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We study the existence of periodic solutions for n-th order functional differential equations

xM () = I bi[x® 1" + F(x(t = 7(t))) + p(t). Some new results on the existence of periodic
solutions of the equations are obtained. Our approach is based on the coincidence degree theory
of Mawhin.

1. Introduction

In this paper, we are concerned with the existence of periodic solutions of the following n-th
order functional differential equations:

X0 =S, O] + £t - 7)) +p(0), (1.1)
i=0

where b;, i = 0,1,...,n -1 are constants, k is a positive odd, f € CY(R,R) for Vx € R, p €
C(R,R) withp(t+T) = p(t).

In recent years, there are many papers studying the existence of periodic solutions of
first-, second- or third-order differential equations [1-12]. For example, in [5], Zhang and
Wang studied the following differential equations:

X" (t) + ax" () + bx T (E) + ex® Ut + g, x(E-T), X' (t-T2)) = p(t). (1.2)
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The authors established the existence of periodic solutions of (1.2) under some conditions on
a,b,c,and 2k - 1.

In [13-24], periodic solutions for n, 2n, and 2n + 1 th order differential equations were
discussed. For example, in [22, 24], Pan et al. studied the existence of periodic solutions of
higher order differential equations of the form

xM(t) = j bix D (t) + f(t,x(t), x(t=T1(t), ..., x(t = Tp(t))) + p(t). (1.3)
i=1

The authors obtained the results based on the damping terms xV () and the delay 7;(t).

In present paper, by using Mawhin’s continuation theorem, we will establish some
theorems on the existence of periodic solutions of (1.1). The results are related to not only b;
and f(t, x) but also the positive odd k. In addition, we give an example to illustrate our new
results.

2. Some Lemmas
We investigate the theorems based on the following lemmas.

Lemma 2.1 (see [17]). Let ny > 1, a € [0, +00) be constants, s € C(R, R) with s(t+T) = s(t), and
s(t) € [-a,a], forall t € [0,T). Then for Vx € C}(R, R) with x(t + T) = x(t), one has

T T
f |x(t) — x(t — s(t))|"dt < 2a™ I | (t)|" at. (2.1)
0 0
Lemma 2.2. Let k > 1, a € [0,+0) be constants, s € C(R, R) with s(t + T) = s(t), and s(t) €

[-a,a], forall t € [0,T]. Then for Vx € CY(R, R) with x(t + T) = x(t), one has

(k+1)/k

T T T
f |xk(t)—xk(t—s(t))| dt§2a(k*1)/kkl/k[(k—1)f |x(t)|k+1dt+f |x’(t)|k+1dt].
0 0 0

(2.2)
Proof. Let F(t) = xk(t). By Lemma 2.2, one has
T (k+1)/k T
J‘ |xk(t) —xF(t - s(t))| dt= I |F(t) — F(t - s(t))| %/ dt
0 0
T
< Za(k”)/k f |Fr(t)|(k+1)/kdt
" (2.3)

T
(k+1)/k
= 2a(k+D)/k f )kxk-l(t)x’(t)| dt
0

T
— 2“(k+1)/kk(k+1)/kJ. |x(t)|((k—1)(k+1))/k|xl(t)|(k+1)/kdt.
0
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By inequality
xy<x?p+y;q, x20,y20,%+%=1, (2.4)
one has
|x(t)|((k—1)(k+1))/k|xl(t)|(k+1)/k < (k- 1)125(t)|k+1 N |x’(2|k+1‘ (2.5)

Thus we obtain

Tk k (k+1)/k k+1)/k 1.1/k ! k1 ksl
f |x () - x (t—s(t))l dt < 2akD/k g1/ (k—l)J‘ % ()| dt+f | ()|t |.
0 0 0

(2.6)
O

Lemma 2.3. If k > 1 is an integer, x € C"(R, R), and x(t + T) = x(t), then

1/k

T 1/k T 1/k T .
<I |x’(t)|kdt> §T<f |x"(t)|kdt> s---g:r"—1<f |x<">(t)| dt> . @7
0 0 0

The proof of Lemma 2.3 is easy, here we omit it.

We first introduce Mawhin’s continuation theorem.

Let X and Y be Banach spaces, L : D(L) ¢ X — Y are a Fredholm operator of index
zero, here D(L) denotes the domainof L. P: X — X, Q:Y — Y be projectors such that

ImP=KerL, KerQ=ImL X=KerL®#KerP, Y=ImL & ImQ. (2.8)

It follows that

Lip@ynkerp : D(L) NKer P — Im L (2.9)

is invertible, we denote the inverse of that map by K,. Let Q be an open bounded subset of
X,D(L) N ﬁ;ﬁ @, the map N : X — Y will be called L-compact in Q, if QN (Q) is bounded
and K,(I - Q)N : Q — X is compact.

Lemma 2.4 (see [25]). Let L be a Fredholm operator of index zero and let N be L-compact on Q.
Assume that the following conditions are satisfied:

(i) Lx #ANx, forall x e 0QND(L), X € (0,1);
(ii) QNx#0, forall x € 0Q2NKer L;
(iii) deg{QNx,QNnKer L,0} #0,

then the equation Lx = Nx has at least one solution in QND(L).
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Now, we define Y = {x € C(R,R) | x(t + T) = x(t)} with the norm |x|, =
maxepor{|x(H)|} and X = {x € C*'(RR) | x(t + T) = x(t)} with norm |x||
max{|x|.,, |X|,, -, [x® V| }. Itis easy to see that X, Y are two Banach spaces. We also define
the operators L and N as follows:

L:D(L)cX—Y, Lx=x",D(L)={x|xeC"RR), x(t+T) =x(t)},
e o (2.10)
N:X—Y, Nx=-3b[x"0] - ft,x(t-7t)) +p).

i=1
It is easy to see that (1.1) can be converted to the abstract equation Lx = Nx. Moreover, from
the definition of L, we see thatker L = R, dim(kerL) =1, ImL ={y |y €Y, fOTy(s)ds =0} is

closed, and dim(Y'\Im L) = 1, one has codim(Im L) = dim(ker L). So L is a Fredholm operator
with index zero. Let

T
P:X —kerl, Px=x(0), Q:Y—Y\ImL Qy= % f y(t)dt, (2.11)
0

and let

LlD(L)ﬂKerP : D(L) NKer P— ImL. (2.12)

Then L|p(z)nker p has a unique continuous inverse Kj,. One can easily find that N is L-compact
in Q, where Q is an open bounded subset of X.

3. Main Result

Theorem 3.1. Suppose n =2m + 1, m > 0 an integer and the following conditions hold:
(H1) The function f satisfies

tim [P, (31)
|f(t,2) = f(t,y)| < Blak - y*], (32)
where y > 0.
(i)
bo| > v + 6. (3.3)

(H3) There is a positive integer 0 < s < m such that

bZS_T‘O/ l:fS:m,
(3.4)
bys #0, baeyi =0, i=1,2,...,2m-2s, iff 0 <s<m.
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(Hy)
Ax(2s,k) + 0, T Dk ¢ (r +62) (A1(2s, k) + 6, TFK)

|bo| =y — 62

(k-1)/k

(@2s-1)k
+k|b0|T23[A1 (2;;0]'()_-:,9_152 ] <l|by|, ifl<s<m, (3.5)
+6,)(A1(2, k) + 0, T A2, k) + 0,7k €V* ,
0,T% + (r 2|)b(0| 1(}/ — 392 ) + k|bo|T? [—|11£0| _)Y — 52 <lby|, ifs=1,

where Ay(s,k) = X5 [bi|TCK, Ay(s, k) = S b TE, 0, = 2K/ R Dgiz ()| K/ *D, 0, =
2K/ k4D Bl (1)| kY K+ (ke = 1)¥ D Then (1.1) has at least one T-periodic solution.

Proof. Consider the equation

Lx=ANx, Ae(0,1), (3.6)

where L and N are defined by (2.10). Let

Q= {x € Ilze(fz,Lx =ANx forsome A € (0,1)}. (3.7)
For x € Q1, one has
x™ () = A i b; [x(i)(t)]k At x(t—T()) + Ap(t), L€ (0,1). (3.8)
i=0

Multiplying both sides of (3.8) by x(t), and integrating them on [0, T], one has for A € (0,1)

T 2s T ) k
f x(”)(t)x(t)dt:AZbiJ [x@(t)] x(t)dt
’ =00 (3.9)

T T
+A f ft, x(t—7(t))x(t)dt + )Lj p(H)x(t)dt.
0 0

Since for any positive integer i,

T
f x@D(H)x(b)dt =0, (3.10)
0
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and in view of n = 2m + 1 and k is odd, it follows from (3.3) and (3.9) that
T
|bo|j e (t) [

0
2s Tk T T

< 3ol | [0 i [ 1@ xe-ronlxoi | polxolr
i=1 0 0
2s T ) k T

< S [ 0@ ol [ 17 x@)xa
i=1 0 0

T T
+f £t ) —f(t,xa—r<t>>>||x<t>|dt+j Ip(6)|lx()\dt.
0 0

(3.11)

By using Holder inequality and Lemma 2.1, from (3.11), we obtain

T
b [ et
0

T 1/(kt1) [ o T . k/(k+1)
< <I |x(t)|k+1dt> Z|bi|<f |x<">(t)| dt>
0 i=1 0

T k/(k+1)
+ (J | £t x(6)] < kdt>
0

! K/ (k+1)
* <f | f(tx) = ft,x(t- T(t)))l(k+1)/kdt>
0

T k/(k+1)
k+1)/k
+<J' lp(t)| dt> ]
0
T 1/ (k1) [ o . T e\ KD
< <f |x(t)|k”dt> Z|bi|T(25‘l)k<f |x<25>(t)( dt>
0 i=1 0

T K/ (k+1)
+ (J |f(t,x(t)) |(k+1)/kdt>

0

' k/(k+1)

+|p(t) |00Tk/(k+1)] )

(3.12)
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So

T K/ (k+1)
|bo|<j |x<t>|’<“dt>
0

T e+l k/(k+1) T K/ (k+1)
SAl(zs,k)<f |x(25)(t)| dt> + (J | f(t,x(t))|(k+1)/kdt> (3.13)
0 0
T k/(k+1)
+ (I | £t x(t) — f(tx(t- T(t)))|(k+1)/kdt> fu
0

where u; is a positive constant. Choosing a constant € > 0 such that

Y +€+62 <|bol, (3.14)

Aa(2s, k) + 0,750y (HEX 0D (A5 k) + 6T

lbo| = (y +€) - 62
(k=1)/k
@s-1)k
k|72 | A125K) £ 6T <|bal, ifl<s<m,
lbo| - (y +¢) — 6>
6,) (A1(2,k) + 6, T* O Rt
ok, (O (MR +OT) ol M@ K)+6T <lbo|, ifs=1,
|b0|—(Y+£)—92 |b0|—(Y+E)—92
(3.15)
for the above constant € > 0, we see from (3.1) that there is a constant 6 > 0 such that
[f(t,x(t)| < (y +&)|xt)|F, for |x(t)| > 6, t€[0,T] (3.16)
Denote
Ay ={te0,T]:|x(t)] <6}, Ay ={te[0,T]:|x(t)|>06}. (3.17)
Since
T
f | £t ()] " ae < f {CEIO) R f (CEIO) Rl
0 Aq Ar
T
< (f5) VT 4 (y + ) EVE f ()< dt (3.18)
0

T
= (fs) B V5T 4 (y + £) VK J' lx(t)[F*dt,
0
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using inequality
(a+b)<d +b fora>0,b>0,0<1<1, (3.19)

it follows from (3.18) that

k/(k+1)

T k/(k+1) T
(f | f(t,x(t))|<"”>/"dt> < fTR/ D 4 (y 4 ¢) <f |x(t)|k+1dt> . (320)
0 0

From (3.2) and by Lemma 2.2, one has

! k/(k+1)
<f £ x(0) = £ x(0 - T<t>>>|("”>/’<dt>
0
g N K/ (k+1)
SﬂU |t (1) — k(e - 7t ””‘dt]
0
T T k/(k+1)
< KD gl (1| KL/ D [(k_l)f |x(t)|k+1dt+J‘ |x’(t)|k+1dt]
0 0

T k/(k+1)
< zk/(k+])ﬂ|T(t)|ookl/(k+l) [(k _ 1)k/(k+1) <I |X(t)|k+1dt>
0

T k/(k+1)
+<f |x'(t)|"”dt> ]
0

T K/ (k+1)
< Zk/(k+l)ﬂ|7(t)|Ook1/(k+1)(k _ 1)k/(k+1) <f |x(t)|k+1dt>
0

T g\ KD
+ 2D gl (1)) k1/<"+1>T<2S-1>’<< f @ (1)| dt>
0

T k/(k+1) T .
=62<J‘ |x(t)|k+ldt> +61T(251)k< f |x<25>(t)| dt>
0 0

k/ (k+1)

(3.21)
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Substituting the above formula into (3.13), one has

T k/(k+1)
[lbo] = (y +€) — 6] (Jo Ix(t)|k+1dt>

(3.22)

T 1\ K/
< [A1 (25, k) + GlT(ZS‘l)k] <f |x(25)(t)| dt> i,
0

where u; is a positive constant. That is

T k/(k+1) (2s-1)k T i1 k/(k+1)
f |x(t)|k+1dt < Al (25, k) + 91T J‘ |x(25) (t) | At s, (323)
0 lbo| - (y +€) -6, 0

where u3 is a positive constant. O

On the other hand, multiplying both sides of (3.8) by x?9) (t), and integrating on [0, T],
one has

IT 2 (1) x @) (1) dt
0
(3.24)
25 T k T T
= Zbif [x(l) (t)] x@9 (t)dt+f Ft,x(t—7(t))x@) (t)dt + f p(H)x®) (t)dt.
i=0 0 0 0
If 1 < s < m, since
T T k
J @) (£)x@9) (£)dt = 0, f [x<25-1>(t)] x@) (f)dt = 0, (3.25)
0 0

T T
J' [x(t)]kx(zs)(t)dt=—kf ()] @D (1) x' (1) dt, (3.26)
0 0



10 International Journal of Differential Equations

by using Holder inequality and Lemma 2.1, from (3.23), one has
T k+1
a0
0
T 25-2 ok
< L |x<25>(t)| [Z |bi||x(l)(t)| +f (@t x(t-T(0)] + |p(t)|]dt
i=1

T
Kleal [ (0P [0 | )t
0

T e\ VD [0 . T e\ /0D
< <f |x(25)(t)| dt> S |y Tk J' |x(25)(t)| dt
0 i=1 0

(3.27)
T k/(k+1)
+<I |f(t,x(t))|<"”)/kdt>
0
T k/(k+1)
+<f0 |f(tx() - F(t, x(t - 7)) |<k”>/"dt>
+|P(t) |00Tk/(k+1)]
T
Kl O, O 00
0
Since x(0) = x(T), there exists ¢ € [0, T] such that x'(¢) = 0. So for t € [0,T]
t
x'(t) = x' () +f x"(o)do. (3.28)
¢
Using Holder inequality and Lemma 2.1, one has
T T 1/ (k+1)
Xl < [ ¥ olde< Ve <f |x"(t)|k+1dt>
0 0
(3.29)

T Kl 1/(k+1)
< T2s1-01/ (ks ) <I |x@ )| dt> .
0

Using inequality

LT 1/r LT 1/1
<TJO||x(t)|r|> < <T f0|lx(t)|l|> for0<r<I, Vx€R. (3.30)
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and applying Holder inequality and by Lemma 2.1, we obtain

T T (k=/k s 1 f 1/k
J |x(t)|’<-1| x@ D (p) |dt < f lx(t)[Fdt f |x<25*1>(t)| dt
0 0 0
T (k-1)/(k+1) , T . 1/ (k+1)
< Tl/(k+1) J |x(t)|k+1dt f |x(25—1) (t) | At
0 0
T (k=1)/ (k+1) T el 1/ (k+1)
< T1+1/(k+1) <J‘ |x(t)|k+1dt> (I |x(25)(t)' dt> )
0 0

(3.31)

Substituting the above formula, (3.20), (3.27), and (3.30) into (3.26), one has

T k+1
|b25|j |x(2s)(t)| o
0

T ket \ V(KD T e\ KD
< <L |x<25>(t)| dt) {[AZ(ZS,k)+91T(25‘1>k] < L |x(25)(t)| dt>
T k/(k+1)
+[(y +¢) + 6] <f |x(t)|k+ldt>
0

+ (Ip®],, +f5)T"/<"*”}

- ol 2/(k+1) , (k=1)/ (k+1)
+ kbo|T? Uo |x(25)(t)| dt> <fo ||x(t)|’<+1 dt> .

(3.32)

Then, one has

; Kl k/ (k+1)
[|sz| — Ar(2s,k) - 61T(25‘1)k] <J |x(2s)(t)| dt>
0

T K1 1/(k+1) /. (k=1)/ (k+1)
§k|b0|TZS<J |x(25)(t)| dt> < f ||x(t)|k+1 dt) (3.33)
0 0

T 1\ K/ 0D
+[(y +€) + 6] <L | (1)) dt> +




12 International Journal of Differential Equations

where uy is a positive constant. Using inequality

(a+b)<d +b fora>0,b>0,0<1<1, (3.34)

it follows from (3.23) that

T (k=1)/ (1)
<f |x<t>|’<“dt>
0

1K/ (k-1)/ (k+1)
A1 (25, k) + 6, T~k I PN
< x\ (¢ dt + us,
_[ lbol = (y +¢) - 62 0| ()| ’

(3.35)

where u5 is a positive constant. Substituting the above formula and (3.23) into (3.33), one has

Yy +te+ 92) (A1 (25, k) + 91T(2S_1)k)

bas| — Ar(2s, k -9T<2S-1>’<-(
|2| 2(2s, k) 1 |b0|—(y+s)—92

_ (k-1)/k T k/(k+1) (336)
A1(2s,k) + 0,T?s-Dk f e+l
—k b TZS (2s) t dt
|bol [ bl - (1) =6 O|x ()|

T o 1/ (k+1)
< usk|bo| T <f |x(25) (t)| dt> + g,
0

where 1 is a positive constant.
If s = 1, since [J [*'()]*x"(B)dt = 0, f; [x(t)]*x"(H)dt = —k [} [x(£)]* [x'(H)]?dt, from
(3.24), one has

b, IT [x"(t)]kﬂdt
0

. . . (3.37)
= —kbof [x(H)]! [x'(t)]zdt —j ft,x(t—71))x"(t)dt +J p(t)x" (t)dt.
0 0 0
Applying the above method, one has
o (re+0)(A1(2,k) +O,TF) T A k) +o,e 16V
|ba| = 0T - — k|bo|T
[bol = (y +¢) = 62 |bo| = (y +¢€) - 62

(3.38)

1/(k+1)

T k/ (k+1) T
x <f |x"(t)|k+1dt> < u7k|b0|T2<j |x”(t)|k+1dt> + ug,
0 0
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where uy, ug is a positive constant. Hence there is a constant My, M, > 0 such that
T k+1
f |x(25)(t)| " dt < My, (3.39)
0
T
f lx() 1 dt < M. (3.40)
0
From (3.5), using Holder inequality and Lemma 2.1, one has

T s T T
f |x(n>(t)|dtgi|bi|f |x(i>(t)|kdt+f | £ (¢, x(t))|dt
0 i=0 0 0
T T
+f |f(t,x(t))—f(t,x(t—7‘(t)))|dt+f |p(t)|at
0 0

25 T i1 k/(k+1)
< I:Zlbi|r1—v(2si)k+1/(k+1) +61T(251)k+1/(k+1)] <f |x(25)(t)' dt>
0

i1
T K/ (k+1)

+ [|bol + (y + &) + Gz]Tl/(k”) <J‘ |x(t)|k+1dt> +(lp)|, + fs)T
0

2s
< I:Zlbi|T(23—i)k+1/(k+1) + elT(Zs—l)k+1/(k+1)] (Ml)k/(k+1)
i=1

+|bo| + (y +€) + 0> (M) K/ (k+D) (|p(t)|Qo +fs)T =M,
(3.41)

where M is a positive constant. We claim that
|x<l>(t)| < T"’HI |x(”)(t)'dt, i=1,2,...,n-1. (3.42)
0

In fact, noting that x"2(0) = x"2(T), there must be a constant ¢ € [0,T] such that
xD (&) = 0, we obtain

[ )] - < |xn| + J‘Z|x(")(t)‘dt - fj|x<"’(t)|dt-

(3.43)

0D () + L x (s)ds

Similarly, since x"3) (0) = x("=3)(T), there must be a constant ¢ € [0, T] such that x"2(¢,) =
0, from (3.43) we get
T T
29| = <[ [volast| oola G
0 0

t
x2 (&) + f x™ ) (s)ds
&
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By induction, we conclude that (3.42) holds. Furthermore, one has

T
|x<f> (t)| e j |x<"> (t) |dt <T M, i=1,2,...,n-1. (3.45)
o 0
It follows from (3.39) that there exists a ¢ € [0,T] such that [x(¢)| < M;/ (k+D) Applying
Lemma 2.1, we get

|x(#)| < x(8) + f; X' (t)dt < M;/(kﬂ)

T 1/(k+1)
+ Tk/(k+1) <’[ |x’(t) |k+1dt>
0 (3.46)

; . 1/(k+1)
SM;/(k+l) 4 25 1+(k/ (k+1) <J‘ |x(25)(t)| dt>
0

_ M;/(kﬂ) +T25—1+(k/(k+1))Mi/(k+1).

It follows that there is a constant A > 0 such that ||x|| < A. Thus Q; is bounded.
Let €, = {x € Ker L, QNx = 0}. Suppose x € Q,, then x(t) = d € R and satisfies

QN;vc=l

T JJ [_bodk - f(td)+ p(t)]dt =0. (3.47)

0

We will prove that there exists a constant B > 0 such that |d| < B. If |d| < 6, taking 6 = B, we
get|d| < B.1f |d| > 6, from (3.47), one has

T
wduﬁ=‘%ﬁjﬁﬂnm+paﬂﬂ

(3.48)
T
<7 [ rela ol < e ot + o
0
Thus
lp(®)] ]”k
d< | | (3.49)
"<[wm—(r+a

Taking [[p()] ./ (|bo] - (y + €))]"/* = B, one has |d| < B, which implies €, is bounded. Let Q
be a nonempty open bounded subset of X such that Q > Q; UQ,. We can easily see that L is a
Fredholm operator of index zero and N is L-compact on Q. Then by the above argument, we
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have

(i) Lx #ANx, forall x € 0QND(L), A € (0,1),
(i) QNx #0, for all x € 0Q NKer L.

At last we will prove that condition (iii) of Lemma 2.4 is satisfied. We take

H:(QnKerL)x[0,1] — KerL,

1-— T
H(d, ) = pd + T”J;Phﬂk—fﬁﬁb+pgﬂdt

15

(3.50)

From assumptions (H;) and (H;), we can easily obtain H(d, u)#0, forall (d,u) € 0Q N

Ker L x [0,1], which results in

deg{QN,QNKerL,0} =deg{H(-,0),QNKerL,0} =deg{H(-,1),2QNKerL,0} #0.

Hence, by using Lemma 2.2, we know that (1.1) has at least one T-periodic solution.

Theorem 3.2. Suppose n = 4m + 1, m > 0 an integer and conditions (Hy), (H,) hold. If

(Hs) there is a positive integer 0 < s < m such that

b4s_3#0, b4s_3+,’:O, i=1,2,...,4m —4s+ 3,

(Hs)

0,) (A1 (4s — 3, k) + 6, T4k
Ap(4s —3,k) + 0Tk 4 (y +6,) (A (4s ) + 61 )
|b0|_Y—92
Ai(4s-3,k) +0,T**
|b0|_Y_92

(k-1)/k
+k|b0|T45‘3[ ] <|bgs-s|, fl<s<m,

(Y + 92) (Al(l, k) + 91)
|bo| -y - 62

0, + <|b|, ifs=1,

then (1.1) has at least one T-periodic solution.

Proof. From the proof of Theorem 3.1, one has

T k/(k+1) B (4s—4)k T
f |x(t)|<*dt <Al =30 +OT f |x(4s_3) (t)
0 lbo| = (y +¢€) - 6, 0

(3.51)

(3.52)

(3.53)

. k/(k+1)
dt + Uy,

(3.54)
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where ug is a positive constant. Multiplying both sides of (3.8) by x**3(t), and integrating
on [0,T], one has

4s-3

T T «
f X (x4 (ydt = -1 Y by f [xO®] <Dty
0 i=0 0

(3.55)
T T
- )Lf ft,x(t—1))x* 3 (t)dt + )Lf p(t) x5 (t)dt.
0 0
Since
T T 9
J A (4m+1) (t)x(4s—3) (t)dt = (_1)2m—25+2f [x(2m+2s—1)(t)] dt, (3.56)
0 0
then it follows from (3.55) and (3.56) that
T k+1 db (T ok
b4s_3f 'x(4573)(t)| dt < - Z blf [x(l) (t)] x(4s—3)(t)dt
’ =00 (3.57)
T T
- f Ft,x(t—1))x* 3 ()dt + f p () x4 (t)dt.
0 0 U

By using the same way as in the proof of Theorem 3.1, the following theorems can be proved
incasel <s<mors=1.

Theorem 3.3. Suppose n = 4m + 1, m > 0 for a positive integer and conditions (Hy), (Hy) hold. If

(H7) there is a positive integer 0 < s < m such that

b4s_1 * 0, b4s_1+,’ =0, i=1,2,...,4m—-4s+1, (358)

(Hs)

4 (y +62)(A1(4s - 1,k) + QlT(4s—2)k)

Asr(4s —1,k) + 6, T4~k
2( )+ lbol— 1~ 65

(3.59)

(k-1)/k
Ai(4s =1, k) + 6Tk
i ) s < |bgs-1],

+ k|bo|T*!
ol [ bol — 1~ 6

then (1.1) has at least one T-periodic solution.

Theorem 3.4. Suppose n = 4m + 3, m > 0 an integer and conditions (Hy), (H») hold. If

(Ho) there is a positive integer 0 < s < m such that

b45+1 # 0, b4s+1+i =0, i=1,2,...,4m—-4s+1, (360)
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(H1o)

(Y + 92) (A1 (45 +1, k) + 91T4Sk)

As(4s +1,k) + 0, T** +

bol =y~ 62
(k-1)/k
4 4sk
k|py|rien | A1+ 1K) + 6T <|basni, if 0<s<m,
|bo| =y — 62
(v +62) (A1(1, k) +64) ‘
0 + <|b1|, ifs=0,
1 bol =7 -0 ba|, if
(3.61)
then (1.1) has at least one T-periodic solution.
Theorem 3.5. Suppose n = 4m + 3,m > 0 an integer and conditions (Hy), (Hy) hold. If
(Hi1) there is a positive integer 0 < s < m such that
bys_1 # 0, bgs14i=0, i=1,2,...,4m—-4s+3, (3.62)
(H12)
+60,)(A1(4s — 1,k) + 0, T2k
A2(4—1,k) +91T(4s—2)k + (Y 2)( 1( s ) 1 )
|bo| =y - 62
(3.63)
(k-1)/k
Ai(4s -1 T(4372)k
+ klbo|T4$71 1s—Lk) +61 < |bas-1l,
|bol =y = 62
then (1.1) has at least one T-periodic solution.
Theorem 3.6. Suppose n = 4m, m > 0 an integer and conditions (H;) hold. If
(Has)
by >y + 6, (3.64)
(H14) there is a positive integer 0 < s < 2m such that
b25—1 ;é 0, lf S = 21’]1,
(3.65)

b23,1760, bzs,lﬂ':O, i=1,2,...,4m—-2s, z'f0<s<2m,



18 International Journal of Differential Equations
(His)

0,) (A1 (2s — 1, k) + 6, T2k
An(25—1,k) + T2k, TFO) (M@ 7 LK) + T

bo -y - 92
(k-1)/k
Ai(2s-1 T@s-2k
kb2t | A1 LK) + 61 <lbsal, fl<s<2m,
bp-y-6,
(Y+92)(A1(1,k)+91) .
01 + <l|by|, ifs=1,
1 " bal, if
(3.66)
then (1.1) has at least one T-periodic solution.
Theorem 3.7. Suppose n = 4m + 2, m > 0 an integer and conditions (Hy) hold. If
(Hae)
~by >y + 0, (3.67)
(Hi7) there is a positive integer 0 < s < 2m + 1 such that
b25_1750, ifs=2m+l,
(3.68)

bys-1#0, bas1+i=0, i=1,2,..., 4m—2s, if0<s<2m+1,

(His)

+ (y +62) (A1(2s - 1,k) + QlT(Zs—Z)k)
~bo-y -6,

A2(2s -1, k) + 91T(25_2)k

Aq (25 -1, k) + 91T(25_2)k
~by—y-6,

(k-1)/k
—kboTzs_l[ ] < |b25,1|, lfl <s<2m+1,

N (Y + 92)(A1(1, k) + 61)

o by -y -6,

<|bi|, ifs=1,
(3.69)

then (1.1) has at least one T-periodic solution.

Theorem 3.8. Suppose n = 4m, m > 0 is an integer, and conditions (Hy), (Hiz) hold. If

(Hi9) there is a positive integer 0 < s < m such that

b4572 #* 0, b4572+i =0, i=1,2,...,4m—-4s+1, (370)
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(Hzo)

A2(45 _9 k) . QlT(4S_3)k . (Y + 92) (A1 (45 -2, k) + 91T(4S—3)k)

by - Y — 0,
(k-1)/k
_ (4s-3)k
+kb0T4s—z[A1(4s bfl— k}), igl:r ] <lbial, fl<s<m, (3.71)
+0,)(A1(2,k) +6,TF ] (k-D/k
(r >b<<ye> TF) ka[%] <, sl

then (1.1) has at least one T-periodic solution.

Theorem 3.9. Suppose n = 4m, m > 1 an integer and conditions (H1), (Hi3) hold. If

(Hy1) there is a positive integer 1 < s < m such that

bys_s # 0, bgs4.i =0, i=1,2,...,4m—-4s+3, (3.72)

(H22)

+ (Y + 92) (A1 (4s—4,k) + 61T(4S‘5)k)
bo—y -6,

Ay (4s — 4, k) + 6, Tk
(3.73)

(k-1)/k
Aq(4s — 4, k) + 0, THs5k
+kb0T454|: 14 )+ 61 < |bys_4,

bp-y-6,

then (1.1) has at least one T-periodic solution.

Theorem 3.10. Suppose n = 4m +2, m > 1 an integer and conditions (H1), (Hie) hold. If

(Ho3) there is a positive integer 1 < s < m such that

bis#0,  by;i=0, i=1,2,... 4m—-4s+1, (3.74)

(Ha4)

L (r+02) (Au(ds k) + 6,70 DY)

(4s-1)k
A2(4S,k) +91T —bo—Y—ez

(3.75)

(k-1)/k
Aq(4 T(4s—1)k
—kboT45[ 185, + 6y ] < |bss],

-byp-y-6>

then (1.1) has at least one T-periodic solution.
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Theorem 3.11. Suppose n = 4m + 2, m > 1 is an integer, and conditions (H1), (Hie) hold. If

(Hys) there is a positive integer 1 < s < m such that

b45_2 # 0, b4s—2+i =0, i=1,2,... ,4m —4s+ 3, (376)

(Hae)

Aplds -2, k) + gyTts-k , (FF02) (Aits =2, 0) + TR

-by-y-6>
(k-1)/k
_ (4s-3)k
_kbT*2 [Al (4s _b20,’_<);_961;1" ] <|bss—a|, fl<s<m, (3.77)
(k-1)/k
(y+62)(A1(2 k) +6:TF) .| A1(2,k) +6,TF o
61 —bo . 62 kb()T —bo——y—Gz < |b2| lfS =1,

then (1.1) has at least one T-periodic solution.
The proofs of Theorem 3.3-3.11 are similar to that of Theorem 3.1.

Example 3.12. Consider the following equation:

3
x(5)(t)+300[x"(t)]3+51—0[x'(t)]3 100[x(t)] 300(smt) <t——>] =cost, (3.78)

where n = 5, k = 3, by = b3 = 0, b, = 300, by = 1/50, by = 1/100, f(t, x)
1/300(sint)x®, p(t) = cost, T(t) = x/10. Thus, T = 2or, y = 1/300, A1(2,k) = |b1|(23r)3+|b2| =
1/50 x (27r)% + 200. Obviously assumptions (H;)—(H3) hold and

()’ + 92) (A1 (2, k) + 91Tk)
|bo| -

A1(2,k) + 0,k

0Tk +
! |bo| -y - 6,

(k-1)/k
+ k|bo|(23r)2[ ] < |by). (3.79)

By Theorem 3.1, we know that (3.78) has at least one 2sr-periodic solution.
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