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We study stochastic partly dissipative lattice systems with random coupled coefficients and
multiplicative/additive white noise in a weighted space of infinite sequences. We first show
that these stochastic partly dissipative lattice differential equations generate a random dynamical
system. We then establish the existence of a tempered random bounded absorbing set and a global
compact random attractor for the associated random dynamical system.

1. Introduction

Stochastic lattice differential equations (SLDE’s) arise naturally in a wide variety of
applications where the spatial structure has a discrete character and random spatiotemporal
forcing, called noise, is taken into account. These random perturbations are not only
introduced to compensate for the defects in some deterministic models, but are also rather
intrinsic phenomena. SLDE’s may also arise as spatial discretization of stochastic partial
differential equations (SPDE’s); however, this need not to be the case, and many of the most
interesting models are those which are far away from any SPDE’s.

The long term behavior of SLDE’s is usually studied via global random attractors. For
SLDE’s on regular spaces of infinite sequences, Bates et al. initiated the study on existence of
a global random attractor for a certain type of first-order SLDE’s with additive white noise
on 1D lattice Z [1]. Continuing studies have been made on various types of SLDS’s with
multiplicative or additive noise, see [2-7].

Note that regular spaces of infinite sequences may exclude many important and
interesting solutions whose components are just bounded, considering that a weighted
space of infinite sequences can make the study of stochastic LDE’s more intensive. More
importantly, all existing works on SLDE’s consider either a noncoupled additive noise or
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a multiplicative white noise term at each individual node whereas in a realistic system
randomness appears at each node as well as the coupling mode between two nodes. Han et al.
initiated the asymptotic study of such SLDE’s in a weighted space of infinite sequences, with
not only additive/multiplicative noise but also coefficients which are randomly coupled [8].

In this work, following the idea of [8], we will investigate the existence of a global
random attractor for the following stochastic partly dissipative lattice systems with random
coupled coefficients and multiplicative/additive white noise in weighted spaces:

dw(t)

q
i = =i+ 3 1, (0w iy — fi(wi) — avi + hi + w0 ETI
=4 t (1.1)

. dw(t)

Ui = 00+ pidi + &i + Ui © — 3 i€z, t>0,

q i (t
i = =i + 3 1;j(Oww) uivj — fi(ui) — avi + hi + aidw ( ),
= dt
=4 oot (1.2)
Z'JiZ—O'U,'+[/£ui+gi+bi u;t(), i€Z, t>0,

where u;, hi, gi,a;,b; € R f; € C{(R,R); (i € Z), A\, a,0,u > 0 are positive constants; A is the
coupling operator, 1;4(w), ..., Nio(w), ..., Mi+q(w), i € Z, q € N, are random variables, and
w(t), {w;(t) : i € Z} are two-sided Brownian motions on proper probability spaces.

For deterministic partly dissipative lattice systems without noise, the existence of the
global attractor has been studied in [9-13]. For stochastic lattice system (1.2) with additive
noises, when q = 1, n;..1(w) = 1, i0(w) = -2 for all i € Z, Huang [4] and Wang et al. [14]
proved the existence of a global random attractor for the associated RDS in the regular phase
space I? x I2. In this work we will consider the existence of a compact global random attractor
in the weighted space lf, X lf,, which attracts random tempered bounded sets in pullback sense,
for stochastic lattice systems (1.1) and (1.2). Here we choose a positive weight function p :
Z — (0,Mo] such that I* C I. If 3,c; p(i) < oo, then I3 contains any infinite sequences
whose components are just bounded and > C [* C lfj. Note that when p(i) = 1, our results
recover the results obtained in [4, 14] while lﬁ is reduced to the standard I?. Moreover, the
required conditions in this work for the existence of a random attractor for system (1.2)-(1.1)
in weighted space I7 x I7 are weaker than those in I x I%.

The rest of this paper is organized as follows. In Section2, we present some
preliminary results for global random attractors of continuous random dynamical systems
in weighted spaces of infinite sequences. We then discuss the existence of random attractors
for stochastic lattice systems (1.1) and (1.2) in Sections 3 and 4, respectively.

2. Preliminaries

In this section, we present some concepts related to random dynamical systems (RDSs) and
random attractors [1, 8, 15] on weighted space of infinite sequences.

Let p be a positive function from Z to (0, My] C R*, where M, is a finite positive
constant. Define for any i € Z, p; = p(i) and

i€Z

lg = {” = (Ui)iez, : Zpi|ui|2 <o, U € R}/ (2.1)
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then lg is a separable Hilbert space with the inner product (u,v), = 3¢ piuivi and norm

||u||f, = (uu), = ez pilil* for u = (1);ez, v = (Vi) ez, € I;. Moreover, define
H=DxD (2.2)

with inner product

<<u(1),v(1)>, (”(2)’U(Z)>>H - <u<1>,u<2>> + <U<1>,U<2>> . for <u(1),v(1)>, (u(z),va)) €H,
P P
(2.3)

and norm

1/2
@, o)l = (Ilully +lloll;) ~ for (w,0) € H, (24)

then H is also a separable Hilbert space.

Let (Q, ¥, P) be a probability space and {0; : Q — Q,t € R} be a family of measure-
preserving transformations such that (t, Q) — 6,Q is (B(R) x ¥, ¥)-measurable, 6y = Idg and
Ois = 6:0; for all s,t € R. The space (Q, ¥, P, (61),cr) is called a metric dynamical system. In
the following, “property (P) holds for a.e. w € Q with respect to (6;),.r” means that there is
Q c Qwith P(Q) = 1 and 6,Q = Q such that (P) holds for all w € Q.

Recall the following definitions from existing literature.

(i) A stochastic process {S(t,w)}0weq is said to be a continuous RDS over
(Q, ¥, P, (0:),cr) With state space H, if S : R* x Q x H — H is (B(R*) x F x
B(H),B(H))-measurable, and for each w € Q, the mapping S(t,w) : H — H, uw
S(t,w)u is continuous for t > 0, S(0,w)u = u and S(t + s,w) = S(t, O5w)S(s, w) for
allu e H and s,t > 0.

(ii) A set-valued mapping w +— D(w) C H (may be written as D(w) for short) is said
to be a random set if the mapping w +— disty (1, D(w)) is measurable for any u € H.

(iii) A random set D(w) is called a closed (compact) random set if D (w) is closed (compact)
for each w € Q.

(iv) A random set D(w) is said to be bounded if there exist uyp € H and a random variable
r(w) > 0 such that D(w) C {u € H : ||lu—ug|lg < r(w)} for all w € Q.

(v) A random bounded set D(w) is said to be tempered if for a.e. w € Q,

tlime’ﬂt sup{|lully : u € D(O-w)} =0, YB>0. (2.5)

Denote by D(H) the set of all tempered random sets of H.

(vi) A random set B(w) is said to be a random absorbing set in D(H) if for any
D(w) € D(H) and a.e. w € Q, there exists Tp(w) such that S(t, 0_4w)D(0_w) C
B(w) for all t > Tp(w).
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(vii) A random set A(w) is said to be a random attracting set if for any D(w) € D(H), we
have

tlim distyS(t, 0_;w)D (0w, A(w)) =0, ae. weQ, (2.6)

in which disty is the Hausdorff semidistance defined via disty(E,F) =
sup,ginfyer|lu — ||, for any E, F C I.

(viii) A random compact set A(w) is said to be a random global D attractor if it is a
compact random attracting set and S(t, w)A(w) = A(Byw) for a.e. w € Qand ¢ > 0.

Definition 2.1 (see [8]). {S(t, w)} 50 weq is said to be random asymptotically null in ®(H), if for
any D(w) € 9(H), a.e. w € Q, and any ¢ > 0, there exist T (¢, w, D(w)) > 0 and I (¢, w, D(w)) €
N such that

1/2
< Z pilS(t, 9_tw)u(9_ta))),-|2> <g, Vt>T(e,w,D(w)), Yu(w) € D(w). (2.7)

|il>I(e,w,D(w))

Theorem 2.2 (see [8]). Let {S(t, w)}50,0eq be a continuous RDS over (Q,F, P, (6),cr) with state
space H and suppose that

(a) there exists a random bounded closed absorbing set B(w) € D(H) such that for a.e. w € Q
and any D(w) € D(H), there exists Tp(w) > 0 yielding S(t,0_1w)D(0_w) C B(w) for
all t > Tp(w);

(b) {S(t, W)} 50,weq is random asymptotically null on B(w); that is, for a.e. w € Q and for any
£ >0, there exist T (e, w, B(w)) > 0 and I(¢,w, B(w)) € N such that

sup > pil(S(t O w)u(Ow)), [ <2, V> T(e,w, B(w)). (2.8)
u€B(w) [i|>1(e,w,B(w)) ’

Then the RDS {S(t, w) }150,0eq possesses a unique global random D attractor A(w) given by

Aw)= () St 0.1w)B(O-w). (2.9)

>Tp(w) t2T

3. Stochastic Partly Dissipative Lattice Systems with
Multiplicative Noise in Weighted Spaces

This section is devoted to the study of asymptotic behavior for system (1.1) in weighted space
H = lf, X lf,. We first transform the stochastic lattice system (1.1) to random lattice system in
Section 3.1. We then show in Section 3.2 that (1.1) generates random dynamical system in H.
Finally we prove in Section 3.3 the existence of a global random attractor for system (1.1).

Throughout the rest of this paper, a positive weight function p : Z — R* is chosen to
satisfy
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(P0) 0 < p(i) £ Mo and p(i) < c-p(i+£1), for all i € Z for some positive constants M
and c.

(e.g., p(x) =1/(1+€*x*)7, g>1/2[16,17] and p(x) = =, x € Z where € > 0).

3.1. Mathematical Setting

Define Q; = {w € C(R,R) : w(0) = 0} = Co(R,R), and denote by ¥; the Borel o-algebra
on ; generated by the compact open topology (see [2, 15]) and P; the corresponding
Wiener measure on ¥;. Defining (6;),cgr on €1 via 6iw(-) = w(- +t) — w(t) for t € R, then
(1, %1,P1, (6¢)4cr) is a metric dynamical system.

Consider the stochastic lattice system (1.1) with random coupled coefficients and
multiplicative white noise:

du = (—du+ A(Bw)u - f(u) - av + h)dt + u o dw(t), i€z, t>0, (3.1)
dv = (o0 + s g) +uo du(),

where u = ()i, v = (0i)iczs f(W) = (fi(ui))iez, with f; € CHR,R) (i € Z), § = (8i)icz
h = (hi)icz; A, a, o, are positive constants; 7;,4(w), ..., Mio(w),..., Ni4(w) (@ € N) are
random variables on the probability space (1, ¥1,P1); A(:) is a linear operator on 1127 defined

by

q
(ACQ)u); = 313 ()uivss (32)

=9

w(t) is a Brownian motion (Wiener process) on the probability space (1, ¥1,P1); o denotes
the Stratonovich sense of the stochastic term.

For convenience, we first transform (3.1) into a random differential equation without
white noise. Let

0
6(6w) = —’[ e’Oiw(s)ds, teR, we L), (3.3)

then 6(6;w) is an Ornstein-Uhlenbeck process on (1, ¥1,P1, (6¢)r) that solves the following
Ornstein-Uhlenbeck equation (see [2, 15] for details)

dé + 6dt = dw(t), t>0, (3.4)

where w(t)(w) = w(t,w) = w(t) for w € Q, t € R, and possesses the following properties.

Lemma 3.1 (see [2, 15]). There exists a 6;-invariant set fll € %1 of Q1 of full Py measure such that
for w € €, one has

(i) the random variable |6(w)| is tempered;
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(ii) the mapping 6(6;w)
0
(t, w) — 6(Bw) = —f eSw(t+s)ds +w(t) (3.5)
is a stationary solution of Ornstein-Uhlenbeck equation (3.4) with continuous trajectories;
(iii)

lim 2O _ 1

t— oo t—+oo f

ft 6(0.w)ds = 0. (3.6)
0

The mapping of 6 on Q, possesses same properties as the original one if we choose
the trace o-algebra with respect to Q; to be denoted also by ¥;. Therefore we can change our
metric dynamical system with respect to €21, still denoted by the symbols (1, ¥1,P1, (6¢)cr)-

Let

x(t,w) = e POy (t,w), yt,w)=etO(tw), weQ, (3.7)

where (u(t,w),v(t,w)) is a solution of (3.1), then (u(t,w),v(t,w)) — (x(t,w),y(t,w)) is a
homomorphism in H. System (3.1) can then be transformed to the following random system
with random coefficients but without white noise:

94X _ x4 A(Buo)x — e~50w) f(eﬁ(ef“’)x> +6(Ow)x — ay + e 0O,
dt
) £>0, (3.8)
d_]t/ = —0y + 6(0iw)y + px + e 00 g
Letting z = (x,y), (3.8) are equivalent to
d
d_: = F(z,0w), >0, (3.9)
where
_ [—Ax + A(Biw)x — 700w f (20w x) 1 §(Oyw)x — ay + e“s(Gf“’)h>
F(z 6iw) = < oy +6(0iw)y + px + e 00w o ' (3.10)

We now make the following standing assumptions on f;, g, hi, and n;;, (j =
-q,...,q) i € Z and study in the following subsections asymptotic behavior of system (3.9).

(H1) & = (8i)iez, h = (hi)iez € lfv'
(H2) Let

N(w) = sup{|1i—q(@)|,..., [mioW)|, ..., |Mirgw)| :i€Z} >0, geN. (3.11)
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1
loc

1(6iw) (< oo) belongs to L, (R) with respect to t € R for each w € Q.

1
E() = lim — fo 1(Biw)ds < oo, (3.12)

and n(w) is tempered, that is, there exists a O,-invariant set Q9 € 1 of full Py measure
such that for w € Qq,

lim e'sup|n(0_w)| =0, VB> 0. (3.13)
t—+oo teR

In the following, we will consider w € Q19 N fll and still write Q1o N £~21 as Q.
(H3) min{}, 0} > GE[n(w)| = im0 (1/8) [3(g+ X7, ) m(Biw0)ds, where § = g+ 31 .
(H4) There exists a function R € C(R*,R*) such that

sup rr[lax]|fi'(s)| < R(r), VreR". (3.14)
e[-rr :

i€z SEl~

(H5) f; € CHR,R), f;(0) =0, sfi(s) > =b?, b = (b;);e;, € 12, and there exists a constant a > 0
such that fi(s) > —a, for all s € R, i € Z.

3.2. Random Dynamical System Generated by Random Lattice System

In this subsection, we show that the random lattice system (3.9) generates a random
dynamical system on H.

Definition 3.2. Wecallz : [0,T) — H a solution of the following random differential equation

d
d_f =F(z,0w), z=(2)y  F=F)iy (3.15)

where w € Qq, if z € C([0,T), H) satisfies

z;(t) = z;(0) + JZ Fi(z(s),0sw)ds, forieZ, te[0,T). (3.16)

Theorem 3.3. Let T > 0 and (P0), (H1), (H2), (H4), and (H5) hold. Then for any w €
and any initial data zy = (x(0),y(0)) € H, (3.9) admits a unique solution z(-;w,zy) =
(x(;w,20),y(;w,z9)) € C([0,T), H) with z(0; w, z) = zo.

Proof. (1) Denote E = I? x I, we first show that if zg € E and (h, g) € E, then (3.9) admits a
unique solution z(t;w,zg, h, g) € E on [0,T) with z(0;w, zy, g, h) = zo. Given z € E, w € Q,
and (h, g) € E, note that F(z, w) is continuous in z and measurable in w from E x ; to E.
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By (3.2) and (H2),

. 271/2
[ A(w)x|| = [Z<Zﬂi,j(w)xi+j> ] < (2g+ Dn(w) - |1x|.- (3.17)

i€Z \ j=—q
By (H4),
nf(eﬁ(w)x) n < max{R(e"@|jx|),a} - e"@|x], (3.18)

and therefore

IB(z, @)l < (A+ (29 + 1)n(w) + max{R(e"“||x|l), a} + [6(w)| + 1) - x|

(3.19)
+ @+ o+ 6@ |yl + || - (Il + 18-
For any zM = (x,y), z® = (x®,4?) € E, and for some & € (0,1)
sy smlae oo o))

) ||x<1> _x® ”

Also

1/2
- a2 Sy} <nemor feo-e2)

i€Z | j=—q
(3.21)

It then follows that

o) ~r(e )] < o - -]
+ A+ 29+ V1) + p+ 16(w)]
s (e (-0 o).

: Hxa) _x<2>||.

(3.22)

For any compact set D C E with sup,_,,||z|| < 7, defining random variable {p (w) > 0 via

¢p(w) = <J\ +(2q + D) n(w) + p +6(w)| +max{R<e‘5(“’)r>,a} -35(“’)>r

(3.23)
+ (@t o+ [5()r+ e @] (In)+ | g]),
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we have
fl (p(Ow)dt < oo, VT ER, (3.24)
and for any z, z, 2@ e D,
Iz @)l <o), [F(z",w) ~F(z®,w)| <o@)]z” -], (325

According to [15, 19, 20], problem (3.9) possesses a unique local solution z(-; w, zy, g, h) €
C([0, Tmax), E) (0 < Tmax < T) satisfying the integral equation

t
z(t) = zg +f F(z(s),w)ds, fort € [0, Tmax)- (3.26)
0

We will next show that Trax = T Since the set Co(R) of continuous random process in ¢

is dense in the set L'(R) (see [18,21]), for each w € Q;, there exists a sequence {115/’].") (t, w) }::1
of continuous random process in t € R such that
! (m)
lim (s, w) —1;i(s,w))ds =0, VT >0,
m— oo 0(%4 Mij > (3.27)

|17t )| < |mi5(00)] < [nOe0)|,  VEER.

Consider the random differential equation with initial data zg € E :

dzm) —Ax™ + A, (f w)x™ — 700w £ (00w x(M)) 4 §5(6ye0)x™ — ay™ + e0Gw)p
dt - oy™ + 6(01w)y™ + pxm + 00w g
(3.28)
where
: (m)
(Antt,@)x™) = 30 (¢t )i (3.29)

=9

Follow the same procedure as above, (3.28) has a unique solution z"(;w,z,g,h) €
C([0, Ty, E), that is,

t
2™ (1) = zg +j F" <z(m)(s),w>ds, for t € [0, Tg’g‘i), (3.30)
0
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and by the continuity of A,,(s,w) in s, there holds

(m)
dz;
dt
x4+ (A (Br0)x ™), — 750w £, <e6(6’w)xi(m)> +6(01w)x™ — ay™ +e 5@
= o™ 4+ 501 ™ 4 ™ 4 p-660)
oy +6(Ouw)y; T + px + e
(3.31)
Note that
(m) (m)  (m) (m) _ (m) (m)  (m)
(Am(Qtw)x(m)>l_-xi <n(6ww) - |x1. Xig *oo XX kXX,
_ge260w) | <xl§m)>2 < <e5(9‘“)XEm)> f; <66(9tw)xi(m)> (3.32)

< R( e5<9“")|| x(m)“) . 26(8,) <xi(m>>2, te[0,T],

(m)
multiplying (3.31) by <” xo" ay?m) > and sum over i € Z results in

i

%<#||x<m)||2 +,,£||y<m>||2> < [-min{), 0} +2a +26(6iw) +2(2q + 1)1(6,w)]

: </1nx(m)“2 + a”y(m)”z) N <27,u”h”2 . %allgllz>€726(9'w>-

(3.33)
Applying Gronwall’s inequality to (3.33) we obtain that
H”x(m)”z + a”ym)”z < 2at+[3[26(8sw)+2(2+1)n(Buco) s (yllx(0)||2 N “”y(o)”2>
2 2“ + ! w)+. + w S
N (T#”h”z N F”g”z> <ezat [1126(0,0)+2(2g+1)7(0s00) 1 >
(3.34)

t
X <f e(min[l,o}—2a)s—26(65w)+jg[26(6,w)+2(2q+1)q(9,w)]drds>
0

Zk(t), te [o, TI;’Q),

where x(t) € C([0,T), R) is independent of m, which implies that the interval of existence of
2™ (t)is [0,T), and 2" (;;w, 29, g, h) € C'([0,T), E).
By (3.34),

2 2
|x§m>| +|y§m>| < yneN te [0,T). (3.35)
min{u, a}
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2
Since |F§m> (z"(t),0,w)| < K?*(T,w) for some K(T,w) > 0 and t € [0,T), then for any t, 7 €
[0,T),meN,

zlf"‘)(t) - zlfm) (T)| = It 'Fl(m) <z(m) (s),95w> |ds <K(T,w) - |t—T|. (3.36)

By the Arzela-Acoli Theorem, there exists a convergent subsequence {z; (o) (t),t €[0,T)} o
{2 (#),t € [0,T)} such that

2"™(t) —Zi(t) ask— oo, t€[0,T), i€Z, (3.37)

and z;(t) is continuous on ¢ € [0, T). Moreover, |Zl~|2 < x(t)/ min{p,a} fort € [0,T). By (3.27),
(3.35), assumption (H2), and the Lebesgue Dominated Convergence Theorem we have

k— o0

t t
lim 0(45,’?)(5,“;)—qi,j(esw))ds=f hm( () (5, w) — 11 (6 w))

klim <rll.(,7")(s,w) - qi,j(Gsw)> =0, fora.e.s€e[0,T], (3.38)

t
lim (qlﬁj“(s,w)x;mk’ (s) — qi,j(esw)zi(s))ds - 0.

k—o Jgo

Thus replacing m by my in (3.31) and letting k — oo give
t
zi(t) = (zo); +I Fi(z;, 0sw)ds for t € [0,T). (3.39)
0

By the uniquness of the solutions of (3.9), we have z;(t) = z;(t) for t € [0, Tmax). By (3.34),
llz(t)||> < x(t)/ min{p, a} for t € [0, Tmax), which implies that the solution z(t) of (3.9) exists
globally ont € [0, T).

(2) Next we prove that for any zp € H and (h,g) € H, (3.9) has a solution
z(t;w,z9,h,g) on [0,T) with z(0;w,z9,h, g) = zo. Let 219, zop € E and hy = (h1,i)icz,
hy = (hai)icn 1 = (91)icrse2 = (2:)icz, € . Let zlm)(t,w), zém)(t,w) be two solutions
of (3.28) with initial data z;9, zo9 and h, g replaced by hi, hy, g1, g, respectively. Set
dm () = 2 (8 - 20" (1) = (@™ (1), d™ (1)) € E c H. Take inner product (-, -) 5 of (d/dt)d™
with d™ and evaluate each term as follows. By (P0), (H1), (H2), and (H4),

(An(Ouo)d™,d™ ) ' <q
<f<e5(9‘“’)x§m)> ( 6(9tw)x(m) m)> > _gebOw) ”di”” ”2,
p

(1) <) ) <m(e (e

<h1—hz,d§m> <||h1—h2|| ||d(m)H g1 - gzld( )> <l|lg - gz|| ”d(m)”

(3.40)
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It then follows that

%(,l”d;m) ”i + a((d;_m) ||i> < [-min{), o} +2a +26(Bw) + G (Ow)]

. <ﬂ||d§’”>||i + a||d§m)”i) (3.41)

2u 2a 2\ 250w
+ (T”hl - h2||§ + F”gl —g2||P>e 26(61w)
For T > 0, applying Gronwall’s inequality to (3.41) on [0, T] implies that

ula @ +aa o < cr(u|d O+ ad O + 1 - hali? + g1 - 2l
(3.42)

for some constant Cr depending on T, and thus
2 . 2
” ) z§m>(t)||H < CT<||z§m> 0) - 20" (o)”H Iy = a2+ || g - g2||§>, (3.43)

where Cr is a constant depending on T. Denote by E = 12 x I2, where I* = I with the
norm || - [|,. By (3.43), there exists a mapping oM e C(E X E,C([O,T],H)) such that
@™ (z9,¢,h) = 2" (t;w,zo,g,h), where 2™ (t;w,zy, g, h) is the solution of (3.28) on [0,T)
with z™ (0; w, z, g, h) = zo. Since s dense in l2 the mapping @™ can be extended uniquely
to a continuous mapping ®™ : Hx H — C ([O, T],H).
For given zy € H and (g,h) € H, ®"™ (z, g, h) = 2 (;;w, 20,8, h) € C([0,T], H) for
T > 0. There exist sequences {zg,} C E, {(hn, gn)} C E such that

1Zon = zolly — O, [Irw = hll, — 0, [|gn-g]l, —0 asn— oco. (3.44)

Let 2™ (t) = @™ (z,, iy, gn) = O (20, iy, §0) = 27 (W, Zgn, i, €1) € E be the solution of
(3.28), then it satisfies the integral equation

t

(z;"”) () = (2on); + JO F, (sz"% 65w> ds. (3.45)

By the continuity of @), we have for t € [0,T),
z™ (tw, 2on, My, n) = @™ (Zon, s §n "= @im (zo,h,g)=2 m)(t w,zo,h,g) € H.  (3.46)
Thus for each i € 7Z,

<zflm)> (t) — (m)( t) = ( '(t;w,20,h,g) as n — oo uniformly on ¢ € [0, T). (3.47)
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Moreover, { (zi,m))l-(t) } is bounded in n. Let n — oo, then we have

t
2™ (t) = (z0); +f F; <z(m),95w>ds, (3.48)
0

and zfm) (t) satisfies the differential equation (3.31).

,(m)
Multiply equation (3.31) by (“ P 1:;" ap;(m) ) and sum over i € Z, we obtain

% <#||x<m> ||i +af|y™ ||2> < [-min{A, o} +2a + 26(6w) + G (6ew)]

(el o)
e (Fim + Z gl ) o,
#“x(rm “Z n a”y("’) ”i < 2at+o[26(8.w) i (0.))ds <#||x(0)||§ +a||y(0) ||/21> (3.49)

2—/4 2a 2 ate(t ~
(I + 5 Nl ) (s

t
X <f e()L+G—2a)s—26(95w)+fg[26(9rw)+§q(9rw)]drds>
0

=x,(t), t€[0,Tmax)

Similar to the process (3.35)—(3.39) in part (1), we obtain the existence of a unique solution
z(t;w,z9,g,h) € H of (3.9) with initial data zp € H, which is the limit function of a
subsequence of {z"(t;w,zo, g, h)} in H for t € [0,T). In the latter part of this paper, we
may write z(t; w, zo, h, §) as z(t; w, o) for simplicity. O

Theorem 3.4. Assume that (P0), (H1), (H2), (H4), and (H5) hold. Then (3.9) generates a continuous
RDS {¢(t, w) } 150 weq, 0ver (€21, F1,P1, (61)cr) with state space H:

g(t,w)zg =z(t,w,zy) forzge H, t >0, w e Q. (3.50)
Moreover,
p(t, w)(ug, vp) = e‘s(efw)qr(t,w)e‘ﬁ(“’)(uo,vo) for (up,v0) € H, t >0, we Qy, (3.51)

defines a continuous RDS {¢(t, w) } ;9 weq, 0ver (€21, F1,P1, (61)cr) associated with (3.1).

Proof. By Theorem 3.3, the solution z(t; w, zy) of (3.9) with z(0;w, zy) = z¢ exists globally on
[0, 00). It is then left to show that z(t; w, zo) = z(t; w, 2o, h, ) is measurable in (t, w, zy).

In fact, for zy € E and (h,g) € E, the solution of (3.9) z(t;w,z9,h,g) € E for t €
[0, 00). In this case, function F(z, t,w, h, ) = F(z,t,w) is continuous in z,h, ¢ and measurable
in t,w, which implies that z : [0,00) x Q1 x Ex E — E,(;w,z9,h,g) — z(t;w,zo,h,g) is
(B([0,00) x ¥1 x B(E) x B(E), B(E))-measurable.
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For zy € H and (h,g) € H, the solution z(t;w,zy, h,g) € H for t € [0, ). For any
given N > 0, define Ty : H — E, (1,0) = (i), (vi))icz = Tn(u,v) = (TN (4, 0));)iez bY

(Tn(u,0)),; = {é”f’”f) i; I;I i z (3.52)
and write
zn(bw,zo,h, ) =z(tw, Tnzo, Tn (B, g)). (3.53)
Then Ty is continuous and for any zg € H, (h, g) € H, and
z(bw,zo,h, g) = ]\}iinooz(t; w,Tnzo, Tn(h, g)). (3.54)

Thusz: [0,00)xQy x ExE — His (B([0, o)) x FoxB(E) x B(E), B(H))-measurable. Observe
also that (Id,Id, Tn, Tn) : [0,00) x Q1 x H x H — [0,00) x Qy x E x E is (B([0,00)) x Fg
B(H) x B(H),B([0,0)) x ¥9 x B(E) x B(E))-measurable. Hence zy = z o (Id,Id, Tn,Tn) :
[0,00) x Q1 x Hx H — H is (B([0,0)) x Fo x B(H) x B(H), B(H))-measurable. It then
follows from (3.54) thatz : [0,00) xQ x HxH — His (B([0,0)) x¥1xB(H)xB(H),B(H))-
measurable. Therefore, fix (h, g) € H we have that z(t; w, zy) = z(t; w, zo, h, g) is measurable
in (¢, w, zp). The other statements then follow directly. O

Remark 3.5. If (h,g) € E, system (3.1) defines a continuous RDS {¢(t)} o over (Q1, F1,P1,
(6¢)4cr) in both state spaces E and H.

3.3. Existence of Tempered Random Bounded Absorbing Sets and Global
Random Attractors in Weighted Space

In this subsection, we study the existence of a tempered random bounded absorbing set and
a global random attractor for the random dynamical system {¢(t, w)}0.ecq, generated by
(3.1) in weighted space H.

Theorem 3.6. Assume that (P0), (H1)-(H5) hold, then there exists a closed tempered random
bounded absorbing set Bi,(w) € D(H) of {¢p(t, w)}150weq, sSuch that for any D(w) € D(H) and
each w € L, there exists Tp(w) > 0 yielding ¢(t,0_1w)D(0_w) C Bip(w) for all t > Tp(w). In
particular, there exists T1,(w) > 0 such that ¢(t,0_1w)By,(0_1w) C Bip(w) forall t > Typ(w).

Proof. (1) For initial condition zy € E and (h,g) € E, let 2" (t,w) = 2™ (; w, zo(w), h, g) be
a solution of (3.28) with zo(w) = e ¥@z; € E, where w € Q;, then z) (t,w) € E for all t > 0.
Let €; > 0 be such that

A1 =2 min{, o} - €1 > 23E|n(w)|. (3.55)
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By (H4) and (H5), we have

_||b||F2) < %pi<66(91w)x§m)> . fi (eﬁ(efw)xi(m)> <o, for fixed t>0, (3.56)
1€

(e el < e 200@ « oo (sl |+ o)

) i (3.57)
-26(60) 2 2 2
#2670 (bl + L+ g1,

Applying Gronwall’s inequality to (3.57), we obtain that for t > 0,

2 2 ~
K@)+ ally )| < et 2mO (o) + ally O)])
U a 2\ Ayt [26(8sw)+27(0s
#2(ulbl + £t + S g ) et zmens

t
. f 8115—26(99147)—[; [26(9,w)+2[j}1(6,w)]drds'
0

(3.58)

(2) For any zg € H and (h, g) € H, let {zo,} C E and {(h,, g»)} C E be sequences such
that

lzon = zolle — 0, llhn = kll, —0, |lgn—g[l, —0 asn— oo (3.59)

Then z™ (t; w, zo,, hy, gn) — 2 (t;w, 2o, h, g)asn — oo in H, and (3.58) holds for zy € H.
Therefore,

(m) 2 (m) 2
i x 2, 0-100,200-0)) || + |y ™ (¢, 0100, 20(6-10)) |
t ’ p . (3.60)
< e hHh0O 2O (00 (B_1c0) [} + ]l yo (B-ico) [7) + 57 (),

where

0
5 2, Fopnz . %002 —26(0.0)+[*[26(6,0)+237(6,
72 (w) = 4e2°) (ﬂ”b”p + Ll + Ellgllp?) f 15260+ 1 126(0,0) 2O Ndr g < o

- (3.61)
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For any f3 > 0, since

5 -1

iy @)Y (HIBIE + L+ S

(e mp(@)) (sl + £l + £ )

_ 4o 20t+6(0-100) J' () 26(00)+ [ [26(6,0) 1231 (6,0) 1dr g P22 ()

—o0o

(3.62)

7

then 11, (w) is tempered.

Let z(t,w) = ¢(t,w)zo(w) = z(t;w,zo(w), h, g) be a solution of equation (3.9) with
zo(w) = e %@ (uy,v9) € H, where w € Q; and (h, g) € H, then z(t,w) € H, and there exists
a subsequence z"¥ (t,w) converging to z(t, w) as my — oo for all t > 0. Inequality (3.60) still
holds after replacing z™ (t,w) by z(t, w) since the right hand of (3.60) is independent of m.
Thus for (1, vg) € D(0-1w),

2o(0-w) = (x0(0-1w), yo(O_1w)) = e @) (uy, 1),

;1||u(t, e—tw/ (uO/ ’Uo))”ﬁ + (X”’U(t, e—tw/ (uO/ ’Uo))”ﬁ

< 20@) e—Alt—Zé(G,,w)ﬂé[26(954147)4-2571(954147)]!15 sup (#”u”f7 " “||U||i> (3.63)
(u,0)eD(0_tw)

1
+ Erlzp(w).

Let e, = A1 — 2GE|5(w)| > 0. By properties of (0.w) and D € ©(H), we have

o~ l62/2 +2EM ()16 (0100 +[% [26(0.0)+2n(O:0)]ds __, () ag t —s top, (3.64)
and hence
tErf‘wemw)e_ht_S(&W)Jrﬂ [26(Gsw)+2t77l(95w)]ds(ulv)segl()&tw) <‘u||u||i + a||v||f,> =0. (3.65)
Denote by 71, = r1,/4/min{y, a}, it follows that
Biy(w) = {(w,0) € H : ||(,0)|ly < Fip(w)} = Bu(0,71,(w)) C H (3.66)
is a tempered closed random absorbing set for {¢(t, ) }50,0eq, - O

Theorem 3.7. Assume that (P0), (H1)~(H5) hold, then the RDS {¢(t, w) } ;5 ,eq, Senerated by (3.1)
possesses a unique global random D attractor given by

Aiw)= [ et 0.4w)Bi,(0-w) C H. (3.67)

2T, (@) £27

Proof. According to Theorem 2.2, it remains to prove the asymptotically nullness of
{o(t, W)} 150 weq,; that is, for any € > 0, there exists T(g,w, Biy) > Tip(w) and I(g,w) € N
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such that when t > T(g, w, By,), the solution ¢(t, w) (1o, vo) = ((ui, vi)(t; w, uo, v0)) ez, € H of
(3.1) with (ug, vp) € B1,(0-4w) satisfies

Z Pi|(‘l’(t1w)(u0/770))i|2= Z pil (i, i) (£ w, 19, v0)* < &. (3.68)

[i|>1(g,w) [i|>1(e,w)

Choose a smooth increasing function ¢ € C!(R*, [0,1]) such that

é(s)=0, 0<s<1,
0<¢(s) <1, 1<s<2, |¢'(s)| < Co (constant) for s € R, (3.69)
¢(s)=1, s>2.

Let (u,v)(t; w, up,vo, h, g) = ((ui, vi)(t; w,u9,vo, h, g))cz, be a solution of (3.1), then

z(tbw,zo(w), h, g) = (zi(tw,zo(w), h, g))ieZ = e_‘s(efw)go(t,w)(uo,vo) (3.70)

is a solution of (3.9) with zy(w) = e« (uy, vy) € H.
Let zo, = Tnzo,(hn,gn) = Tn(h,g), where T, is as in (3.52). Then zjy, €
E,(hy, gn) € E and z(t;w, 2oy, hy, &n) — 2z(tw,2z0,h,g) in H. For any n > 1, let 20 (t) =

2" (t; w, zon (w), hn, n) be the solution of (3.28), where z™(0) = z,(w). By Theorem 3.4,
2 (-) € C([0,),E) N C'((0,0),E). Let M be a suitable large integer (will be specified

Y (m)
later); multiply (3.31) by <” piellil/ M, 0 > and sum over i € Z, we obtain

0 apié(lil/M)y™
G2t (3o (H() v a(s)’)
< [\ +26(610) +237(61w)] Zé('l' )p,(#( my? +a(yf"”)) (3.71)
@) Gl 42670 3o+ L+ S a?)

Applying Gronwall’s inequality to (3.71) from Ty, = Tp,,(w) to t gives

Z‘i( i > p1< (< (60,200, 1y 80))” + (4™ (60,201, hnfgn))2>

i€Z
< ¢ Ty, 266 20 6 < |z, )|| calymm,)| )

t
+ Z pi <ﬂb2 + _(hn) + = (gn) ) J‘ ef)q (tf'r)+jr [26(st)+2qu(95w)]ds726(67w)dT
lii>M Ty,

LG J' o~ =)+ [26(0.) 2 (0.0)d5-260r0) py (@) <#|| x(m>(T)||2 N a”y<m> (T)”Z) dr.
T, P P

(3.72)
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Therefore for (uo, vo) € B1,(0-sw) N H,

Zg(%)m (;4 (=™ (£ 0-100, 200, 1, gn))2 +a(yy" (t:0-10, 20n, I, 3")>2>

i€Z

< e-al(t-nm fﬁp [26(0s_10)+2]17(6s_sw)| | ds <# '

o+ ey o))

- -

®

t
24 2 _ _ t 3l _
+ z : pi <#b12 + H (hn)lz + _(gn)l) J e Aq (¢ T)+IT[26(95_,w)+2q\11(95_tw)|]ds 26(97"w)dT
lil=M €1 o Ty,

(i)

cCo (* . 2 2
+ ﬁo J N1 (=7 [26(000)+ 2 (8,00 1ds-26Br-10) (@) 117) <ﬂ|| x(m)(T)”p n a”ym) (T)”P> dr.
Tlp

[ J
——

(iii)

(3.73)

We next estimate terms (i), (ii), (iii) on the right-hand side of (3.73). By (3.61),

M (t=Tip)+fp, [26(8s-100)+2G17(65-10)]d 2 2
g M), 20Ot} 2 0] S<#||x(m)(T1p)||p+a||y(m)(T1p)||p>—>0 as t — +oo,

(3.74)
which implies that for all € > 0, there exists T (¢, w, B1,) > T1, such that for t > Ty (g, w, Byp),
(i) < gmin{y,a}e‘25(w). (3.75)
By h,g,b €5 and

t 0
f e—)q (t—T)+J‘;_[26(95,tw)+2§11(99,tw)]ds—25(9T,fw)dT < f el\ﬂ'—fg[6(Gsw)+2§q(95w)]ds—26(9Tw)dT < o,
Ty —o0

(3.76)
there exists I; (¢, w) € N such that for M > [; (e, w),

(if) < gmin{ pa)e 26, (3.77)

Note that e, = Ay — 2GE|(w)| > 0, then by (H2), 7(w) is tempered and it follows that
there exists a T; > 0 such that

N(0rpw) < @/ w7 > T (3.78)



International Journal of Differential Equations 19

Therefore
t - 2 2
J o4 =) 26(0..10) 20 05100 d5-26Cr-s) (9 ) < #” X (7) “P + a”y(m) (1) ”p) dr
Tlp

t
< <#|| xol2 + allyollf,) o~ (N1=(e2/3))1-46(6-10)+°,[26(0:0)+21 (0:c0) s L e-e2/37 4 (3.79)
1p

t-T,
+ %r%p (w)e—26(w) ’[ ! e—(Al—(sz/S))T+jg [26(65w)+25]11(95w)]dsd7..
0

For t > Ty,, by (H2) and (3.6), there exists 0 < T, = T (w) < t — T, such that

T
% f [26(0sw) + 241 (Bsw)]ds < Ay — %, for r > T,. (3.80)
0

Let T, = max({T},T,} < oo, and t > T, + Ty, write

t_Tlp - ~ T, t_Tlp T -
I e*()t]*ez /3)T+j0 [26(95w)+2q11(95w)]dsd7_ — (f + J 67(11792/3)7#[0 [25(65w)+2q11(95w)]dsd,1_,
0 0 Tz

(3.81)
of which

T
f 2 e—()q—sz/3)T+jg[Zé(esw)+2§q(65w)]dsd7. < o,
0

o, (3.82)
f e—()t—ez /3)T+jg[26(65w)+2§11(95w)]d5d7. < ie(—ez/L’w)Tz .
T, €2

Equation (3.79) together with (3.82) implies that there exist T5 (¢, w, B1,) > T> and I»(g,w) € N
such that for M > I (e, w), t > T3(¢, w, B1p),

(iii) < £ min{pu, a)e 20, (3.83)
3 min{p

In summary; let

T(¢,w,Bi1,) = max{Ti(¢,w, Bi,), Tr(e,w, Bi,), T3(e,w, Byp) },

(3.84)
I(e, w) = max{Ii(g,w), (¢, w)}

Then for t > T(¢,w, Byp) and M > I (g, w), we have

2 2
>, pi (ﬂ(xi(m) (610, Z0n, hn,gn)> +zx<yf"’) (t; 61w, 20n, hn,gn)> ) < emin{p,a}e .

[i>2M
(3.85)
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Since ngk) (tl G,tw, ZOH(B*tw)I hn/ gn) — Zj (tl thwr ZOn (Q,tW), hn/ gn) as mk — 00, by (385)1

Z Pil(‘l’(t/w)(uo,vo))i|2 = Z pi€26(w)|zi(t;6,ta),z()n,gn,hn)|2

liz2m li>2M

26(w)
e > pi <,ll (x,-(m) (£ 0-1w, zon, hn/gn)>2 + a(yfm) (£ 01w, zon, hn,gn)>2>

~ min{y, a} li>2M

<e.
(3.86)
Letting n — oo in (3.86), we obtain
> pil(p(t,w) (g, v0)),|* < £ (3.87)
li1>2M
Thatis, {¢(t, w) };50,weq, 18 asymptotically null on By,(w), which completes the proof. O

4. Stochastic Partly Dissipative Lattice Systems with Additive
White Noise in Weighted Spaces

This section is devoted to the study of asymptotic behavior for system (1.2) in weighted space
H = lﬁ x l%. The structure and the idea of proofs are similar to that of Section 3, and we will
present our major results without elaborting the details of proofs in this section.

4.1. Mathematical Setting

Define Q, = {w € C(R, %) : w(0) = 0}, and denote by ¥, the Borel o-algebra on , generated
by the compact open topology [1] and PP, is the corresponding Wiener measure on ¥,, then
(Q2, %2, P2, (0¢)cr) is a metric dynamical system. Let the infinite sequence e’ (i € Z) denote
the element having 1 at position i and 0 for all other components. Write

W(t,w) = ZZ:aiwi(t)ei, W2(t,w) = szbiwi(t)ei, (4.1)

where {w;(t) : i € Z} are independent two-sided Brownian motions on probability space
(Q2, F2,P,); then W(t,w) and W?(t, w) are Wiener processes with values in I? defined on the
probability space (3, F2, P2).

Consider stochastic lattice system (1.2) with random coupled coefficients and additive
independent white noises:

1
u=-\u+AOw)u— f(u)+av+h+ dl/\;t(t),

4.2

. Wa(t) . (42
V=-0U+puu+g+ i€Z, t>0,

at -’
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where u;, v, hi, i, ai,bi € R;u = (Wi)icz, v = (0i)iez, f (1) = (fi(1i))icz, § = (&i)iez, h = (hi)icz,
a = (ai)iy € 2, b= by €1 fi € CHR,R) (i € Z); \, a, 0, u are positive constants;
Niq(wW),. .., Nio(W),. . Mirq(w),i € Z, q € N are random variables; A is defined as in (3.2).

To transform (4.2) into a random equation without white noise, let

0 0
5 (Bw) = —)LJ‘ eM0w(s)ds, 6%(Ow) = —of e0iw(s)ds, teR, weQ,  (43)

(*e]

Then 6'(6;w), 6%(6yw) are both Ornstein-Uhlenbeck processes on (Qp, ¥2,P2) and solve the
following Ornstein-Uhlenbeck equations (see [1]), respectively,

A6l + \6'dt = AW'(t),  d&* +o8%dt = dASWA(t), 0. (4.4)

Lemma 4.1 (see [1]). There exists a 6;-invariant set Q€ F2 of Q, of full P measure such that for
w € Qy,

(ii) the random variables |6/ (w)|| are tempered and the mappings
(t,w) — & (Ow) €, j=1,2, (4.5)

are stationary solutions of Ornstein-Uhlenbeck equations (4.4) in 1> with continuous
trajectories;

(iii)

6/ (0

t—+oo t t—too t

t
J‘ 6/ (Bsw)ds =0, j=1,2. (4.6)
0

In the following, we consider the completion of the probability space w € Q,, still
denoted by (Q5, ¥2, ),
Let

¥t w) =u(t,w) -6 (Ow), Ftw)=ovtw)-60Ow), wey, tek (4.7)

then system (4.2) becomes the following random system with random coefficients but
without white noise:

% = A% + A(Bw)X — f (X + 6" (i) — aF + A(Biw) 5! (Buw) — ab*(Brw) + h,
_ (4.8)
d
d_z = o+ puX + b (Bw) +g, i€Z, t>0.

In addition, we make the following assumptions on functions f;,i € Z:
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(H6) f; € CH(R,R) satisfy

sfi(s) > us?PV —d2, | fu(s)| < df|s|(|s|2p + 1) , VseR, i€z, (4.9)
where p, d;, dy are positive constants, p € N, and d = (d;);e;, € 1.

4.2. Random Dynamical System Generated by Random Lattice System
Denote by zZ = (X, /), we have the following.

Theorem 4.2. Let T > 0 and assume that (P0), (H1), (H2), (H4), and (H6) hold. Then for every
w € &, and any initial data Zy = (Xo, o) € H, problem (4.8) admits a unique solution Z(-; w,Zy) €
C([0,T), H) with z(0; w, Zo) = Zo.

Proof. Similar to the proof of Theorem 3.3. O
Theorem 4.3. Assume that (P0), (H1), (H2), (H4), and (H6) hold. Then system (4.8) generates a
continuous RDS {§(t, w) } 50 weq, 0ver (2, F2, P2, (01) cr) with state space H:

¢t w)zg:=zZ(tw, z9), forzge H, >0, we Q. (4.10)

Moreover,
ol 1
P(t, w) (1o, v0) = G (t, w) (Z;’ B gzﬁfji) + (gzggz;) (4.11)

where (ug,v0) € H,jt > 0, w € L, defines a continuous RDS {¢(t,w)}50.meq, 0VEr
(Q2, F2, P2, (61) ) associated with (4.2).

Proof. 1t follows immediately from similar arguments to the proof of Theorem 3.4. O

4.3. Existence of Tempered Bounded Random Absorbing Set and Random
Attractor in Weighted Space

In this subsection, we study the existence of a tempered random bounded absorbing set and
a global random attractor for the random dynamical system {{(t, w)};50eq, generated by
(4.2) in weighted space H.

Theorem 4.4. Assume that (P0), (H1)-(H4), and (H6) hold. Then

(a) there exists a closed tempered bounded random absorbing set By,(w) € D(H) of RDS
{@(t, ) } 150 weq, SUch that for any D € D(H) and each w € Q,, there exists TD(w) >
0 yielding ¢(t,0_;w)D(0-1w) C Bay(w), forall t > TD(w). In particular, there exists
Ty, (w) > 0 such that ¢(t,0_4w) By, (0-4w) C Bay(w), for all t > Ty, (w);
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(b) the RDS {@(t, w2) }150,0eq, Senerated by equations (4.2) possesses a unique global random
D attractor given by

Agp(w) = n U(ﬁ(t, 0-1w) By, (0-1w) € H. (4.12)

>Top(w) 12T

Proof. Similar to the proofs of Theorems 3.6 and 3.7. O
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