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Existence uniqueness of an oscillatory solution for nonlinear neutral equations by fixed point
method is proved.

1. Introduction

In [1, 2], we have considered a lossless transmission line terminated by a nonlinear resistive
load and parallel connected capacitance (cf. Figure 1). The nonlinear boundary condition is
caused by the polynomial type V-I characteristics of the nonlinear load at the second end of
the transmission line (cf. Figure 1).

The voltage and current u(x, t), i(x,t) of the lossless transmission line can be found
by solving the following mixed problem for the hyperbolic partial differential system:

ou(x,t) 0i(x,t) _ 0i(x,t) N ou(x,t) _

C + 0, L 0,
ot ox ot ox (1.1)
E(t) — u(0,) = Roi(0,£), £>0,
Q™D < ia,n - faua ), 20, (1.2

u(-x/ 0) = uo(X), i(x/ 0) = io(X), X € [O/ A]/ (13)
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Figure 1

where uy(x) and ip(x) are prescribed initial functions, A is the length of the line, C is the
per-unit length capacitance, and L is per-unit length inductance (cf. [3-10]). Here, the V-I
P

characteristic of the nonlinear resistive load is i = f(u) = 3. _, r,u", where r, are real

numbers, Cy is parallel connected capacitance, E is the source voltage, Ry is the source
resistance, and Zy = \/L/C is the line characteristic impedance.

The above formulated mixed problem can be reduced (cf. [1, 2, 11]) to an equivalent
initial value problem for a neutral functional differential equation (cf. [12]). Here, we
consider the problem of an existence uniqueness of oscillatory solutions of the equation

du(t)y ~ 2F u) 1 & »  (Zo-Ro)u(t-2T)

= — Trn|u(t
dt ~ Co(Zo+Ro) CoZy Co ; [u(®)] ZyCo(Zo + Ro)

Zoy— Ry

Zy— Ry du(t - 2T) (1 4)
" t>T, ’
Co(Zo + Ro) -

Zo + RO dt !

EP: ralu(t—2T)]" +
n=1

du(t) _ duo(t

u) =voft), = S,

te[-T,T],

where (x,t) € TI = {(x,t) € R* : (x,t) € [0,A] x [0,00)}, k = |Zo — Ro|/(Zo + Ro) < 1,
u(t) = u(A,t). In fact, (1.4) is differential difference equation, and the initial function should
be prescribed on an interval with length 2T. Let us note that the initial function vy(t) can
be obtained shifting the initial function uy(x) from (1.3) along the characteristics x — vt =
const.,, (v = 1/+/LC) on [0,T] and along the characteristics x + vt = const. on [-T,0] (cf.
[1, 2]). So, we obtain an initial function vy(f) on [-T,T].

Now, we are able to formulate the main problem: to find a solution of (1.4) with
advanced prescribed zeros on the interval [y, o), T = to.

Let St = {Tk}}_o, 1 € N be the set of zeros of the initial function; that is, vo(7x) = 0
suchthattg=-T, 7,, =T = {y.

Let S = {tx};, be a strictly increasing sequence of real numbers satisfying the
following conditions (C):

(C1) limg_, ootk = o0,
(C2)0<p=inf{ty;1 -t : k=0,1,2,...} < sup{tk+1 -t :k=0,1,2,...} =Ty < o0,
(C3) for every k there is s < k such that ty — T = t; where t; € STUS.

Introduce the sets: C![tp, 00) consisting of all continuous and bounded functions
differentiable with bounded derivatives on every interval (tx,tx.1) (the derivatives at f; do
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not necessary exist), Ms = {u(-) € C![tg,0) : u(tx) =0 (k=0,1,2,...)}, Msy = {u(-) € Ms :
lu(t)| < Uoett="), t € [k, tri1]}, where Uy, p are positive constants prescribed below.

We assume that |vg(t)| < Upet™), t € [Ty, Tke1], (K =0,1,2,...,n-1).

The set Mgy turns out into a complete uniform space with respect to the family

of pseudometrics p;,k) (f,g) = max{pk(f, g),pk(f, 9t (k= Q, 1,2,...), where pr(f,g) =
max{e *EW|f(t) = g(t)] : t € [t teal), pr(f, §) = max{e | f(t) - g(8)] : t € [tx, taa]).
One can verify that Mgy is closed subset of C ty, o0) with respect to the above metric.

Remark 1.1. The functions from Mg are not necessary differentiable at ¢, (k =0,1,2,...). That
is why we consider a space with a countable family of pseudometrics, and then, we have to
apply the fixed point theory from [13].

Define the operator B : Mgy — Mgy by

B(u)(t) : = t U (u)(s)ds — <t £ b > . U(u)(s)ds, te [tk trs1], (k=0,1,2,...),

bk k1 — Ek t
(1.5)
where
_ 2E ut) 1 & L k(Kru)(t)
U ® = &z R —COZO—C—Ogm[u(t)] S o B
1.6
! C£ g ral (Kru) ()]" + K@, >,

and (Kru)(t) = u(t — 2T) is M. A. Krasnoselskii operator (cf. [14]).

Remark 1.2. The operator K7 is well defined, because the initial function is defined on the
interval [-T,T]. We notice that Kt maps M into itself. Indeed, consider the set C'[-T, )
consisting of all continuous and bounded functions differentiable with bounded derivatives
on every interval (tx,tk+1). Introduce the set Mg” = {u(-) € C'[-T, ) : u(t) = vy(t),t €
[-T,T] }. Then, Kr assigns to every function u(-) € Mg the function ii(-) € Mg“ translated to
the right on the interval [T, o0). So, the function (Kru)(t) coincides with vg(t) on [to, ty + 2T].
Besides ty — 2T = t,, and then

u(ty —2T) = vo(t;) =0, t, € [T, 3T),
(Kru)(te) = { (1.7)
u(ty —2T) = u(t,) =0, te (3T, ),

that is, (Kru)(:) € Ms.

2. Main Results

Lemma 2.1. If E < Uy, problem (1.4) has a solution u(-) € Mgy iff the operator B has a fixed point
in Mgy, that is,

u(t) = B(u)(t). (2.1)
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Proof. Let u(-) € Mgy be a solution of (1.4). Then, integrating (1.4) on the interval [y, t] C
[te, ten] (k = 0,1,2...), we obtain u(t) - u(ty) = [; U(u)(s)ds & u(t) = [; U(u)(s)ds, and
then,

w = [ U)(s)ds = 0= ultin) = | Uy eds = [ U@ s)ds =0, (2.2)

b b

Therefore, u(t) satisfies

t t i1

u) = | Uu)(s)ds= u(t)=| U(u)(s)ds- <i> U(u)(s)ds, (2.3)

te te tk+1 - tk te

that is, u(-) is a fixed point of B.
Conversely, let u(-) € Mgy be a solution of u = B(u); that is,

t—tx
b1 — tk

£ Er1
u(t)=| U(u)(s)ds— ( ) t U (u)(s)ds. (2.4)

tx
Then, introducing py = pT), we obtain

a1

U (u)(s)ds

bk

2F 7981
< - -
= Co(Zo + Ro)

+a ij

(-t 1 7981
e“_kdt+—f u(t)|dt
oz ), o

98]

7981
lu()"dt + —— zc f |u(t - 2T)|dt

7981

7981
C ernlf lu(t = 2T)|"dt + x f u(t —2T)dt

tx

— 41— + P b
2Uge T etlten—t) — N Uy e”(tk 1) — Z ra U f o et gp
= Co(Zo + Ro) p CoZo n=1 b
klUpe 2T ehltate) _ LK i oL 2T
ZyCo Iz e =1 ’

tiea
y ’[ ™) dt + xclu(tisr — 2T) — u(te — 2T)|

2

-uT  LuTy _ uTy _ P eTo _
< 2Upe e 1 N U, e 1 Z| nlun 1
Co(Zo+Ro) CoZo - ny
Uoke 2T etTo — K & e —1
o ur 2nuT
COZO C Zl|rn| 06 nu
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ce-1 2WUpe T Up(1 +xe T) P |ra|Uy (1 + e T ) (e — 1)
+ [E—
- //lCo Zo+ Ry Zy C nZ n

= M(n).
(2.5)

Let us assume that |jtk” U(u)(t)dt| = p > 0. We have just obtained that g < M(u).
Then, for sufficiently large ,u > 0 (and sufficiently small Ty > 0), one can reach the inequality
M(u) < p. Consequently, j't"” (u)(t)dt = 0. It follows that u(t) = Lk U (u)(s)ds and, after a
differentiation, we obtain (1 4).

Lemma 2.1 is thus proved. O

Theorem 2.2. Let St = {7 };_o, n € N be the set of zeros of the initial function; that is, vy (i) = 0
and vo(-) € C'[-T,T]. IfE < Uy, |vo(t)| < Upet ™), t € [1k, Tks1], vo(to) = O, then, there exists
a unique oscillatory solution of the initial value problem (1.4), belonging to Mgy.

Proof. We show that B maps Mgy into itself; that is, u € Mgy = B(u) € Msy.

Indeed, for every u(-) € Mgy, the function B(u)(t) is continuous on [tp, o0) and
differentiable on every (tx, tx+1). We have also B(u)(tx) = 0 and B(u) (k1) =0.

We show that |(Bu)(t)| < Uget*™), t € [t,txs1]. (The last inequalities imply that
B(u)(t) is bounded because e*~) < etTo t € [T, o0).)

We notice that [(f — tx)/ (tis1 — )| < 1, t € [tk, traa]. For sufficiently large p, we obtain
for t € [tk, tis1]

t [79%]
|[(Bu)(t)| < U(u)(s)ds| + U(u)(s)ds| = B; + B,. (2.6)
i tx
We have
B; < ; |E(s T)|ds + ! |u(s)|ds+ —er | |u(s)|"ds
Co(Zo + Ro) CoZo "
p t t
-2T — " =2T)|" 1(s - 2T
ZQC |u(s )|ds + C ;h’ | . |u(s )| ds] + K Lk u(s )ds
2Upe T erlt-td —1 U, e"(t ) — 1 P J‘t ~
+ U | et dg
[CO(ZO +Ro) CoZo Z'l It e

e 2T enlt-t) _ 1
ZoCo H

1 20T 14xeT L |rn|ll(’)’"1 (e Drlo — 1) (1 + ke 2T)
+ +
[/lC() ZO + R() Z() Z

C_
K L n ,—2nuT el (s—tk)
+ C—OZP‘none K #et ds | + k|u(t - 2T)|
n=1

< ekt tk)ll [

n=1 n

+1ce‘2/‘T] ,
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zu -uT [/l(tk.,,l*tk) -1 u l‘(tk+l ) _ +1
B2 < [ 4 e " 0o € + L ernlunj. n;l(s—T)dS

Co(Zo + Ro) Iz CoZo
K?er 2uT eﬂ(tkﬂ_tk _ 4 ~ 738} ~
* ZyCo z; rllge L et s
k

+ k|u(tpsr — 2T) — u(tx — 2T)|

Wye ™ et -1 Uy eT-1 13 milo
0e e L o e s ernlu{)‘e
Co(ZO + Ro) H CoZo H C -1 ny

K
CoZo "G 2

xUpe™ 2uT e‘uTo _ p nplo _ 1
e —_—
n=1 np

< eu(t—tk)ﬁ 2T (erTo - 1) . (e!To 1) (1 + ke 2T)
a uCo Zo+ Ry Zo

P U (1 + ke 2T) (e™To — 1) >

0
+
2 7

2.7)

Therefore, for sufficiently large p > 0, we obtain

|(Bu) (1)

< ettt [ 1 < 2e7 T 1+1<e pr 2 |rn|ug_1(e(n1)#T0_1>(1+K62nyT)>

‘HCQ ZO + RO Z n

+1ce’2"T]

+ ettt U,

1 [2e#T(etlo—1) (etTo—1)(1+xeT)
— +
/1C0 Zo + Ro ZO

14 nuTy _
e 1
+ E IrnIUS“l—n (1 +1<e‘2"/‘T>>
n=1

1 [2e#TetTo  efTo(1 + ke 2T
I/ICO Zo + RO " ZO

< eh(t= tk)u [

¥ [ralllg ! (e T + e DK —2) (1 + e T) > N Ke—w]

n=1 n

< eﬂ(t_tk)llo.

(2.8)

Consequently, the operator B maps Mgy into itself.
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We show that B is a contractive operator. Indeed

9%}
f [LL()(s) - U()(s)]ds
(2.9)

tx

+

t
f[uwx@—umxwws

b

|B(u)(t) — B(u)(t)] <
=By + By, te€ [tk tr1]-

We have

1 _ J O T
B < [_0 Itk|u(s) ~u(s)|ds + C—Ogrnlftklu (s) —u"(s)|ds

t p t
LI lu(s - 2T) - u(s—2T)|ds+—Z|rn| |u"(s - 2T) —u" (s - 2T)|ds
ZyCo ~ e

f <u(s ~2T) —7i(s - 2T))ds

+ K

t
pi(u,u) ettt -1 1 & » f _
+ — nlr,| esssu u" " (s)| : s € [t t u(s) —u(s)|ds
[on it g il esssup{[w (@) s € o tial | | fu(s) - (o)
IS _ o € -1
+ u,u)e
ZOCopk( ) .
t ]

p
+ X Z n|ry|ess sup{u”_l(s -2T) : s € [t, tk+1]} |u(s —2T) —u(s —2T)|ds
73

. u(t=tx) _ 1
L=\ ouT €
+xpr(,u)e
(1) p
< ettt | P k(u, 1) Y k() ﬁ“n|rn|ug—1e<n—1m<tm b 4 xpi(u, u)e "
ﬂCoZo #CO o) #ZQCO
n)e 24T P xpi (11, ) e 2T
L Kpk(uw)e Sl U 2 DHT Dt m] 4 ot ()
#Co e Iz
N1/ 1+xeT 1 & Ke 2HT
< pu(t—ty) u)| = + un—l 1+ =2nuT \ ,(n-1)uTy +
o (1) (e + & Sl 1+ ve ) .
1 [1+xeT 1 & Ke 2#T
< ph(t=t) (k) Y — urt(1+ —2nuT n-1)uTy +
se F’# (ll,ll) llz (30250 (jO ;g; 11|Th| 0 < Ke > !l 7
1 7381 4 (738} . "
B < | =— u(s usds+— rj u'(s) —u (s)|ds
< ez |, 1O TS & Sl [ s -9

ksl
|u" (s —2T) -u" (s - 2T)|ds]

i1
+Zocof lu(s — 2T) — u(s—2T)|ds+—Z|rn|f
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. (it(s - 2T) — iu(s - 2T))ds

t

+ K

< pk(u, ﬁ) e,u(tkﬂ_tk) — 1
- COZO H

1 P [79%]
e > Iraln. ess sup{ un—l(s)‘ ‘s€ [tk,tk+1]} f lu(s) —u(s)|ds
0 n=1 te

K o (tes1—te) _ 1
Z()Co H

ties1

P
+£ Z |rn| n. ess sup{u"‘l(s —2T) : s € [tk, trs1] }J
CO n=1

tx

|u(s —2T) —u(s - 2T)|ds]

< pr(u,u) ettt — 1 + pr(u, ) et — 1 ilrn|nun—1e(n—1)#(tk+1—tk)
CoZo H CO H 0

n=1

KpPk (u, ﬂ)e_ZI‘T ell(fkﬂ—tk) -1

ZoCo H
N\ o20T u(ten—t) _ 1 P
+ka(u,u)e HT it —te) 1Zn|rnlug1e(n1)(ﬂo2ﬂ):|
CO H n=1
et —1 /[ 1+xeT 1 &
< ol b U1e=DiTo (1 4 jeo-2mT
(1) T (L & St ()
(k) e -1/ 1+re ™ n-1_(n-1)uT, —2nuT
7 + u o1+ H .
(u,u) 2Cy 7 nzﬂlrnm 0 e ( Ke )
(2.10)
Consequently,
|B(u)(t) — B(u)(t)]
1 /1+xe™> 1 & Ke 2#T
< ph(t=tk) (k) Y un—l 1 —2nuT \ ,(n-1)uTy
<e pu (u,u) 2 COZO gnlrnl 0 < + Ke )e +—#
(k) e -1 /1+xe? X n-1_(n=1)uT, “2nuT
u #lo (1 #
+ ) (u,70) P CoZo Z;rnln e ( +Ke )
(k) et 1+ xe™ - n-1_(n-1)uT, T ke T
, _— U #o (1 s —.
(u u)[‘u < CoZo lernln 0 e < + Ke ) + i

= e.u(t—tk)Kuka) (u, ﬁ)
(2.11)
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Therefore, pi(Bu, Bu) < Kuplsk)(u, u).

It remains to estimate the derivative of B.
We have

|B(u)(H) - Ba) (D) < | U(u)(s) - Uu)(s)l

1 98] (2.12)
+ I [U(u)(s) - U(u)(s) ]ds| =By + B,.
b1 — Bk te
We have
B; < ! [u(t) —u(t)| + S Zp]r [lu"(t) —u" ()| + K |u(t — 2T) — u(t - 2T)|
1= CoZy Co ~ " CoZo

P
+ c£ Sl | (- 2T) — %" (¢ - 2T) | + x(u(t ~2T) —(t - 2T)|
0 n=1

e#(t—tk)pk(u ) 1 2
S—————+ = ra|nesssup{u™L(t) : t € [ty t u(t) —u(t
Coze— + g lrnesssup{ul 1)1 € [t ta] Jutt) )
Ke‘u(l’—tk)pk (u, ) e2nT
CoZy

P
Z n|r,| ess sup{u”fl(t —2T) : t € [tk, tks1] } |u(t —2T) — u(t - 2T)|

+ K
CO n=1

+ n|u(t ~2T) — %t - 2T)|
on () onui) ¢ (a1

+ r nunfle(n—l)/,l(tkﬂ—tk) +eﬂ(t—tk)
‘I/LC()ZO #CO Z| n| 0 /,tCOZo

n=1

ettt py <1’1, ﬁ) ke 2T p
" e S Uy el Dt g gl e, <u g) e 21T
0

n=1

n=1

_|1+xeT /1 2
< e”(t’tk)pf,k)(u, u) I:—/lco <Z_0 + Z|rn|nll6‘*16(”’1)"T° +xe ],

i1
B, < j (U(w)(s) - U(@)(s))ds

t

7981
f (U ()(s) - U@)(s))ds

S R
ty lO

fer1 — tk

et -1/ 1+xe T
< p® (u,w) ( + ) | ru|nlIy e DT (1 + Ke‘Z"f‘T> )
[

n=1

(2.13)
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Therefore,
| B(u)(t) - B(w)(t)|

T+xe T (1 &
< ey(t—tk) (k) wn)| ——( =— + 1., |n un—le(n—l)‘uTo + Ke’Z/‘T
0| (7 Sl

() et -1 (1 +xe?T 2 o i
+ Pu ( uu ) ﬂZCOZo Za +Z|rn|nug 1e(n DTy <1 + xe 2n/4T>

n=1
T —2uT
(k) (et + pro = 1) (1 +xe ) 71, (n=1)pT, —ouT
uu -t n nu Ko ) 4 e
| o ~+ S
= et Ky, p,gk) (u, ).
(2.14)
It follows pi (B(w), B(w)) < et~ Ky p' (u, ).
Then p” (B(u), B(@)) < max{Ku, Kulp\ (u, ).
Consequently,
p\ (Bu,Bu) < Kp(wu) (k=0,1,2,...), (2.15)

where K = max{Ky, Ky} < 1 does not depend on u and k.
We have to verify that Mg is j-bounded. Indeed, since j is an identity mapping,

ol Oy < pPwua) <o (n=0,1,2,..)). (2.16)

Therefore, in view of the fixed point theorem for contractive mappings in uniform
spaces (cf. [13]), the operator B has a unique fixed point, and it is an oscillatory solution of

(1.4).
Theorem 2.2 is thus proved. O

3. Numerical Example

Finally, we summarize all inequalities needed for the applications:

1 [2e#TetTo  etlo(1 + ke T)
— +
‘MC() Z() + Ro Z()

p n-1( mpuTy . ,(n-T)uTy _ ~2nuT
+Z |7 |Uo (enﬂo+ennﬂo 2) (1 + ke 2 )> e T <1,

(3.1)

et [(1+xe 2T 1 ¢ e T
Ku=—(—5—+=D urtemDu (1 42T ) 4 <1
U < Cozo G ity e e (1 4 et ‘

n=1 H

4 g = 1) (1 + e 2T
(e #TO”ZC)(I xe ) < + ernlnun Lg(n= 1)"°> +re 2T < 1.
olo Zy

n=1
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Consider a line with the following specific parameters:
A=1m, L=0,2uH/m, C =80pF/m,

L ! -1 a5
VvLC 1/0,2-106-80-10-12 4-10° 7 ’ (3.2)

L 0,2-107°
Zo=1/==12"—"-=50Q, Ry=45Q, Co=8pF=8-10"2F.
=V Vo102 ‘ 0mop

v

Then, T = AVLC =4.107s;x = (Zy - Ro)/(Zo + Ro) = 1/19 = 0,0526.
Let us check the propagation of millimeter waves 1y = 10~ m. We have

1 1
- = =2,5-10"H
fo o T.C 103. 4-107° z
(3.3)
1 1
=T = %25 100 " 4-10"%sec;  1=2-10"7sec.
0 A

If we choose p = (1/4)10'%, then pTo = po = 1, pro = (1/2),and T =4-107 - (1/4) - 10Ty =
1000 - Tp.

Consequently, uT = (1/4)10'2-2-1078 = (1/2)10%, uCy = (1/4)10'2-8-10*10712 = 2,
and p?Cy = (1/2) - 10'2.

Since e#T = ¢72%%0 = (, then the above inequalities (omitting the second one) become
e +§|r |un_1e" +e -2 <1
100 = &"0 2n -
(3.4)
Ky = 2<e - 1) <l + ilr |nll"‘1e"‘1> <1
= U .
2)\50 " &
If the V-I characteristic of the nonlinear resistive element is f(u) = —0,12u + 0, 8u°,

then Uy < 0,41; Ky = Uy < 0,06. It follows that U < 0, 06.
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