \. O

If we assume additionally that W is positive on a set of positive measure, then it is
easy to show that o is a continuous decreasing function of A with limy_,o0(1) = +oo and
O, = limy_,5,0(1) > 0. In particular, if (1.7) holds with a weight W, satisfying W, > alV, then
O, > a. In other words, given V, and W as in Theorem 3.6, the potential V, + cW admits a
ground state whenever o > o..

For further results of that nature, we refer to paper [19].

4. Behaviour of a Ground State Around 0

In what follows we consider the potential of the Hardy-type V(x) = m(x)/ |x|2, where m(x)
is continuous and m(0) > 0 and m(oo) > 0. The corresponding ground state, if it exists, is
denoted by ¢y, which is chosen to be positive on RN. Obviously the ground state ¢; satisfies

Au = Am%u in RN (4.1)
X

in a weak sense.
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We need the following extension of the Hardy inequality: let Q ¢ RN be a bounded
domain and 0 € Q, then for every 6 > 0, there exists a constant A(5, Q) > 0 such that

—dx (— +6>J |Vul>dx + A5, Q)J (4.2)

a |x?

for every u € HY(Q) (see [21]).

Proposition 4.1. Let

. 1 1
Ay <ANm1n<W,m>. (4.3)

Then ¢y € L¥ 1+9)(B(0,)) for some & > 0 and r > 0.

Proof. Let ® € CY(RN) be such that ®(x) = 1 on B(0,r), ®(x) = 0 on RN - B(0,2r), 0 <
®(x) < 1 on RN and |V®(x)| < 2/r. For simplicity, we set \ = A,,, u = ¢1. We define v =
®?umin (1, L)P2 = (I)2uui_2, where L > 0 and p > 2. Testing (4.1) with v, we get
f (IVuPady 2@ + (p - 2) V2% + 29V Durdy @) dax = A "ll(l’;) w2l Ddx.
RN RN |x
(4.4)
Applying the Young inequality to the third term on the left side, we get
(1- q)f \VuPul 2 @2dx + (p - 2) f VuVuu *©*dx
(4.5)
<A |J§|J;) wul” 2®2dx+C(q)I il VO Pdx,
RN

where 77 > 0 is a small number to be suitably chosen. Since the second integral on the left side
is nonnegative, this inequality can be rewritten in the following form:

(1-7n) ’[ |Vu|2 P2@2dx + (1-n)(p-2) ’[ VuVuLui_ZCDde
RN
(4.6)

sxf mx), p2¢>2dx+C(71)j 1212 | VD dx.
R

2
N x|
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Multiplying this inequality by (p + 2) /4 and noting that (p +2)/4 > 1, we get

24 _
(1-1) I:J‘ |Vu|2 P2D2dx + P 1 IRN VuVuLu’Z 2¢)2dx]

< AMp +2) m(x) 2 P 2
- 4 RN |x|

Cm)(p+2)
+%J

-2
uZu’L7 |V dx.
RN

®%dx

We now observe that

2

f N |V<uu(Lp/2) 1>|2(I>2¢7lx :J‘ |Vu|2 P20 dx + P 1
R

Hence, (4.7) takes the form

2 A 2
(1- q)J (p/2) 1>| ®2dx < (p+2) m(i) 2 p 202
4 RN |x|

L Ep2) f Wil |V dx.

—4
I Vg Pl 2D,

(4.7)

(4.8)

(4.9)

Since Am(0)/AN < 1, we can choose €; > 0 so that (A/Ax)(m(0) + €1) < 1. By the continuity
of m, there exists 0 < r; < r such that m(x) < m(0) + ¢; for x € B(0, 7). This is now used to

estimate the first integral on the right side of (4.9):

AMp+2) m(x) L p 20%dx < )‘(P +2) m(0) + e 2 P 2%
4 ey 1 Bon)  |xI?
)L 2 _
(p + )”m” J- uzu;La de.
4r? B(0,2r)

Applying the Hardy inequality (4.2), we get

WD [ 10 e AR oy e (o) [
4 Bor |x[? " -4 AN B(O,n)

A 2 A 2 _
+ —(p+ )A(B(O,rl),e) + —(p+ )l I (uu’L’/2 1>2dx,
4 B(0,2r)

2
4ry

\Y <uu(Lp /91

(4.10)

>|2dx

(4.11)
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for every € > 0. Inserting this estimate into (4.9), we obtain

)L(p+2) 1
<1_71 _T(m(0)+€1) <K+€>> x J‘B(O,r)

V<uu(Lp/2)—1> |2dXSC1f (””(LP/Z)_1>2dx,
B(0,2r)

(4.12)

where C1 = (A(p +2)/4) A(B(0,11),€) + (A\(p + )[Imll,,)/(4r2 )) + (p +2)C(1) /v We put
p=2+0,6>0. We now observe that we can choose 6 and € so small that

A<1 + g>(m(0) + €1)<& + e) = &(1 + §>(m(0) +€1) +/\e<l + §>(m(0) +e1) <1
(4.13)

We point out that we have used here the inequality (1/An)(m(0) + €1) < 1. With this choice
of e and 6, we now choose 77 > 0 so small that

C, :=1—11—)L<1+g)(m(0)+€1)<ﬁ+e> > 0. (4.14)

Finally, we apply the Sobolev inequality in H'(B(0, 7)) and deduce

SC, <I
B(0,r)

where S denotes the best Sobolev constant of the embedding of H!(B(0,r)) into L* (B(0,7)).
Letting L — oo we deduce that u € L2 1+©/2)(B(0,r)). So the assertion holds with &, =
6/2. O

(uu(Lp/z)_1>2dx, (4.15)

2/2
112"
uu(me 1| dx <(C1+(Cy)
B(0,2r)

We now establish the higher integrability property of the principal eigenfunction
on RN \ B(0, R). Although this will not be used in the sequel, we add it for the sake of
completeness. We denote by D2(RN \ B(0, R)) the Sobolev space defined by

D1'2<RN \ B(O,R)) = {u Vue L2<RN \ B(O,R)> and u € L* (RN \ B(0, R)) } (4.16)

Lemma 4.2. For every 6 > 0, there exists a constant A = A(6, R) > 0 such that

2 1
J Ldx < <— + 6> I |VuPdx + A utdx, (4.17)
Ix[=R || AN x|>R R<|x|<R+1

for every u € DY2(RN \ B(0, R)).
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Proof. Let ® € C'(RN) be such that ®(x) = 0 on B(0,R), ®(x) = 1 on RN \ B(0,R + 1),

0 < ®(x) <1onRN\B(0,R) and |[VO(x)| < 2/R on RN. Then, u® € D'*(RN), and, by the
Hardy and Young inequalities, we have

2 2 1- (DZ u2
f u—2dx = f @dx + f #dx
xR |x] k=R x| KR ||

1
<AL [ v o P
|x[>R R ) rejxi<r

< AQ j |VulP®? dx + Ay f 12|V dx
>R

[x[>R
+ 21\]‘\]1 f udVuVddx + lz u*dx
|x|>R R<|x|<R+1
< <A]‘\} + 6) f \Vul2dx + (A-Nl + C(6)> f W2 VD2dx + iz w2dx,
|x|>R [x|>R R<|x|<R+1
(4.18)
and the result follows with A(6, R) = (4/R?)(Ay + C(6)) +1/R>. O

Proposition 4.3. Suppose that m(co) > 0 and A,, < Ay min(1/m(0), 1/m(c0)). Let ¢ be the
principal eigenfunction of problem (4.1). Then there exist 6 > 0 and R > 0 such that ¢ € L* 1+0) (RN \
B(0, R)).

Proof. We modify the argument used in the proof of Proposition 4.1. Since A, < (An/m(o0)),

there exist € > 0 and R > 0 such that (A,,/AN) (m(o0) + €) < 1 and m(x) < (m(o0) + €) for
|x| > R. Let ¥ € C(RN) be such that ¥(x) = 0 on B(O,R), ¥(x) = 1 on RN — B(O,R + 1),
0<¥(x) <lonRN, and [V¥(x)| < 2/R) on RN. Let A = Ay, u = ¢y, and v = uu’z_z‘PZ,
where L > 1, p > 2, and u; = min(u, L). It is clear that v € D*?(RY). Testing (4.1) with v and
applying the Young inequality, we obtain

(1-1) IRN |Vu|2u’£_2‘P2dx +(p-2) J‘RN VuVuru; *¥dx

(4.19)
<A &?uzui_z‘lﬂdx +C(n) I w2V Pdx.
RN x| RN
From this, as in the proof of Proposition 4.1, we derive that
1\ |2 Ap+2 -
(1-1) J‘ |V<uu<Lp/2) 1)‘ P2x < (p+2) m(i) uzui 292y
RN 4 RN x|
(4.20)

C 2 .
+—<”)Ef Bl )f 122V .
RN
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We now estimate the first integral on the right side of (4.20). Using Lemma 4.2, we have, for
every €1 > 0,

(p/2)-1\2
(uuL )

[ O e < ey 0 ;
R

> dx + (m(o0) + €)
N ]
(p/2-1\?
(™)
- d

|x|>R+1 |x|

y ) e
R<[x|<R+1 | x|
(4.21)
< (AN +er)(m(o0) +e)
1\ |2 _1\2
x f V(uu(Lp/z) 1>| dx + A(e1, R)(m(o0) + €) <uu§p/2) 1) dx
[x|>R+1 R+1<|x|<R+2
N2
. (m(oog+€) XI <uu§p/2) 1) dx
R R<|x|<R+1
Inserting this into (4.20), we obtain
1-n- Mp+2) <A‘1 + €1> (m(o0) +€) f V(uu(p/z)_1> |2dx
4 N [x[>R+1 L
(4.22)

(p/2)-1\?
<Ci(6,e1,R) IR<|X<R+2 (udf™) dx,
where
Ci6 e R = P2 ooy vy Aen R + 2P E2 ey 4 e+ SDP T2 g 0)

4 4R? R?

We now set p =2 + 6. We choose 6 > 0 and €; > 0 such that
O\ (A=t
A(1+3 (AN + €1>(m(oo) +e) <1 (4.24)
Then we choose 7 > 0 small enough to guarantee the inequality
6 -1
Co=1-n-A(1+7 (AN+€1>(m(oo)+6)>0. (4.25)

Having chosen ¢; and 6, we apply the Sobolev inequality to deduce from (4.22)

. 2/2°
SC, f w7 dx gclf
|x[>R+1 R

<uu§fj/2)_1 ) 2dx, (4.26)

<|x|<R+1
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where S is the best Sobolev constant for the embedding of D?(RN - B(0, R+1)) into L* (RN -
B(0,R+1)). Letting L — oo, the result follows. O

Continuing with the above notations A = A,,, u = ¢1, we put u = |x|*v, with s > 0 to
be chosen later. We have

div<|x|725Vv> = —Ax| S m(x)u + u(—szlxrsf2 +sN|x|72 - 2s|x|’s’2>. (4.27)

We now consider the above equation in a small ball B(0,r). Since

3 . 1 1 AN
)L_Am<ANmm<m(0)'m(oo)>Sm(O)' (4.28)

there exists r > 0 (small enough) such that Amaxyep(o,rm(x) < An.Lets = \/AN—VAN — Ain,
with 71, = maXyep(o,m(x), then

- div<|x|’2va> <0 in B(0,r). (4.29)

Let m, = minyep(o,-ym(x), and set s = \/An — 1/An — Am,_. Then
- div<|x|_2SVv> >0 in B(0,7). (4.30)
Proposition 4.4. Let m(0) > 0 and

. 1 1
Ay < AN mm(m,W) (4.31)

Then, there exists r > 0 such that

Ml VANV < g (x) < Myl VAo, (432)

for x € B(0,r) and some constants My > 0, M, > 0.

The lower bound follows from [22, Proposition 2.2]. To apply it, we need inequality
(4.30). To establish the upper bound, we modify the argument used in paper [23]. Let 7 be a
C! function such that 77(x) = 1 on B(0,7), n(x) = 0 on RN \ B(0, p), and |Vr(x)| < 2/(p - 1)

2(t-1) 2(t-1)
l 7

on RN, where 0 < r < p. We use as a test function in (4.29) w = n?vv = v min(v,[)

where [, > 1. Substituting into (4.29), we obtain

J‘ ||~ <2nvvlz(H)VvVn + qzvlz(H)WvF +2(t - 1)112012(t71)|Vvl|2>dx <0, (4.33)
RN
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where s = \/AN — \/AN — Am,. By the Young inequality, for every € > 0, there exists C(e) > 0
such that

2J |x|_2511’ovlz(t_l)V11Vvdx < ef |x|_25112’012(t_1)|Vv|2dx
RN RN

(4.34)
+C(e) J || 728 | V1]|2vzvl2(t_l)dx.
RN

Taking € = 1/2, we derive from (4.33) that
I il (20} V1Vl +2(t - o] V| Vo) dx

(4.35)
< CJ‘ |x|_25|V71|zvzvlz(t_1)dx,
RN

where C > 0 is a constant independent of I. To proceed further we use the Caffarelli-Kohn-
Nirenberg inequality [24]:

2/p
<I |x|_bp|w|pdx> <Cup f x| 722 | Vew|*dx, (4.36)
B(0,p) B(0,p)

for every w € H},(B(O,p),lxl_mdx), where —0 < a < (N-2)/2,a<b< (a+1),p =
2N/((N -2)+2(b-a)),and C,p > 0 is a constant depending on a and b. We choose

— N-2
a=b=VAy-\Ay -, < == (4.37)

In this case we have p = 2*. We then deduce from (4.35) and (4.36) with w = 117)7){‘1 that

(J |x|—2*s
RN

< ca,bf x| 2
RN

x 2/2*
t-1 2 d
noo, X

v (nvle) )zdx

(4.38)
< 2Ca,bf ) |x|—2s<|vn|zvzvlz(t—l) 4 nzvlz(t—l)wvlz +(t- 1)27]21)12(t_1)|Vvl|2>dx
R
< th |x|_2*S|V11|2vzvl2(t_l)dx.
RN
We now observe that
. . . . 2
f x|~ S|11|2 v*o; Pdx < I |x| 72 11UUZH| dx. (4.39)
RN RN
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Indeed, to show this, we need to check that v vl2 =2 < vz D52 on supp 7. This can be verified

by considering the cases v; =  and v; = v. The above mequahty allows us to rewrite (4.38) as

. . 2/2" )
(f x| ||* 0?0? t‘zdx> < th x| 28|V [*0?0r ¢ V. (4.40)
RN RN

Due to the properties of the function 7, the above inequality becomes

2/2*
‘ . Ct
<f xS 0?0? t-zdx> <—— f x| 20?07V dx. (4.41)
B(O,7) (p—1)"JBOP

One can easily check that the resulting integral on the right side is of (4.41) is finite. We now
choose N/(N =2) <t < (1+08,)(N/(N -2)), where 6, is a constant from Proposition 4.1.
We define the sequence t; = t*(2*/2)’,j = 0,1,.... Setting t = t; in (4.41), we obtain

1/2t;, 1/2t; 1/2t;
252 2t]+1 -2 " Ct ! ~2%s,2 2‘1 /
|| v, " Tdx |x| dx . (4.42)
B(0,r) (p r) B(0,p)

We put 7; = po(1 + p{;), j =0,1,... with p, small. Substituting in the last inequality p = r;,
r =1j41, we obtain

. 1/2t1 Ct. 1/2t; 2t 1/2t;
<J‘ |x|—2 5,02,01 j+1— dx> < <—]22> <J |x|—2 s 2 ) dx> .
B(0rj.1) (po = p2) ps! B(0r)

(4.43)

Iterating gives

1/2tj+1
P T
'[ x| 0?0, dx
B(0,rj41)

201/ 172t
C ! SR /2t > .
< ( 2> s Z]—O] ]Ht§/2t, <J‘ |X| 2 th de> )
po - po j=0 B(0,r5)

We now notice that infinite sums and the infinite product in the above inequality are finite.
Since 2* < 2t* < (1 + 6,)2*, we have

(4.44)

J |x|_2*svzvlzt*‘2dx < J |x|(2t*_2*)s u|2t dx < #7208 J |u|2*t*dx < 0. (4.45)
B(0,ro) B(0,r5) B(0,ro)
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We now deduce from (4.44) and (4.45) that

o1l 251 80,003y < 911l 2541 (B0 1,10

s ) 1/2tj (4.46)
* ti. o Fipi—
< N(I x| 0?0, dx> <C,

B(0,rj41)

where C > 0 is a constant independent of  and j. Letting f; — oo, we get [[v1| = (5(0,.,)) < C-
Finally, if| — oo, we obtain [|v]| (g q,.)) < C, and this completes the proof of Proposition 4.4.
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