ROOTS OF MAPPINGS FROM MANIFOLDS

ROBIN BROOKS

Received 15 June 2004

Assume that f: X — Y is a proper map of a connected n-manifold X into a Haus-
dorft, connected, locally path-connected, and semilocally simply connected space Y, and
¥o € Y has a neighborhood homeomorphic to Euclidean n-space. The proper Nielsen
number of f at y; and the absolute degree of f at y, are defined in this setting. The
proper Nielsen number is shown to a lower bound on the number of roots at y, among
all maps properly homotopic to f, and the absolute degree is shown to be a lower bound
among maps properly homotopic to f and transverse to yo. When n > 2, these bounds are
shown to be sharp. An example of a map meeting these conditions is given in which, in
contrast to what is true when Y is a manifold, Nielsen root classes of the map have differ-
ent multiplicities and essentialities, and the root Reidemeister number is strictly greater
than the Nielsen root number, even when the latter is nonzero.

1. Introduction

Let f : X — Y be a map of topological spaces and y, € Y. A point x € X such that f(x) =
¥o is called a root of f at yo. In Nielsen root theory, by analogy with Nielsen fixed-point
theory, the roots of f are grouped into Nielsen classes, a notion of essentiality is defined,
and the Nielsen root number is defined to be the number of essential root classes. The
Nielsen root number is a homotopically invariant lower bound for the number of roots
of f at yo. When X is noncompact, it is often of more interest to restrict attention to
proper maps and proper homotopies, and define a “proper Nielsen root number.”

We also consider the topological analog of the case where y, is a “regular value” of f.
In this analog, f is said to be “transverse to y.” The map f is transverse to y, if it has
a neighborhood that is evenly covered by f. For this purpose, Hopf [7] introduced the
notion of “absolute degree” (which we redefine in Section 3 below). For maps of com-
pact oriented manifolds, the absolute degree is the same, up to sign, as the Brouwer de-
gree.

The main objective of this paper is to prove the following two theorems in Nielsen root
theory.
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274  Roots of mappings from manifolds

TaeoReM 1.1. Let f : X — Y be a proper map of a connected n-manifold X into a Haus-
dorff, connected, locally path-connected, and semilocally simply connected space Y. Assume
yo € Y has a neighborhood homeomorphic to Euclidean n-space R". Then every map prop-
erly homotopic to f and transverse to yy has at least A(f, yo) roots, where A(f, yo) denotes
the absolute degree of f at y.

Moreover, if n > 2, then there is a map properly homotopic to f and transverse to y, that
has exactly A(f, yo) roots at yj.

TueoreMm 1.2. Let f: X — Y be a proper map of a connected n-manifold X into a Haus-
dorff, connected, locally path-connected, and semilocally simply connected space Y. Assume
¥o € Y has a neighborhood homeomorphic to Euclidean n-space R". Then every map prop-
erly homotopic to f has at least PNR( f, yo) roots at yo, where PNR( f, yo) denotes the proper
Nielsen root number of f at yy, and every Nielsen root class of f at yo with nonzero multi-
plicity is properly essential.

Moreover, if n > 2, then here is a map properly homotopic to f that has exactly PNR( f, yo)
roots at ¥, and a root class of f is properly essential only if it has nonzero multiplicity.

Each of these theorems is a direct generalization of a theorem that heretofore required
Y, as well as X, to be an n-manifold. Those theorems, in their original forms, are due to
Hopf [7]. Modern statements and proofs (still requiring Y to be a manifold), as well as
a review of the history of the subject are given in Brown and Schirmer [3]. Definitions
of the terms “transverse,” “absolute degree,” “proper Nielsen number,” “multiplicity,” and
“properly essential” are given in Sections 2 and 3 below. Before proceeding to formal
definitions, however, we will use the following example to introduce some of these and

other concepts from Nielsen root theory, as well as to illustrate Theorems 1.1 and 1.2.

Example 1.3. Let $" = {x € R™! | |x|| = 1} denote the unit sphere in R"*!, and let S =
(0,...,0,—1) and N = (0,...,0,1) denote its south and north poles. Assume #n > 2. For
each positive integer k, let kS" denote the space formed by taking k copies of S" and
identifying the north pole of each to the south pole of the next. More formally, define an
equivalence relation ~ on {1,...,k} X §" by (z,N) = (z+1,S) forz = 1,...,k — 1 and let
kS" = {1,...,k} x §"/ ~. Thus, in particular, 25" is the wedge product of two spheres.

There is a natural map of S” onto 28" obtained by squeezing the equator of §” to a
point. We generalize this to a map g : S — kS". First, for each z = 1,...,k, let

Xzz{(xl,...,xnﬂ)es” 2(zk_1)—1s;cnﬂs%—1}. (1.1)
Define g, : X, — S§" by
(0,...,0,—1) ifz=1, xp41 = —1,
2 (1 m) = (0,...,0,1) ifz=k, xp01 =1, (1.2)

1— 2
M (X15...5Xn),0,(xp41) | otherwise,
1 — Xnt+1
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Figure 1.1. Example 1.3 with k = 3.

where a,(x) = k(x+ 1) —2z+ 1. So g, takes X, onto S§" by squeezing the latitudes x,; =
2(z—=1)/k — 1 and x,4; = 2z/k — 1 to the south and north poles, respectively, and map-
ping the rest of X, homeomorphically onto the rest of S”. Now define g : " — kS" by

g(x) =[(z,gx))] forxeX, z=1,..,k, (1.3)

where the square brackets denote the equivalence class of (z,g,(x)) in kS" = {1,...,k} X
S§"/ =.

For every integer d € Z, let hg : S" — S" be a map with Brouwer degree d that leaves
north and south poles fixed. Then, for any sequence (d,...,dx) of integers, the map
(z,x) = (2,h4,(x)) of {1,...,k} X §" to itself induces a self-map of kS", which we denote
_____ 4. s kS" — kS".

Now let ZS" = 7 x §"/ =, where (z,N) ~ (z+1,S) for all z € Z. The inclusion {1,...,
k} x §" C Z x §" induces an injection i : kS" — ZS".

Let §"/{S,N} denote the space formed from S” by identifying the north and south
poles. Then the projection (z,x) — x of Z X $" onto S" induces a map g : ZS" — S"/{S,N},
which is easily seen to be a covering; in fact, g is the universal covering of $?/{S,N}.

Let f: §" — 7S§" be the composition f =iohy, g4 °g andlet f=go f So f is a lift
of f through g. Choose a point y, € Z/{S,N} — {S,N} and denote the points in g~*(y)
by ¥., where ¥, € {z} x §" for each z € Z. The picture for k = 3 is shown in Figure 1.1.
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Since both §” and ZS" are simply connected, then the images of their fundamental
groups under f and g, respectively, are (trivially) equal, so g is a Hopf covering and f
is a Hopf lift for f. (Terms in italics are from Nielsen root theory, and are reviewed or
defined in Section 3 below.) Thus, each of the sets f‘l(?z) is either empty or a Nielsen
root class of f at yo. Assumed, # 0forz=1,...,£ <k,andd, =0forz=£€+1,...,k. The
mteger root index A(f, f (72)) for the Nielsen class f~1(y,) is dz, so each of the classes
f 1(3,) for 1 < z < € is essential. For other values of z, either f (y.)=Qort<z=<k
and d, = 0. In this last case there is a homotopy, constant on the north and south poles,
of hg, : 8" — §" to amap h’ such that h'~ 1(?0) &. This homotopy can be used to define
a homotopy of f to a map f such that f "~1(3,) = @. Thus f (72) is inessential (or
empty). It follows that the Nielsen root number of f is NR( f ¥o) = €. Since §" is compact,
this is also the proper Nielsen root number of f, PNR(f, yo).

The index for all of S" is A(f,S") = d, + - - - + di. The multiplicity of f (¥2)
mult(f, f yz ,¥0) = |d;|, and the absolute degree of f at y, is the sum of the multlphc—
ities: A(f,y0) = Idi| + - - - + |dk|. Every map homotopic to f has at least NR(f, yo) = ¢
roots at yp. On the other hand, from what we know of maps of spheres, for every d # 0,
there is a map homotopic to h4 : S" — S” by a homotopy constant at S and N that has
only one root at ¥. These maps may be used to define a map homotopic to f that has
exactly € = NR(f,y9) = PNR(f, y0) roots. We will see that every map homotopic to f
and fransverse to yo has at least S4(f, y9) = |di| + - - - + |d| roots. On the other hand,
each map hy: S" — 8" is homotopic to a map, by a homotopy constant on S and N, that
is transverse to yo and has exactly |d| roots. These maps may be used to define a map
homotopic to f and transverse to y, that has exactly 25:1 ld;| = (f, o) roots.

The root Reidemeister number RR(f) of f is the index in the fundamental group of
§"/{S,N} of the image of the fundamental group of §” under f. In this example S” is
simply connected and §"/{S,N} has infinite cyclic fundamental group, so RR(f) = co.

This example is of particular interest because, like maps of closed n-manifolds with
n>2, NR(f,yo) is a sharp lower bound on the number of roots of f” at y, over all maps
f" homotopic to f, and sd(f, yo) is a sharp lower bound on the number of roots of f” at
yo over all maps f’ homotopic to f and transverse to y,. But, unlike maps of manifolds,
the root classes may have different multiplicities and some may be inessential while others
are essential. Also, in this example, RR(f) > NR(f, yo), whereas for maps of manifolds,
RR(f) = NR(f, yo) whenever NR(f, yo) >0 (see, e.g., [1, Corollary 3.21]).

The rest of this paper is organized as follows. The next section establishes some nota-
tion and conventions, reviews proper maps and homotopies, transversality of a map to a
point, and concepts related to the orientation of a manifold. In Section 3, we review basic
definitions and results from Nielsen root theory and modify them for the case of proper
maps. By the end of Section 3 we will have completed the proof of the first paragraphs in
Theorems 1.1 and 1.2: we will have shown that sd(f, yo) is a lower bound on the num-
ber of roots of f for proper maps transverse to yo, and that PNR(f, yo) is a lower bound
on the number of roots for proper maps f—and they are both invariant under proper
homotopy. Section 4 is devoted to the problem of isolating roots. In particular, we show
that if f : X — Y is a proper map of a connected n-manifold X into a Hausdorff space Y
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and yy € Y has a neighborhood homeomorphic to Euclidean n-space R”, then there is a
map properly homotopic to f and transverse to yo. The last section completes the proofs
of Theorems 1.1 and 1.2.

2. Preliminaries

2.1. Miscellaneous conventions and notation. All spaces are assumed Hausdorff. We say
a space is well connected if it is connected, locally path-connected, and semilocally simply
connected.

Euclidean n-space is denoted by R”, the closed unit ball in R” by B”, the unit interval
by I, the integers by Z, and the integers modulo 2 by Z/2Z. For a class £ € Z/27Z, we write
€] =1if 1 €&, and €] = 0 otherwise. Notice that as is the case for ordinary absolute
value, [§+&'| < [§]+1&].

If S is a set, then cardS denotes its cardinality. If ¢ : G — H is an isomorphism, we
sometimes write ¢ : G=>H.

A path A inaspace X isamap A : I — X. If x is a point in the space X, then we also use
x to denote the constant path f — x. We use [A] to denote the fixed-endpoint homotopy
class of A.

A subspace B C X of a space X is an n-ball if there is a homeomorphism ¢ : B” — B. A
subspace E C X is n-Euclidean if there is a homeomorphism y : R" — E.

A homotopy {h;: X — Y | t €I} is a family of maps h; : X — Y indexed by I such
that the function (x,t) — h;(x) is continuous from X X I to Y. We usually denote it more
simply by {h;: X — Y} or even more simply by {h:}. The homotopy {h;: X — Y} is
constant on A C X if hy(x) = ho(x) for all x € A and t € I. It is constant off of A if it is
constant on X — A.

We say that a map f:(X,A) — (Y,B) definesamap f": (X',A") — (Y’,B’) if the two
maps are the same except for modifications of domain and codomain—more precisely, if
X' cX, f(X')CY', f(A")CB,and f'(x) = f(x) forallx € X".

Iff:X—Y,3:Y—7Y,and f:X — Y are maps and f = go f, then f is a lift of f
through p.

An inclusion e: (X — U,B — U) C (X,B) is an excision in the sense of Eilenberg and
Steenrod’s axiomatics [5, page 12] if U is open in X and ClU C intB. Letting N = X — U
and A = X — B, this is equivalent to saying thate: (N,N —A) C (X,X — A) is an excision
if N is a closed neighborhood of ClA. The excision axiom states that e induces homology
isomorphisms in all dimensions. Note, however, that if X is normal, as it will be in all
our applications, and N is any neighborhood of ClA, then we may find a closed neigh-
borhood C of ClA such that C C intN. Then the inclusions ¢’ : (C,C—A) C (N,N — A)
and eoe’ : (C,C—A) C (X,X — A) are both excisions in the above sense and therefore
induce homology isomorphisms. It follows that e: (N,N — A) C (X,X — A) also induces
homology isomorphisms. Therefore, we adopt a somewhat weaker (and more usual) def-
inition of excision: an inclusion e: (N,N — A) C (X,X — A) is an excision if N is a neigh-
borhood of C1A. What we call an excision is what Eilenberg and Steenrod call an “excision
of type (E;).” Using singular homology, such inclusions induce homology isomorphisms
regardless of normality [5, pages 267-268].
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2.2. Proper maps. A map f:X — Y is proper if f~1(C) is compact whenever C is com-
pact. A homotopy {f; : X — Y} is proper if the map X X I — Y given by (x,t) — fi(x) is
proper. Here are a few elementary results about proper maps and homotopies that we will
need.

TaEOREM 2.1. In order that a homotopy { f; : X — Y} be proper it is necessary and sufficient
that U,e; f; ' (C) be compact whenever C C Y is compact.

Proof. Suppose first that { f;} is proper and that C C Y is compact. Then {(x,t) € X X T |
fi(x) € C} is a compact subset of X X I, and therefore its image under the projection
X x I — X is compact. But that image is precisely U,c; f; ' (C).

Now suppose that [J;e; f; ' (C) is compact whenever C C Y is compact. Let CC Y
be compact. Then UJ,¢; f; '(C), and therefore (U,e; fi'(C)) X I, is compact. Now C is
compact and therefore closed in Y. Since f;(x) is continuous in (x,t), it follows that
{(x,t) e X X1 fi(x) € C} is closed. But {(x,t) € X X I'| fi(x) € C} is easily seen to be a
subset of (Uye; fi 1(C)) X 1, so as a closed subset of a compact set it is also compact. This
shows that { f;} is proper. O

THEOREM 2.2. Suppose {f; : X — Y} is a homotopy, f : X — Y is proper, K C X is compact,
and that { f;} is constant at f off of K. Then { f;} is proper.

Proof. Let C C Y be compact. Since { f;} is constant at f off of K it is easy to see that
User fi 1(C) = (Uer(IK)~H(C)) U f71(C). Since K is compact, then {f;|K} is proper,
so by Theorem 2.1 U,;¢;(f;]K)"}(C) is compact. Since f is proper, f~!(C) is compact.
Thus their union J,c; f; ' (C) is compact, so by Theorem 2.1 { f;} is proper. O

THEOREM 2.3. Suppose that f: X — Y is a lift of a map f:X —Y through a covering
G:Y — Y. Then f is proper if and only if f is proper.

Note we do not require g to be proper.

Proof. Suppose first that f is proper, and let C C Y be compact. Then g(C) is also com-
pact, so since f is proper, then f~1(g(C)) is compact. But it is easily seen that f () c
£~1(g(C)), s, as a closed subset of a compact space, it is compact. Thus f is proper.
Now suppose f is proper. Let C C Y be compact. Then C has a finite covering # by
compact sets each of which is evenly covered by . For each K € ¥, let K be a set mapped
homeomorphically onto K by G. Then each such K is compact, so, since f is proper,
f ~1(K) is also compact. Thus Ug ey f ~I(K) is a finite union of compact sets and is there-
fore compact. It follows that f~!(C), as a closed subset of the compact set Uges; f ' (K),
is compact. Thus f is proper. ]

Since a proper homotopy from a space X is a proper map from the space X x I, we
have the following corollary.

COROLLARY 2.4. Suppose that {f;: X — Y} is a lift of a homotopy {fi: X — Y} through a
coveringq:Y — Y. Then { f;} is proper if and only if { f;} is proper.

We leave the proof of the following to the reader.

THEOREM 2.5. A covering map is proper if and only if it is finite sheeted. The composition of
proper maps is proper.
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2.3. Transversality, local homeomorphisms, and isolated roots. Let f : X — Y be a map
and yp € Y. A root of f at y, is a point x € X such that f(x) = yo. The root x is isolated
if it has a neighborhood N that contains no other root of f at yo. If all the roots of f
are isolated, then f~!(yp) is discrete, so if f is also proper, then f~!(yp) is compact and
therefore finite.

The map f is a local homeomorphism at x if xy has a neighborhood that is mapped
homeomorphically onto a neighborhood of f(x). Clearly, if f is a local homeomorphism
at a root x, then x is isolated.

Amap f:X — Y is transverse to yy € Y if y, has a neighborhood N for which there
is a family {N, | x € f~'(y0)} of mutually disjoint subsets of X indexed by f~!(yp) such
that f~}(N) = Llxe f-1(y,) Nx> €ach Ny is a neighborhood of x € f7Y(»0), and f maps each
N, homeomorphically onto N.

The case where f~!(y) = @ requires some clarification. If yo & Cl f(X), then y, has
a neighborhood N such that f~!(N) is empty and therefore the union of the empty fam-
ily of sets. Since members of the empty family have (vacuously) any property we want,
including being homeomorphic to N, it will be convenient to agree that in this case f
is (vacuously) transverse to yo. On the other hand, if yo ¢ f(X), but yo € Bd f(X), then
f~1(N) is nonempty for every neighborhood N of y,, but no subset of f~!(N) is mapped
onto N by f, so f cannot be transverse to yo.

If f is transverse to yp, then f is a local homeomorphism at each x € f~!(y,). The
converse is not true. For example, let f : (—2m,27) — S! be the exponential map f () =
exp(it) from the open interval (—27,27) to the unit circle in the complex plane. Then f is
not transverse to 1 € S. However, the converse is true under quite general circumstances
provided that f is proper.

THEOREM 2.6. Suppose f : X — Y is a proper map of (Hausdorff) spaces, yo € Y has a
compact neighborhood K C Y, and f is a local homeomorphism at each x € f~'(yy). Then
[ is transverse to yj.

This theorem with the stronger hypothesis that X and Y are manifolds of the same
dimension appears as [2, Lemma 7.5]. However, we will need it now for nonmanifold Y.

Proof. Since f is proper, then f~!(K) is compact and f~!(yp) is finite. It is not hard to
find an open neighborhood U C K of y, and a family {Uy | x € f~1(y0)} of mutually
disjoint open sets U, such that for each x € f~1(y,), x € Uy and f takes U, homeomor-
phically onto U. The difficulty is that even though ||, Uy € f~}(U), in general, | ], Uy #
f71(U). To remedy this, let € be the family of all closed neighborhoods C C U of yj.
Since K is compact Hausdorff, it is not hard to show that € # & and (ce C = yo. Thus,
since f~'(y0) C s Uy, we have Neeg(f71(C) = Uy Us) = fH(Neee ©) — Ly Ux = @.
Since f~!(K) is compact, this shows that the family {(f~!(C) — ||, Uy) | C € €} can-
not have the finite intersection property, so there is a finite subfamily €’ C ¢ such that
Neew (f7HC) = U, Uy) = @, and therefore f~'(Ncee C) C L, Uy It follows that
Ncew C is a neighborhood of yy such that f~1(Ncew C) = L, (Ux N f1(Neee C)) and
for each x € f~!(yp), f maps the neighborhood Uy N f~1((N¢ew C) of x homeomorphi-
cally onto the neighborhood (cc C of yo. Hence, f is transverse to yy. O
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2.4. Orientation

Definition 2.7. A topological space Y is locally n-Euclidean at y, € Y if y, has a neighbor-
hood E homeomorphic to Euclidean n-space R". If Y is n-Euclidean at y,, then by exci-
sion Hy(Y,Y — yo;Z) =~ H,(E,E — y;Z) is trivial for p # n and infinite cyclic for p = n. A
generator of H,(Y,Y — y;Z) is called a local orientation of Y at y,.

Throughout the rest of this subsection, let X be an n-manifold, that is, a paracompact
(and Hausdorff) space that is n-Euclidean at each of its points. Then an orientation of X
is, roughly speaking, a continuous choice of local orientation at each point x € X. In order
to make this definition precise, we follow Dold [4, pages 251-259] and use the orientation
bundle p@% : ORB(X) — X, the orientation manifold )?, and the orientation covering ﬁ:
X — X of X. The following description also draws on [2, pages 5-8]. (However, in both
of these references, X is used to denote what we are now calling 0% (X), and X (1) is used
to denote the orientation manifold, which we will now denote more simply by X.)

As a set, OB(X) = Uyex Hi(X,X — x;Z), and as a function, p®®(§) = x for all £ €
H,(X,X — x;Z) and x € X. To describe the topology on X%, let U C X be the inte-
rior of an n-ball in X. Then, for any x € U, X — U is a deformation retract of X — x,
so the inclusion iyy : (X, X — U) C (X,X — x) induces an isomorphism iy, : H,(X,X —
U;Z)=-H,(X,X — x;Z). Therefore, we may define a bijection ¢y : U x H,(X, X -U;Z) —
(p°)"1(U) by ¢(x,£) = izxn(&). Give U the subspace topology, H,(X,X — U;Z) the dis-
crete topology, and U X H,(X,X — U;Z) the product topology. Then the topology on
ORB(X) is characterized by the property that ¢y is a homeomorphism for every such
U C X. With this topology, p®* : 0%(X) — X is a covering.

For each x € X, the group H,(X,X — x;Z) has two possible generators; let X denote
the subspace of O%B(X) consisting of all these generators, two for each x € X, and let
5: X — X be the restriction of p°® to X. Then §: X — X is a two-sheeted covering called
the orientation covering of X. The space X is an n-manifold called the orientation manifold
of X. An orientation of X is a section sy : X — X of p. The manifold X is orientable if it has
an orientation, otherwise it is nonorientable. A manifold X, together with an orientation
sy : X — X, is an oriented manifold. N N

The orientation manifold of X is X. It has a canonical orientation sy : X — X defined
as follows: let ¥ € X, x = p(X), let U be an evenly covered connected open neighborhood
of x, and U the component of 5~!(U) containing ¥%. Construct the diagram

(X,X-%)5(U0,0-% L% (U, U-x) € (X,X -x), (2.1)

where py is defined by p. The inclusions are excisions and py is a homeomorphism, so we
may define sg(X) = €, © pyy, © €, (X), where &,, Py, and e, are the induced n-dimensional
homology isomorphisms. Thus, the orientation manifold is always orientable.

Ifsy: X — X is an orientation, then so is —sx, and both sy and —syx are homeomor-
phisms onto their images. Thus, if X is connected, then X is nonorientable if and only if
X is connected.
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Suppose U C X an open subset of the n-manifold X. Then U is also an n-manifold. For
each x € U, the excision e, : (U,U — x) C (X,X — x) induces an isomorphism ey, : H,(U,
U—-x;2)~H,(X,X —x;Z). If sy : X — X is an orientation of X, then we may define an
orientation sy : U — U by sy(x) = e} (sx(x)). The orientation sy is called, with only a
slight abuse of terminology, the restriction of sx to U.

Let h: X — X be a homeomorphism. Then & induces a homeomorphism h:X-X,
given by iNz()Nc) = h.,(X), where for each x € X, h, : (X, X — x) — (X, X — h(x)) is defined
by h and hy, is the induced homology isomorphism. Now suppose X has an orientation
sy X = X If ho sx(x) = sx o h(x), for all x € X, then h is orientation-preserving. If ho
sx(x) = —sx o h(x) for all x € X, then h is orientation-reversing. If X is connected, then
these are the only possibilities. As an important example, it is easy to show (using the
canonical orientation sy defined above) that the map X — —X is always an orientation-
reversing homeomorphism of X.

Let A be a loop in an n-manifold X, and let A be a lift of A to a path in X. Then
either X(l) = K(O) € H,(X,X — A(0)), so Aisa loop, or g(l) = —X(O), s0 A is not a
loop. In the first case we say that A is orientation-preserving, and in the second case, A is
orientation-reversing. It is easy to show that X is orientable if and only if all of its loops
are orientation-preserving.

Definition 2.8. Suppose f:X — Y is a map. Then f is called orientable if there is no
orientation-reversing loop A in X such that f o A is contractible. It is called nonorientable
if f o A is contractible for some orientation-reversing loop A in X.

Note that this definition agrees with the usual definition of map orientability [3, Defi-
nition 2.1] in the case where Y is also an n-manifold, but requires only X to be a
manifold—Y can be arbitrary.

Let K C X be a compact subset of an oriented n-manifold X with orientation sx : X —
X. Then there is an unique element ox € H,(X,X — K) such that for every x € K the
homomorphism H,(X,X — K;Z) — H,(X,X — x;Z) induced by the inclusion takes ok to
sx(x). The element ok is called the fundamental class around K.

Let f: X — Y be a map from an oriented n-manifold X to an oriented n-manifold
Y with orientation sy : Y — Y, and suppose that £~ (y0) is compact for some y, € Y.
Then f defines a map f': (X, X — f~'(y)) — (Y,Y — y,) that induces a homomor-
phism f,, : H,(X,X — f ' (30);Z) — Ha(Y,Y — y0;Z). The degree of f over yy is the integer
deg, (f) defined by the equation f,(0f-1(y,)) = deg, (f)sy(yo). If Y is connected and f
proper, then deg, f is independent of the choice of yy and is called the degree of f and
denoted by deg f. This is a direct generalization of the notion of Brouwer degree for maps
of connected compact oriented n-manifolds.

3. Elementary Nielsen root theory for proper maps

This section has three purposes. First, it serves as a summary of the elementary Nielsen
root theory that we will need in the sequel. A more leisurely treatment of that theory,
together with proofs of the assertions made here without proof, may be found in [1].
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The second purpose is to modify that theory for the case of proper maps; in particu-
lar, to define “proper essentiality,” the “proper Nielsen root number,” and an “integer
proper root index” for proper maps f : X — Y of an n-manifold into a space Y that is
n-Euclidean at a point y, € Y. The third is to extend the definitions of “multiplicity” of a
root class and “absolute degree” of a proper map f : X — Y of n-manifolds to situations
in which Y is n-Euclidean at y, but not necessarily a manifold.

3.1. Nielsen root classes and the (proper) Nielsen root number. Let f: X — Y be amap
and yy € Y. Two roots x and x” are Nielsen root equivalent if there is a path A in X from x
to x” such that [ f o A] = [yo]. This is indeed an equivalence relation, and an equivalence
class is called a Nielsen root class of f at yy, although this will frequently be shortened to
Nielsen class or Nielsen class of f, and so forth. The set of Nielsen root classes of f at yj is
denoted by f~!(yo)/N.

Now let {f; : X — Y} be a homotopy and yy € Y. A root x of fy at y, is { f;}-related
to a root x; of fj at yy if there is a path A in X from x, to x; such that the path { f;(A(¢))}
is fixed-endpoint-homotopic to yy. If one root in a Nielsen class «y of f; is { f;}-related
to a root in a Nielsen class «; of fi, then every root in « is { f;}-related to every root in
. In this case we say that g is { f;} -related to ;. The { f;} relation among root classes is
one-to-one in the sense that each root class of f; is { f;}-related to at most one root class
of fi and each root class of f; has at most one root class of f; related to it.

A root class ag of f: X — Y at yy € Y is called essential if given any homotopy {h; :
X — Y} with hy = f, there is a root class a; of h; at yo to which ay is related. The number
of essential root classes of a map f : X — Y at yy is the Nielsen root number of f at y, and
is denoted by NR(f, o). We modify these definitions for proper maps as follows.

Definition 3.1. A root class oy of a proper map f:X — Y at yp € Y is called properly
essential if given any proper homotopy {h; : X — Y} with hy = f, there is a root class
ay of hy at yy to which ay is related. The number of properly essential root classes of a
proper map f : X — Y at y, is the proper Nielsen root number of f at y, and is denoted by
PNR(f,y0)-

Clearly, every essential root class is properly essential, so NR(f, y9) < PNR(f, yp). It
can happen, however, that NR(f, yo) < PNR(f, o). Later, in Example 3.11, we show that
if f is the identity on R”, then PNR(f, o) = 1 but NR(f) = 0.

The following theorem is an easy consequence of the preceding discussion.

TaEOREM 3.2. Let f: X — Y be a map and let yy € Y. Then NR(f, yo) is a homotopy
invariant of f and NR(f,yo) < card f~1(yo). If f is proper, then PNR(f, yo) is a proper
homotopy invariant of f and PNR(f,yo) < card f (o).

3.2. Hopf coverings and lifts. Let f : X — Y be a map of well-connected spaces, and let
x € X. Then, from covering space theory, there is a covering g : Y — Y such that for any
¥ € g '(f(x)) we have imgs = im fi, where fi: 7(X,x) — 7(Y, f(x)) and g : T[(}/},j/\) -
n(Y, f(x)) are the induced fundamental group homomorphisms. Moreover, there is a
lift f :X — Y of f through g, and ﬁ n(X,x) — n(f’,f(x)) is an epimorphism. Here are
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the diagrams:

(Y, f(x))

/ d ey

n(X,x) A (Y, f(x))

<<

/‘?
f
- >

We call g4 and f a Hopf covering and Hopf lift for f, since Hopf was the first to exploit
g and f in root theory. The covering g is unique up to covering space isomorphism and
does not depend upon the choice of x € X. The covering g is also a Hopf covering for

X

any map homotopic to f. The lift f is unique up to deck transformation, that is, if f !
is another lift of f through g, then f’ =ho f, where h is a deck transformation for the
covering g.

The importance of g and f for root theory is the following. Let ¥y € Y. A nonempty
subset a C X is a Nielsen root class of f at y, if and only if « = f~1() for some €

“(yo). Moreover, if {h¢} is a homotopy with f = hy, then we may lift {h;} to a homotopy
{ht} beginning at f and a root class ag of f at yq is {h;}-related to a root class a; of hy if
and only 1f (xo = f '(») and oy = hl ( ) for the same y € g~ !(yo). It follows that a root
class f ) is essential if and only if hl () # @ for every homotopy {he} beginning at
f . Also, usmg Corollary 2.4, if f is a proper map, then a root class f y) is properly
essential if and only if ﬁl () # @ for every proper homotopy {he} beglnmng at f

3.3. Admissible pairs

Definition 3.3. Let X and Y be spaces and yy € Y. A pair (f,A) is admissible for X, Y, v,
if f:X — Y isamap, A C X, and A has a closed neighborhood C such that C — A has no
roots of f at yo. If, in addition, f is proper, then (f,A) is properly admissible.

The following theorem gives some important examples of (properly) admissible pairs.
Its proof is easy and therefore omitted.

TaEOREM 3.4. Let f : X — Y be a map and y, € Y; then
) (f,X), (f,D) are admissible;
(2 if both (f,A1) and (f,A;) are admissible, then so are (f,A; N Ay) and (f,A, UA,);
) (f> f1(p)) is admissible;
(4) for any Nielsen root class « of f at yo, (f,a) is admissible;
(5) if U € X is open and BAU has no roots of f at yo, then (f,U) is admissible.

If f is proper, then each of the above admissible pairs is properly admissible.
THEOREM 3.5. Suppose X is normal and (f,A) is admissible for X, Y, yo. Then ClLA has

a neighborhood N such that N — A has no roots of f at yo. The inclusion (N,N — A) C
(X,X — A) is an excision in the sense of Section 2.1.

Proof. Since (f,A) is admissible, then A has a closed neighborhood C such that C — A is
root-free. Then C and (X — intC) N f~!(yp) are disjoint closed sets. Hence, by normality,
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they have disjoint neighborhoods N and N’, respectively. The neighborhood N is the
desired neighborhood of ClA. The fact that (N,N — A) C (X,X — A) is an excision is
immediate from Section 2.1. O

3.4. Proper root indices

Definition 3.6. Let X and Y be topological spaces and yy € Y. A (proper) root index for
X, Y, yo is a function w from the set of (properly) admissible pairs for X, Y, y, into an
abelian group satisfying the following.

(1) (Additivity) If A € X and A,,...,A, are subsets of A such that
(a) (f,A) is (properly) admissible and ( f,A;) is (properly) admissible for each i,
() £~ (o) N (A—UsA) = @,
(c) AinAj = fori# j,
then w(f,A) = X w(f,A)).

(2) (Homotopy) If { f; : X — Y} is a (proper) homotopy, A is open in X, and (f;,A) is
(properly) admissible for all t € I, then w(f,A) = w(f1,A).

THEOREM 3.7. Let {f;: X — Y} be a proper homotopy, let yy € Y, let w be a proper root
index for X, Y, yo, and suppose that o is a Nielsen root class of fo. If ay is { f;}-related to a
root class oy of fi at yo, then w( fo,a0) = w( fi,a1). If ap is not { f; }-related to any root class
of fi at yo, then w( fo,a0) = 0.

Proof. See [1, Theorem 4.6] for a proof. Theorem 4.6 of [1] assumes that X is compact.
However, the proof is structured in such a way that it is still valid for noncompact X
provided { f;} is proper. O

CoROLLARY 3.8. Let f : X — Y be a proper map, yo € Y, « a Nielsen root class of f at y,,
and w a proper root index for X, Y, yo. Then w( f,a) # 0 implies that o is properly essential.

The following theorem allows us to construct a proper root index w by defining w( f,A)
for properly admissible pairs ( f,A) for which ClA is compact, and then extending it au-
tomatically to all properly admissible pairs.

TaEOREM 3.9. Let X and Y be topological spaces and yy € Y, and let w be a function into
an abelian group from the set of all properly admissible pairs (f,A) for X, Y, yo such that
ClA is compact. Suppose that w satisfies conditions (1) and (2) of Definition 3.6 whenever
the sets A and A; have compact closure. Then w has a unique extension to a proper root index
for X, Y, yo.

Proof. Let (f,A) be properly admissible for X, Y, yo. Then (f, f~*(y9) N A) is properly
admissible. Since f is proper, then f~!(yy) is compact, so f~'(y9) N A has compact clo-
sure. Thus w(f, f~1(y0) N A) is well defined, so we may define w’ by

W' (f,A)=w(f, f '(y) NA), (3.2)

for every pair (f,A) that is properly admissible for X, Y, yo. If ClA is compact, then
w(f,A) is already defined, and by additivity (with n = 1 and A; = f~1(yy) N A) we have
w(f,A) = w(f,f 1(y) NA), so w is in fact an extension of w. Moreover, if @’ is to
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be a proper root index, then additivity demands that w'(f,A) = &' (f, f~1(y) N A) =
w(f, f~1(y) N A). So the extension is unique. It remains to show that «’ is a proper root
index.

Additivity of w’ follows easily from the additivity of w, so we omit its proof. For ho-
motopy, suppose that { f; : X — Y} is a proper homotopy, A is open in X, and that (f;,A)
is admissible for every t € 1. Let V be an open neighborhood of yy with compact closure
and let U = U,e; ft ). Then, for each t € I, U is an open neighborhood of f;~!(
and therefore f;™! yo) N Bd U=9,so (ﬂ, ), and therefore (f;, U N A), is properly ad—
missible for each t € I. Also U = User fi~ (V) C User fi H(CLV), so, by Theorem 2.1, U,
and therefore U N A, has compact closure. Thus w(f;, U N A) is well defined for all t € I
and

W' (fo,A) = 0(foo fy' () NA) = w(fo,AN V)
=w(fi,AnU) =w(fo, f; ' (o) NA) =’ (f1,A).
The first and last equality follow from the definition of w’. The second equality follows

from additivity of w and the fact that (A N U) = (f; '(y) N A) is root-free. The third
equality follows from the homotopy property for w. O

(3.3)

We apply this theorem for the case where X is a (not necessarily compact) orientable
n-manifold, and Y is a topological space that is #n-Euclidean at a point y, € Y.

THEOREM AND DEFINITION 3.10. Suppose X is an orientable n-manifold and Y is a topo-
logical space that is n-Euclidean at yy € Y. Let sx : X — X be an orientation of X and let
v € Hy(Y,Y — y0;Z) be a local orientation of Y at y,. Define an integer-valued proper root
index (relative to these orientations) A for X, Y, y, as follows.

Let (f,A) be properly admissible for X, Y, yo with CLA compact. Let N C X be any neigh-
borhood of C1A such that N — A is root-free, and let K C X be any compact set containing A.
Let ox € Hy(X,X — K) be the fundamental class of X around K (relative to the orientation
sx). Construct the diagram

XX —K) EQLX—A)SINN-A) L (v,Y — ), (3.4)

where f' is the map defined by f. Then e is an excision and therefore induces homology
isomorphisms in all dimensions, so there exists a homomorphism f,, o e, ! o ix, : Hy(X, X —
K;7Z) — H,(Y,Y — yo;Z). Define the integer A(f,A) by

fuoent oiga(ok) = A(f,A). (3.5)

Then A(f,A) is independent of the choice of K and N—subject only to the conditions that N
be a neighborhood of C1A and that K be a compact set containing A. Moreover the integer-
valued function A, defined on the set of all properly admissible pairs (f,A) for which A has
compact closure, extends uniquely to an integer-valued root index for X, Y, yo which will be
called the integer root index for X, Y, y.

Proof. We first show independence from K. So let K" be another compact set containing
A. Then K n K’ is also a compact superset of A and we have the following commutative



286 Roots of mappings from manifolds

diagram of inclusions:

(X,X —K)

(X,X = (KN K')) —X% _(X,X - A) (3.6)

) ik’
JK!

(X,X - K')

By the characterization of fundamental class, we easily have jk,(0x) = oknk = jk'n(0k')-
Therefore, by commutativity,

ikn(0K) = iknk'n(0kAK) = ikn(0k), (3.7)

so f, oe, ! oixy(ok) = f, o e, oixn(ok). Therefore A(f,A) is independent of the choice
of K.

The proof that A is independent of the choice of N and that it satisfies the additivity and
homotopy for admissible pairs ( f,A) in which A has compact closure is very similar to the
proofs of the corresponding facts in [1, Theorem and Definition 4.10], and will therefore
be omitted. By Theorem 3.9, A has a unique extension to a root index for X, Y, ;. O

Example 3.11. Let f:R" — R" be the identity map and y, € R". Then y, is the only
root of f at ¥, and therefore {y,} is the only Nielsen root class of f at y,. Choose an
orientation sg» : R — R" of R” and choose the local orientation at ¥o to be v = sgu ().
To compute A(f, yo) relative to these orientations, let N = R” and K = {y,} in the above
definition. Then f’, e, and ix are the identity map on (R",R" — yp), so f, o e, ! oigy is
the identity on H,(R",R" — y¢;Z) =~ Z. Also, ox = v. Hence, A(f, {y0}) = 1 # 0. It follows
from Corollary 3.8 that {yo} is properly essential, and therefore PNR(f, o) = 1.

On the other hand, let y; € R” be distinct from yy, and let {h;} be the straight line
homotopy from f to the constant map into y;, hy(x) = (1 — t)x+ty;. Then hfl(yo) =0,
so NR(hy, o) = 0. Since NR is a homotopy invariant, then NR(f, y9) = NR(hy, yp) = 0.
This example shows that PNR( f, yy) can be strictly less than NR(f, yo).

Remark 3.12. If X is compact, then we may take K = X in Theorem and Definition 3.10.
In this case the homomorphism fy, © ent o ixn : Hy(X,X — K;Z) — H,(Y,Y — ¥0sZ) is
the homomorphism L,(f,A) : H,(X;Z) — H,(Y,Y — y0;Z) of [1, Theorem and Defini-
tion 4.12], and therefore A is the same as the integer-valued index defined in [1, Theorem
and Definition 4.14].

Remark 3.13. If Y is also an oriented manifold, then A(f, f~'(y0)) = deg,, f, the degree
of f along yo. And when Y is connected (as we usually assume), then this number is the
same for all yo € Y and is the degree of f, deg f. (This generalizes Brouwer degree from
maps of compact oriented manifolds to proper maps of arbitrary oriented manifolds.)
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By additivity, A(f, f ' (y0)) = A(f,X). Thus, A(f,X) = deg f whenever Y is an oriented
connected manifold.

We have an alternative description of A(f,A) in terms of degree.

THEOREM 3.14. Suppose X is an orientable n-manifold and Y is n-Euclidean at y, € Y.
Choose an orientation sx : X — X of X and a local orientation v € H,(Y,Y — yo) of Y
at yo. Let A be the integer root index for X, Y, y, relative to these orientations. Let EC'Y
be a Euclidean neighborhood of y,, and let sg : E — E be the orientation of E such that
jn(se(yo)) = v, where j, is induced by the inclusion j: n(E,E — yy) C (Y,Y — y,). Now
suppose that (f,A) is properly admissible for X, Y, )/0 Then there is an open neighborhood
Uof f! yo ) N A such that f(U) C E and U — (f"'(y0) N A) has no roots of f at y,. Let
sy:U— U be the restriction of sx to U. Then relative to the orientations sy and sg,

Mf,A) = deg, fu (3.8)

where fug: U — E is defined by f.

Proof. By additivity, we have A(f,A) = A(f, f~'(y) N A), so it suffices to show that
AMS Y y) NA) = degyn fue. Notice that f~'(yo N A) = i (), so we will show that
MF, fog (y0)) = deg,, fus.

Since f is proper, then f~1(y,) is compact, and since (f,A) is admissible, we have
X yo) NA = f~1(y9) N ClA which is closed in X and therefore closed in the compact
set f~1(y0). It follows that f2 (y0) = f~'(y0) N A is compact. Hence, in order to compute
A(f, fui (y0)) we may use f2(yo) for the set K of Theorem and Definition 3.10. We may
also use U in place of N. Now consider the diagram

XX = fk () 5 (U U= fi (o) ——= (Y, Y — )

| o
- fue
(U, U - fgi (yo)) — (E.E = y0) (3.9)
v U
U fue 5

where f’, f{p, and fyg are defined by f and all other maps are the indicated inclusions.
By the definition of A, we have

foeen (0x, 11 50) = A5 fE (7)), (3.10)

where oy -1, is the fundamental class of X around fyz(yo). By the definition of
deg),0 fur we have

Joen(0u, g5 ) = (deg,, fur)se(yo), (3.11)
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where oy -1, is the fundamental class of U around fi7 (o). Applying j, to both sides
of the last equality and making use of commutativity,

Faou,f5200)) = jn© fOEn(0U, g5 (30))

. (3.12)

= (degyo fuE) jn(se(y0)) = (degyofUE)V
Hence, it remains to show that oy 1.1, =€, oy, fil(n))- To do so, let x be an arbitrary
pointin fy£(yo) and consider the diagram

(XX = fog(v)) 5 (UU = fg(y))
Niy Nk, (3.13)

(X, X —x) = (U,U-x)

Then ixu(en(0y, 151 (y))) = exnlkxn(0u, 51 (50))) = xn(su(x)) = sx(x). The first equality fol-
lows from commutativity, the second from the characterization of the fundamental class
0U, £ (yo)> and the third from the fact that sy is the restriction of sy. Hence, from the
characterization of the fundamental class ox 1.1(,,), we have e, (oy, 51 (4,)) = 0x, 151 (5)> and

therefore oy, 1.1(y,) = e;l(ox,fﬁé(yo)).

The integer-valued root index A is defined using homology with integer coefficients.
We now state a completely parallel theorem/definition of a Z/2Z-valued index. The def-
inition applies to nonorientable as well as orientable manifolds X. It is also somewhat
simpler, since the local groups H,(X,X — x;Z/2Z) have unique generators, so we need
not worry about choice of orientation.

THEOREM AND DEFINITION 3.15. Suppose X is an n-manifold and Y is a topological space
that is n-Euclidean at yo € Y. Define a Z/27-valued proper root index A, for X, Y, y, as
follows. Let (f,A) be properly admissible for X, Y, yo with ClA compact. Let N C X be
any neighborhood of Cl1A such that N — A is root-free, and let K C X be any compact set
containing A. Let ok, € Hy(X, X — K;2/27) be the /27 fundamental class of X around K.
Consider the diagram

(X, X -K) & (X,X —A4) 5 (N,N - 4) L (v,Y - y), (3.14)
where f' is the map defined by f. Then e is an excision and therefore induces homology

isomorphisms in all dimensions, so there exists a homomorphism f, o e, ! oix, : Hy(X, X —
K;7/27) — Hy(Y,Y — y0;Z/27). Define A,(f,A) € Z/2Z by

fr: °© e;l © iKn(OK) = )LZ(f)A)% (315)

where v generates H,(Y,Y — yo;2/2Z). Then Ay (f,A) is independent of the choice of K and
N—subject only to the conditions that N be a neighborhood of Cl1 A and that K be a compact
set containing A. Moreover, the Z/2Z-valued function ,, defined on the set of all properly
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admissible pairs (f,A) for which A has compact closure, extends uniquely to an integer mod
root index A, for X, Y, yo which is called the integer mod two root index for X, Y, yo.

The proof of Theorem and Definition 3.15 is completely parallel to that of Theorem
and Definition 3.10, so we leave its proof as well as formulating the Z/2Z parallels to
Remarks 3.12 and 3.13 and Theorem 3.14 to the reader.

3.5. Nielsen classes in the orientation manifold. In this subsection, we examine the re-
lation between Nielsen root classes of a map f : X — Y of a nonorientable manifold X
and the classes of f o p, where p : X — X is the orientation covering of X. So, throughout
this subsection, let f : X — Y be a map of a connected nonorientable n-manifold X into a
well-connected space Y, let §: X — X be the orientation covering of X, let §: ¥ — Y and
f:X — ¥ be a Hopf covering and lift for f, and let §: ¥ — ¥ and f:X — ¥ be a Hopf
covering and lift for f o p: X — Y. Choose a base point %, € X and base the fundamental
groups of X, X, Y, ¥, and ¥ at %), P(%y), f o p(%y), f © P(Xy), and f(%y), respectively. We
then have the following diagram of maps and diagram of induced fundamental group
homomorphisms:

n(Y)
Sy
q q#
X 7(X) m(¥) (3.16)

o2
-
N<— = <— =4

v
f #
—_—

(X)) —— n(Y)

>

THEOREM 3.16. Referring to the above diagram, § o G and f are a Hopf covering and lift for
f o p. If f is orientable, then G is a double covering. If f is nonorientable, then  is a single

covering (homeomorphism), so q and f o p are a Hopf covering and lift for f o p.

Proof. To prove the first statement we have

im (§oq), = 3+(imgs) = G (im (f © p),) 1)
=im (s o fuo ps) =im (fio Ps) =im (f o p)..

The second equality follows from the fact that g is a Hopf covering for fA o p, and the
fourth follows from commutativity. Thus g o § and f are a Hopf covering and lift for

feop.

To prove the rest of the theorem, note that the sequence

lﬁkerﬁ—»n(X)in(f/)—»l (3.18)
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is exact and therefore induces an exact sequence

R - 3 S 10,9 BN ¢ N (3.19)
im ps N ker fi 1m py im fz o ps

Since g4 is a monomorph1sm, then ker f# =kergy o f# = ker f, and since g is a Hopf cov-

ering for f P, then im f# o p# = imgs. Making these substitutions, the exact sequence
becomes

. kerfe ) 7(?) 1 (3.20)
im ps N ker f; im py im g

Now suppose f is orientable. Then ker f; C im p, so the group ker fi/im ps N ker f is
trivial, and therefore, by exactness, 7(X)/im ps — ﬂ(?)/ im gy is an isomorphism. Since
7(X)/im P is of order 2, then so is 7(Y)/im gy, and therefore § is a double covering.

Finally, suppose f is nonorientable. Then ker fi ¢ imps, so the group ker fu/
(im psNker fx) is not trivial, and therefore, by exactness, the epimorphism 7(X)/im ps —
n(?)/ img is not an isomorphism. Since 7(X)/im ps is of order 2, this implies that
7(Y)/im gy has order 1, and therefore § is a single covering. O

Now let yp € Y.

THEOREM 3.17. Suppose the map f : X — Y is orientable. Then, for any Nielsen root class
aof fatyo €Y, p~l(a) = &L (—a), where both & and —& are Nielsen root classes of f o p
at yo. If & is (properly) essential, then so is a.

Proof. Since a is a Nielsen root class of f at yo, thereisa y € g~ (o) such that f‘l(?) =a.
Since f is orientable, then from Theorem 3.16 ¢~ '(¥) = {7, '} for two distinct points j
and y'. Leta = f1(y) and & = f1(§'),s0 p (&) =a L& # @, and each of & and &’
is either a Nielsen root class of f o p at y or empty. To complete the proof of the first
statement, it remains to show that —&% = & So let ¥ € &, then o f(—%) = f o p(—%) =
fop(® =Gof(®) =7, s0-XeFU. Let A be any path from ¥ to —X. Then p o A is
an orientation-reversing loop in X, so, since f is orientable, we cannot have [ f o 5 oA ] =
[yo]. It follows that —X ¢ @&, and therefore —x € &'. Thus, —a C &'. Similarly, —&’ C @,
and therefore @ = —(—-&') C —&, 50 —a = .

To prove the last statement, we prove its contrapositive. So suppose that « is (prop-
erly) inessential; we will show that & is also (properly) inessential. Since a = f‘l(?) is
(properly) inessential, there is a (proper) homotopy {hy:X - Y} beginning at f such
that ﬁfl(f) @. Lift {h; o ﬁ} to a (proper) homotopy {h; : X — Y} beginning at fop.
Then &= f~'(9). But hy'(y) € f~HG (D)) = ’l(ﬁfl(ﬁ)) = @. Thus « is (properly)
inessential. O

The following theorem is an easy consequence of Theorem 3.16, so we omit its proof.

THEOREM 3.18. Suppose the map f : X — Y is nonorientable. Then, for any Nielsen root
classa of f at yo € Y, & = p~'(a) is a root class of f o p, and for this class, & = —a.
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3.6. Multiplicity and absolute degree. We are finally in a position to define multiplicity
and absolute degree.

Definition 3.19. Let f : X — Y be a proper map of a connected n-manifold X into a well-
connected space Y that is locally n-Euclidean at the point y, € Y. Then, for any Nielsen
root class « of f at y,, define the multiplicity of a, denoted by mult(f,«, yy), as follows.

(1) If X is orientable, then

mult (f, e y0) = |A(f, ) |- (3.21)

(2) If X is nonorientable, but f is orientable, then according to Theorem 3.17 there is
aroot class @ of f o p: X — Y such that p~!(a) = &Ll (—a). Then,

mult (f,a,y0) = |Mf o p,&)| = |A(f o p,—a)]. (3.22)
(3) If neither X nor f is orientable, then

mult (f,a, y0) = [Aa(f,a)]. (3.23)

Remark 3.20. Since we use the absolute value of A in case (1), the definition in case
(1) is independent of the choice of orientations used to define A. In the second case,
since the map X — —X is an orientation-reversing homeomorphism, it is easy to see that
A(f o p,a) = =A(f o p,—a), so the definition of multiplicity is independent of the choice
of & versus —a. Thus multiplicity is well defined.

Remark 3.21. In [3, page 57], Brown and Schirmer define multiplicity using the notion of
degree. Using Theorem 3.14, their definition of multiplicity is easily seen to coincide with
ours in cases (1) and (3). Case (2) is a bit more complicated, however. In this case they
first show that « has an orientable open neighborhood U containing no roots of f, other
than those in «, that is mapped by f into a connected orientable open neighborhood V of
¥o. Then f defines a map fyy : U — V. In general, however, U is not connected, so differ-
ent orientations of U may differ by more than just a sign. They describe an “orientation
procedure” for orienting U, and define mult(f,«, yy) = | degy0 fuv|. It can be shown that
their procedure for finding an oriented neighborhood U of « is equivalent to the follow-
ing: since, by Theorem 3.17, & # —&, we can find a neighborhood U of & disjoint from — U
that is mapped by f o p into a Euclidean neighborhood E of y,. Then, since p is a dou-
ble covering, 5 maps U homeomorphically onto a neighborhood U of a. We orient U by
first restricting an orientation of X to U, and then using the homeomorphism | U to ori-
ent U. We now have (using Theorem 3.14) [A(f o p,@)| = Idegyo(f o Pl = Idegy(J fuEl,s
so the two definitions of multiplicity are consistent.

THEOREM 3.22. Let {h,: X — Y} be a proper homotopy, where X is a connected n-manifold
and Y is a well-connected space that is n-Euclidean at yo, € Y, and suppose that oy is a
Nielsen root class of hg at yo. If ag is {h;}-related to a Nielsen root class o of hy at y,, then
mult(ho, &g, yo) = mult(hy, a1, yo). If ag is not {h;} -related to a Nielsen root class of hy, then
mult(ho, &g, y0) = 0.
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Proof. In cases (1) and (3) of Definition 3.19, this follows directly from the definition,
Theorem 3.7, and the fact that A and A, are proper root indices. So assume X is nonori-
entable but h (and therefore h) is orientable and write p~!(ag) = & U (—a). If ap is
not essential, then by Theorem 3.17 neither is &, so we have mult(f, a0, yo) = [A(hg o
P>0)| = 0. On the other hand, it is easy to show (using Hopf coverings and Theorems
3.16 and 3.17) that if ag is {h;}-related to a;, then & is {h; o p}-related to a class &,
where p(a;) = ;. In this case we have mult(f, a0, yo) = |A(ho © p,do)| = [A(hy o p,a;)| =
mult(f,a1, yo). O

CorOLLARY 3.23. Let {h;: X — Y} be a proper homotopy, where X is a connected n-
manifold and Y is a well-connected space that is n-Euclidean at yo € Y. Then the {h;} rela-
tion defines a bijection from the set of root classes of hy with nonzero multiplicity onto the set
of those of h;.

CoROLLARY 3.24. Let o be a Nielsen root class at y, of a proper map f:X — Y of an n-
manifold X into a well-connected space Y that is n-Euclidean at yy € Y. Then mult(f,a,
¥o) # 0 implies that o is properly essential.

We will see later that at least for n > 2, we also have the converse: if « is properly
essential, then mult(f,a, yo) # 0.

Definition 3.25. Let f : X — Y be a proper map of an n-manifold X into a space Y that is
locally n-Euclidean at the point y, € Y. Then the absolute degree of f at y, is the sum of
the multiplicities of all the root classes of f at y,. It is denoted by SA( f, yo):

A(foyo) = > mult(f,ay). (3.24)

acf~1(y)/N

As an immediate consequence of Theorem 3.22 and Corollary 3.23 we have the fol-
lowing corollary.

COROLLARY 3.26. Let f : X — Y be a proper map of a connected n-manifold X into a well-
connected space Y that is n-Euclidean at yo. Then A(f,yo) = (g, yo) for every map g
properly homotopic to f.

As an easy consequence of the fact that 5 : X — X is a double covering, Theorem 3.17,
and Definitions 3.19 and 3.25, we have the following theorem.

TaEOREM 3.27. Let f : X — Y be an orientable proper map of a connected nonorientable
n-manifold X into a well-connected space Y that is locally n-Euclidean at the point y, € Y,
and let p: X — X be the orientation covering. Then card(f o p)~'(yo) = 2card f~(yo) and
A(f o p,yo) = 254(f, yo).

We are now ready to show that s{(f) is a lower bound on the number of roots of
transverse maps.

THEOREM 3.28. Let f : X — Y be a proper map of a connected n-manifold X into a well-
connected space Y that is n-Euclidean at y,. Then every map properly homotopic to f and
transverse to yo has at least A(f, yo) roots.
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Proof. Suppose that g is properly homotopic to f and transverse to yo. We distinguish
three cases.
Case 1 (X orientable). Let a be a root class of g. Then

> Mg,x)

XEx

< Z |A(g,x)| = carda. (3.25)

XEQ

mult (g, y0) = [AMg,a) | =

The first equality is by definition of A, the second follows from additivity of A, and the last
from the fact that g is a local homeomorphism at each x € «, and therefore A(g,x) = +1.
When we sum this inequality over all Nielsen root classes « of g, we have (g, yy) <
cardg™!(yp). But A(f,yo) = (g, yo) since f and g are properly homotopic. Thus
A(f, yo) < cardg™' (o).

Case 2 (X nonorientable but f orientable). Let p: X — X be the orientation covering.
Since p has only two sheets, then it is proper, so f o p and g o p are properly homotopic.
Since P is a covering and g is transverse to o, it follows easily that g o p is a local home-
omorphism at each of its roots at yy, and therefore, since it is proper, g o ﬁ is transverse
to yo. Thus, using Theorem 3.27 together with Case 1, we have

card(g o p) ' (yo) = cardg ' (). (3.26)

Do | —

Af230) = 35 = Fo) <

Case 3 (neither X nor f orientable). The proof is the same as in Case 1, but uses A, in
place of A. O

4. Isolating roots
This section is devoted to the following theorem and its corollaries.

TaEOREM 4.1. Let f : X — Y be a map from an n-manifold X into a space Y that is locally
n-Euclidean at yo, and let N C 'Y be any neighborhood of yo. Then f is homotopic to a map
that is a local homeomorphism at each of its roots at y, by a homotopy that is constant outside

of f~1(N).

Proof. Let E be a Euclidean neighborhood of y, such that E C N. The proof proceeds in
two stages. In the first stage we approximate f~!(E) by a polyhedron and the map f by
a simplicial approximation and use this approximation to get a new map g homotopic to
f such that g7!(yp) is covered by a disjoint union of open sets U C g~ (E) each of which
is contained in the interior of an n-ball B. In the second stage we use triangulations of
the balls B to get a map homotopic to g, and therefore f, that is a local homeomorphism
at each of its roots at yo. All of the homotopies will be constant outside of f~1(E), and
therefore outside of f~1(N).

In the following, if s is a simplex in a simplicial complex K, then st s denotes the open
star of s in K—the union of all open simplices including s that have s for a face. If vy, ..., vk
are vertices in K, then (vy,..., ) denotes the open simplex whose vertices are vy,..., V.
Stage 1. Let y : R" — E be a homeomorphism and Kg a simplicial complex such that
R" = |Kg|. Then {y,Kg} is a triangulation of E. We may assume that ¢! (y,) is in an open
n-simplex s of Kg because if it is not, taking zy to be a point that is in an open n-simplex,
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we may define ' by v'(2) = w(y () +z — zp) so that {y’,Kg} is a triangulation of E
and v’ (2z0) = yo.

The collection {stk, v | v a vertex ofKE} is an open cover of R", so { f ™1 (y(stg, v)) | v
a vertex of Kg} is an open cover of f~!(E). Now let W be an open cover of f 1(E) with
the following properties.

(1) ‘W is a refinement of { f ! (y(stk, v)) | v a vertex of Kg}.
(2) For each W € W, there is an n-ball B such that CIW C intB.
(3) The nerve of W has dimension # or less.

Construct a family {yw | W €W} of maps yw : f~1(E) — I with the following properties.

(1) W={xe fYE) | yw(x) >0}.
(2) Ewgowyw(x) =1forallxe f!

We may construct such a family by first defining yy, (x) to be the distance from x to
X — W, and then letting yw (x) = Yy (x)/ Xy e Yy (%).
Now define amap v: f!(E) — | Nerve“W'| by

(x) = Z yw (x) W. (4.1)

{WeW|yw(x)>0}

For each W € W, select a vertex v of Kg such that W C f~!(y(stk, v)), and let y(W) = v.
Then u extends to a simplicial map p : Nerve W' — Kg. Let |u| : | NerveW'| — R” denote
the induced map of the corresponding polyhedra.

Now, for any x € f~!(E) and Wy,...,W, € W,

v(x) € (Wo,..., Wp) = lulov(x) € (u(Wo),...,.u(Wp)). (4.2)

But v(x) € (Wy,...,W,) also implies that x € ﬂ o Wi C ﬂ _o S (w(sti, u(Wh))), so
v Lo f(x) € NZystk, u(Wy), thus

P
Y(x) € (Wo,..., Wp) = y o f(x) € mStKE#(Wi)- (4.3)

Every point in (2, stx, 4(W;) is in a simplex having w(Wo),...,u(W,) for some of its
vertices. Thus |¢| o v(x) is in a face of the open simplex that contains ¢! o f(x). We
may therefore use the linear structure in these simplices to define a homotopy {k;} from

Lo (fIf~(E)) to lul o v by
ki(x)=(1—=t)y o f(x)+t|ul ov(x). (4.4)
Then k;(x) lies on the straight line segment joining a point in the unique open simplex

containing ¢! o f(x) to a point in one of its faces. Hence (since there are no (n+1)-
simplices), if k;(x) € s, we must also have y~! o f(x) € s. The contrapositive of this
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statement is
ki(fME) = f(y(s))) CR"—s Vtel (4.5)

Now let C be a closed neighborhood of X — f~!(E) disjoint from Cl f~!(y(s)), let
B: f E) — I be a function that is 1 on Cl f ! (y(s)) and 0 on C, and define a homotopy
ok forxe f!
ko (x) = ¥ o kg (x)  forx f (4.6)

f(x) for x € intC.

The two formulas agree on the open set (intC) N f~1(E), and (intC) U f1(E) C (X —
f7UE)) U fY(E) = X, so {k:} is well defined on all of X. Also the homotopy is constant
off of f~1(E). Let g = k.

We now show that

g w(9) = (lul o)~ (s). (4.7)

Suppose first that x € g1 (y(s)), so g(x) € y(s). Ifx € C, then g(x) = f(x), which implies
that f(x) € y(s), which is impossible since C and f~!(w(s)) are disjoint. Therefore x €
fYE),so g(x)=wo kg (x). From (4.5), k; maps f7UE) — f~Y(y(s)) into R" — s for
all ¢, and therefore y o k[';(x) maps f~1(E) — f~1(y(s)) into E — w(s). Since y o k;,z(x) (x) €
y(s), we cannot have x € f~1(E) — f~1(y(s)), so x € f~1(w(s)). Therefore f(x) = 1 and
g(x) =woki(x)=wo lulov(x), so yo |ul ov(x) € y(s), which implies that x € (|u| o
)7 1(s).

Conversely, suppose that x € (|u| o v)7!(s), so kj(x) = |yl o »(x) € s. Since k; maps
fYE) — f~!(s) into R" — s, this implies that x € f~!(s) and therefore that f(x) =
Therefore g(x) = ki(x) =y o kii(x) =yoki(x)=wolulov(x) € y(s), sox e g y(s)).
This proves (4.7).

Since p is simplicial, ||~ (s) is either empty or a disjoint union of open n-simplices
(Wo,..., Wy). In the first case, we are done since then g has no roots at yy. In the second,
g7 (y(s)) = (lul o »)~1(s) is the disjoint union of open sets U, where each U € Wy N

- N W, for some n+ 1 sets Wy,..., W, € W'. Let U be the family of all these open sets
U. Note that because g7!(y0) C | lyeq U, g has no roots at yo in Bd| |yeq, U. Since the
sets U are open and disjoint, | |ycq, BAU C Bd| |yecq, U, so BAU is root-free for every
U € 9. Since each U € W is a subset of Wy N - - - N W, for some sets Wy,..., W, € W,
then C1U c CI1 W C intB for some n-ball B. This completes the first stage of the proof.
Stage 2. Again, let y : R” — E be a homeomorphism onto the Euclidean neighborhood
E C N of yy. From the first stage we have a map ¢ homotopic to f by a homotopy constant
off of f~!(N), and a family U of disjoint open sets U C g~ (E) covering g~ '(y), where,
for each U € U, there is an n-ball B with CIU C intB, and Bd U contains no roots of g
at yo.

So let U € U, let B be an n-ball with ClU C intB, and let (¢ : [Kg| — B,Kp) be a tri-
angulation of B. Let C c intB be a closed neighborhood of BA U disjoint from g~!(yp).
Then ¢~1(C) and ¢ (g (yo)) are disjoint compact subsets of |Kp| and therefore a pos-
itive distance d > 0 apart We may assume, by subdividing Kj if necessary, that the mesh
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of K is less than d. Define subcomplexes K and L of K3 by

K={0€Kp| (stxg,0)np " (UUC) + T},

¢_ (4.8)
L= {O’ €Kz | (S'[KBO') ﬂ¢ 1(C) + @}
Clearly, gb‘l(UU C)C |K|and ¢~ '(C) C |L| soq’) (BdU) C int|L|. Now, if z € |L|, then
z is in the face of a simplex that meets ¢ 1(C), and is therefore at a distance less than
d from ¢~ 1(C), so z & (g o ¢) " (»o). Therefore ILINn(ge¢) t(y)=D. Thusy logo
@(|L|) is a compact set in R" not containing ¥~ (yy), so there is a positive distance d’ > 0
between ¥~ o go ¢(|L]) and y~!(y). Let Ki be a complex with mesh less than d” such
that |K;| = R". We may assume that ¥~ (yp) is in an open n-simplex s” of K, otherwise
we could, as in Stage 1, modify y by a translation so that it is. Then y =t o go ¢(|LI) Ns =
@, s0 Y~ Logo¢ definesa map g’ : (IK|,|L|) — (R",R" —'). By the simplicial approx-
imation theorem, there are a subdivision (K',L") of (K,L), a simplicial approximation
k (K’ L) — (Kg,Ki —s') to ¢, and a homotopy {k; : (IK'I,|L'|) = (IK|,|IL]) — (R"
s')} from g’ to |k|. Since ¢~1(BdU) C int|L|, then the closed sets ¢(|K| —int|L|)
and BdU are disjoint, so there is a map $: B — I thatis 1 on ¢(|K| —int|L|) and 0 on
BdU. Define a homotopy {hy;: ClU — Y} by

hui(x) =yo k/;(x)t o¢p (x) forxe CIU. (4.9)

Then we assert the following:

(1) hyo = gIClU,
(2) {hy:} is constant on BA U,
(3) hy: is alocal homeomorphism at each x € hy} (yp).

The first two assertions follow easily from the definitions, so we prove only the third.
Let x € hyl(yo). Then y o kl'; o ¢ (x) = hyi(x) = yo, and therefore k/}(x o ¢ (x) =
v 1(y) €. Since k{(|L]) C [R” — ¢ for all t, we must have ¢ ye |K| - I|L| c |K| -
1nt|L|, so B(x) = 1, and therefore |k| o ¢! (x) =kj o p1(x) = (yo) € s, Since |k| is
simplicial, this implies that ¢ !(x) € o for some open n- 51mplex oin K’, and |k| takes
o homeomorphically onto s'. This also implies that 0 C |[K| —|L|. Let V = ¢~ (o) N U.
Then V is a neighborhood of x, and we will show that hyy maps V homeomorphrcally
onto hy (V). Now, for any x” in V, we have ¢~ '(x") € 0 C |K| int|Ll], so f(x') =
It follows that hy |V =y o k| o ¢71|V. Moreover, since ¢~1(V) C o, we have hy |V =
yolklog |V =yo(lkl|o)o (¢ 'V).

Since each of the maps (¢! V), (|k||o), and y is a homeomorphism onto its image,
then so is iy | V. By invariance of domain, (h|V)(V) is open in E and therefore Y. This
proves the third assertion.

Perform this construction for each U € AU, and define a homotopy {h;: X — Y} by

(4.10)

o hy; ifxeClU forsome U e, t e,
x =
! gx) ifxeX-yeq U, tel
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Then h; is a local homeomorphism at each of its roots at yo, and is homotopic to g and
therefore f by a homotopy constant outside of f~!(N). O

For proper maps, we have the following corollary.

CoROLLARY 4.2. Let f : X — Y be a proper map from an n-manifold X into a space Y that
is locally n-Euclidean at y,, and let N C Y be any neighborhood of y. Then f is properly
homotopic to a map that is transverse to yo by a homotopy that is constant outside of f ~1(N).

Proof. We may assume that N is compact, otherwise, we may replace N by a compact
neighborhood of y, contained in N. By the theorem, f is homotopic to a map g that is
a local homeomorphism at each of its roots at y, by a homotopy that is constant outside
of f~1(N). Since f is proper, f "!(N) is compact, and since the homotopy from f to g is
constant off of the compact set f~!(N), then it is a proper homotopy. So f is properly
homotopic to g, and therefore g is proper. It follows from Theorem 2.6 that g is transverse
to yo. g

5. Combining isolated roots

This section begins with a succession of lemmas that are needed to complete the proofs
of Theorems 1.1 and 1.2. It ends with the proofs of Theorems 1.1 and 1.2. A proof
of Theorem 1.1, for compact orientable triangulable manifolds, in [10] uses Whitney’s
lemma [8]. The proof of Theorem 1.1 for manifolds with boundary in [3] uses microbun-
dle theory and a version of Whitney’s lemma applicable to topological manifolds. The
proof here, although somewhat longer, is more self-contained. It is centered on Lemma
5.2 below, the idea for which comes from Epstein [6, pages 378-380]. The proof of
Theorem 1.2 is also centered on Lemma 5.2.

LEmMMA 5.1. Suppose n >2 and Y is locally n-Euclidean at yo € Y.

(1) Any path in Y with endpoints in Y — y, is fixed-endpoint-homotopic in Y to a path
inY — y.

(2) Any two paths in Y — y, that are fixed-endpoint-homotopic in Y are fixed-endpoint-
homotopicin Y — y.

Proof. We may assume that Y is path-connected, otherwise replace Y by the path com-
ponent containing yo. Then Y — yj is also path-connected. To see this, let y1,y, € Y — yo;
we will find a path in Y — y, from y; to y,. Let A; be a path in Y from y; to y,. If A is
alsoin Y — yy, then we are done. Otherwise A; passes through y,. Let B be an n-ball with
yo € intB. Then A;7'(B) C I is compact and therefore has a minimum t,;, and maximum
max- Because yy € intB, it is easy to see that tmin < fmax. Since n > 2, there is a path A, in
B — yo from A} (fmin) t0 A1 (tmax). Connect y; to y, by the path A3 defined by

Aq(t) for 0 <t < tmin,

As(t) = A2<ﬂ) for tmin < t < tmax (5.1)

max — fmin

Aq(t) for tpaxy <t < 1.
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Let E be a Euclidean neighborhood of y, and let y € E — yy. Since n > 2, then both E
and EN (Y — yo) = E — y, are simply connected. Therefore an application of van Kam-
pen’s theorem [9, pages 211 and 217] to the pair Y — yy and E shows that the inclu-
sioni:Y —y) CEU(Y — y) = Y induces a fundamental group isomorphism iy : (Y —
y0,y) == 7(Y, ).

To prove the first statement, let A be a path in Y with endpoints in Y — y,. Let A; be
apathin Y — y, from y to A(0), and A, a pathin Y — y, from A(1) to y. Then (4,4)A,
isaloop in Y at y, so, since iz is surjective, [(A;A)A;] = [A3] for some loop A3 in Y — yq
at y. Then (A7'A3)A;  isapathin Y — yp and [A] = [(A]'A45)A51].

To prove the second statement, let A and A" be pathsin Y — y, that are fixed-endpoint-
homotopic in Y. Let A; be a path in Y — y, from y to A(0) = A’(0) and let A, be a path
inY — y from A(1) = A’(1) back to y. Then A;(AA;) and A;(A’A;,) are loopsin Y — yq
at y that are fixed-endpoint-homotopic in Y. Since i is injective, then they are fixed-
endpoint-homotopic in Y — yy, and therefore A and A" are fixed-endpoint-homotopic in
Y - Yo. O

LEMMA 5.2. Suppose n>2 and f : X — Y is a map from a connected n-manifold X into a
well-connected space Y that is locally n-Euclidean at y,. Suppose also that xo and x; are two
isolated roots of f at y, that are Nielsen-related by a path A in X from xg to x1, that N C X is
a neighborhood of A containing no roots of f other than xo and x,, and that E is a Euclidean
neighborhood of yo. Then there are an n-ball B C N, a map g : X — Y, and a homotopy {h;}
from f to g with the following properties:

(1) {h¢} is constant on a neighborhood of f~1(y,) and constant off of N,

(2) hi'(yo) = f 1 (wo) forall t €1,

(3) g = hy maps the pair (B,Bd B) into the pair (E,E — yy),

(4) any path in B from x to x, is fixed-endpoint-homotopic in N to A.

Proof. By taking a smaller neighborhood if necessary, we may assume N connected and
open, and therefore a connected #n-manifold. By [1, Lemma 5.30] there is an n-ball C C N
such that xg,x; € intC and any path in C from xy to x; is fixed-endpoint-homotopic in
N to A. Let ¢ : B" — C be a homeomorphism and set xj = ¢ !(xo) and x| = ¢! (x1). The
picture in Figure 5.1 will be helpful for subsequent constructions.

In this picture, B’ C intB" is a Euclidean ball concentric with B” that also has x; and x]
in its interior. (By “Euclidean ball” we mean a ball of the form {z € R" | ||z — 2|l < €}, not
just a homeomorph of B".) The sets C;, C; C intB’ are disjoint Euclidean balls centered
at x; and x| such that f o ¢(C;) C Eand f o ¢(C}) C E, £ is the straight line segment from
X to x1, the points where € intersects Bd C; and Bd C; are labeled z; and z}, and a’ is the
arc from z; to z; parameterized by a’(¢) = (1 — t)zy + tz].

We now construct a deformation retraction

{r/ :B" = (intCyuintC;) — B" — (intCyUintC})} (5.2)

of B" — (intC;y U int C}) onto BdCj U BAC} U a’(I). First define r{(x), for any x € B" —
(intCy U int C}), to be the unique point where the line segment joining x to the closest
point on ¢ intersects BAC) U BAC] U a’(I). Then, for any t € I, let r{(x) = (1 — f)x +
tri(x).
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Figure 5.1. The construction in B".

foa

Figure 5.2. The picturein Y.

Use ¢ to copy this construction into C by letting B = ¢(B’), Cp = ¢(Cy), C1 = ¢(C)),
z0=¢(zp), z1 = ¢(z]), a=¢poa’,and {r,} = {¢porf o '}. So {r;} is a deformation re-
traction of C — (intCy U int Cy) onto BdCy U BAC; U a(I), and a is an arc from zy to z;.

Now let Ap be a path in Cy from xo to zp = a(0), A; a path in C; from z; = a(1) to x,
and Az a path in E — yo from f(z9) to f(z1). Then we have the picture in Y shown in
Figure 5.2.

Since (Apa)A; is a path in C from xy to x;, then [(Aga)A;] = [A], and therefore
[foAollfeoallfoAil=[foA]=[y]. But ((f cAp)As)f oA is a loop in the sim-
ply connected space E, so we also have [f o Ag][As][f o A;] = [yo] which implies that
[f oa] = [As]. Since n > 2 and the paths f o a and Aj are in Y — yy, then by statement
(2) of Lemma 5.1 they are not only fixed-endpoint-homotopic in Y, but are also fixed-
endpoint-homotopic in Y — y,. Thus, there is a map H : I X I — Y — y, such that for
every (s,t) € I X1,

H(s,0) = f(z0), H(s,1) = f(z1),

H(O,t) = f o a(t), H(l,t) = A3(t) c€E = Yo- (53)
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Define a homotopy {h;: C — (intCy U intC;) — Y — y} by

for(x) forOSSs%,xeC—(intCOUintcl),
hy(x) =4 for(x) for%s.ss 1, x€rf1(BAC, UBdG,), (5.4)
H(2s—1,a ' (r1(x))) for%sssl,xerfl(a(l))

In the last formula, a~'(r;(x)) is meant to denote the value of ¢ for which a(t) = ri(x).
This makes sense since x € r;"!(a(I)), and therefore a='(r,(x)) is a continuous function
of x € r{'(a(I)). The last two formulas agree on the overlap of their domains, (x,s) €
i ({z0,21}) X [1/2,1], and this set is closed in X x I. The first formula agrees with the
last two when s = 1/2, and the set X X 1/2 is also closed in X X I. Thus h;(x) is a well-
defined continuous function of (x,s).

Now let : X — I be a map such that §(x) = 1 for x € Band (x) = 0 forx € X —intC.
Define a homotopy {h;: X — Y} by

hk(x)t(x) forx € C— (intCyUintCy), t €1,
hi(x) = (5.5)

f(x) forx € (X —intC) U Cy U Cy.

The two formulas have the closed set (x,t) € (BAC UBdCy U BdC;) X I for common
domain and are easily seen to agree there. Thus h; is well defined and is continuous in
(x,t). Let g = h;. We now verify assertions (1), (2), (3), and (4) of the lemma.

By its definition, {h;} is constant on X — (C — (intCy U intC;)), which is a neighbor-
hood of f~!(yp). Also C — (intCy U intC;) C N, so {h;} is constant off of N. This proves
assertion (1).

For all s € I, neither f o r, nor H has any roots at y, so the map h; has no roots in
C — (intCp U int Cy ). Moreover, as we have seen, {h;} is constant on f~!(y,). Therefore,
hi'(y0) = f (o) for all s € I. This verifies assertion (2).

From the definition of {h;}, we see that h}(C — (intCy U intC;)) = f(BdCy U BdAC;) U
A(3) C E—yy. Since B(x) = 1 for x € B, this implies that h; (B — (intCy U intC;)) C E — y,.
Also, h1(Cy U Cy) = f(Cyu Cy) C E. Thus g = h; maps the pair (B,BdB) into (E,E — yy),
which verifies assertion (3).

Any path in B from x to x; is also a path in C from x, to x; and thus, by the construc-
tion of C, must be fixed-endpoint-homotopic to A. This verifies assertion (4). O

LEMMA 5.3. Supposen =1, f : X — Y is a map from an n-manifold X into a space Y that
is locally n-Euclidean at y,, B is an n-ball in X such that f(B) C E for some n-Euclidean
neighborhood E of yy, and BAB contains no roots of f at yo. Then there is a homotopy
{h; : X — Y} such that

(1) ho = f,
(2) {he} is constant at f outside of intB,
(3) B contains exactly one root of hy at yj.
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Proof. Let ¢ :B" — B and y : R” — E be homeomorphisms with y(0) = y,. Define h; :
X — Y by

-1
o(l6 1l e oo 2551)) torwen g 4o
hy(x) = forx € B, ¢~1(x) = 0, (5.6)
f(x) for x ¢ B.

Then it is easy to see that h; is continuous, f and h; agree outside of int B, and ¢(0) is the
only root of /; in B at y,. Define a homotopy {h;: X — Y} from f to h; by
1-tylo +ty~loh forxeB, tel,
he) = | VA=Y e S +ty o h(x) - forx (5.7)

f(x) forx ¢ B, t €I

Since f(x) = h;(x) for x € BdB, then h; is a well-defined homotopy from f to h;. The
homotopy is clearly constant at f outside of intB. O

LEMMA 5.4. Suppose n >2 and k : (B",BdB") — (R",R" —0) is a map whose induced ho-
momorphism k, : H,(B",BdB";Z) — H,(R",R" — 0;2Z) is trivial. Then there is a homotopy
{€;: (B",BdB") — (R",R" — 0)} such that

(1) o =k,

(2) {&:} is constant on BAB",

(3) &1(B") C R" - 0.

Proof. Choose a base point by € BdB", let ey = k(by) € R" — 0, and consider the commu-
tative diagram

kTH’l
7, (B", BAB", by) ——> 7, (R",R" — 0, ¢0)
Hurewiczl \L Hurewicz (58)

H,(B",BdB";Z) ——= H, (R",R" - 0;2)
where k,, and k, are induced by k. Since H,(R",R" —0;Z) = 0 for p<n and R" — 0 is
simply connected for n > 2, then the right-hand Hurewicz homomorphism is an isomor-
phism. Since k,, is trivial, it follows that k,, is also trivial.

The identity i: (B",BdB",by) — (B",BdB",by) represents an element [i] € m,(B",
BdB", by), whose image under kg, is [k o i] = [k] € m,(R",R" — 0, €p). Since ky, is triv-
ial, then [k] = [eo], so there is a homotopy {h; : (B",BdB",by) — (R",R" —0,e9)} such
that hy = k and h;(B") = ey. We will use the homotopy {h;} to construct {¢}.

By Theorem 2.1 the set C = [J;c; h; ' (0) is compact and therefore closed in B. Since
hi(BdB") c R" — 0 for all ¢, then C and BdB" are disjoint, so there is a map $:B" — I
that is 0 on BdB” and 1 on C. Define the homotopy {¢; : (B",BdB") — (R",R" — 0)}
by £,(x) = hp(x for all (x,t) € B” X I. Clearly, {¢;} satisfies properties (1) and (2) of the
lemma. Suppose, contrary to (3), that €;(x) = 0 for some x € B". Then, by the definition
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of £, we have hyp(x)(x) = 0, so, by the definition of C, we have x € C. Therefore B(x) = 1,
$0 £1(x) = hy(x) = eg # 0. This contradiction proves (3). O

Remark 5.5. The conclusion of Lemma 5.4 is true even when n = 1,2. However, we will
only need it for n > 2.

LEMMA 5.6. Suppose n >2 and f : X — Y is a proper map of a connected orientable n-
manifold X into a well-connected space Y. Suppose that E C Y is an n-dimensional Eu-
clidean neighborhood of yo € Y, and B C X is an n-ball such that f(B) C E, f(BdB) C
E — yo, and A(f,intB) = 0, where A is the integer root index for X, Y, y, relative to some
orientation sx of X and local orientation y of Y at yy. Then there is a homotopy {h;: X — Y}
such that hy = f, {h;} is constant off of B, and h,(B) C E — yy.

Note that because f is proper and {h;} is constant off of the compact set B, then {h;}
is proper.

Proof. We use the following diagram in which x is an arbitrary point in intB, N is a
neighborhood of B such that N — intB is root-free, the maps f’ and f” are defined by f,
and all other maps are inclusions:

(X, X —B) & (X,X —intB) 5 (N,N —intB) ;- (Y,Y—yo)
in U U (5.9)

(X,X — x) (B,BAB) —— (E,E- y)

Let 0p € Hy(X,X — B;Z) be the fundamental class around B (using the orientation sx).
Then (j ¢ i),(0p) =sx(x) € Hy(X,X — x;Z). Since sx (x) generates the infinite cyclic group
H,(X,X —x;Z), then (j o i), is onto. But B is connected, so according to [4, Corollary 3.4,
page 260] H,(X,X — B;Z) is also infinite cyclic. It follows that (j o i), is an isomorphism
and that ox generates H,(X,X — B;Z). Now X — intB is a deformation retract of X — x, so
jn Hy(X,X —intB;Z) — H,(X,X — x;Z) is an isomorphism. Thus i, : H,(X,X — B;Z) —
H,(X,X —intB;Z) is also an isomorphism. Hence H,(N,N — intB;Z) is infinite cyclic
and generated by e, ! o i,(0x). Since f, (e, oi,(0x)) = A(f,intB)u = Ou = 0, it follows
that f, = 0. The inclusion (E,E — yy) C (Y,Y — y) is an excision and therefore induces
homology isomorphisms, so, since f, = 0, we also have f," = 0.

Since f," = 0, we may use Lemma 5.4 to construct a homotopy {A; : (B,BdB) — (E,E —
y0)} such that hy = f”, {h;} is constant on Bd B, and hj has no roots at yo. Define the
desired homotopy {h;: X — Y} by

(5.10)

hi(x) for (x,t) € BxI,
hi(x) =
f(x) for(x,t) € BXI.

We are now ready to complete the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Assume that f : X — Y is a proper map of a connected n-manifold
X into a well-connected space Y that is n-Euclidean at y,. By Theorem 3.28 every map
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properly homotopic to f and transverse to y, has at least A( f, yo) roots. To prove the rest
of the theorem, assume that n > 2; we will show that there is a map properly homotopic
to f and transverse to y, that has no more than sd(f, o) roots.

By Corollary 4.2 there is at least one map properly homotopic to f and transverse to
¥o. Every such map has a finite number of roots at ¥y, so there must be a map fmin properly
homotopic to f and transverse to y, that has, among all such maps, the fewest number
of roots. Call such a map minimal. We need to show that card f,; (o) < SA(f, o). To do
this, we will assume to the contrary that card f,;. (y0) > S(f, y9) and show that fi, is
not minimal. This contradiction will prove the theorem.

Since Y qe -1 (40w carda = card frn (¥0) > A fmins Y0) = Dae -1 (o8 MUt finin, & Y0),

there must be a root class a such that card e > mult( fimin, &, y0). To show that fiin is not
minimal we consider three cases: X is orientable, X is nonorientable but fiin is orientable,
and fnin is nonorientable.
Case 1 (X is orientable). Since fin is transverse to yo, fmin is @ local homeomorphism
at each root x € a, and so it is easy to see, using Theorem 3.14, that A( fiin,x) = =1 for
each x € a. It follows that since card o > mult( fmin> @ ¥0) = | 2 xea A fmin>X) |, there must
be two roots, xo and x; say, in « such that A( fmin,Xo) +A(fmin,x1) = 0. We will find a
homotopy of fmin that eliminates these two roots.

Let E be a Euclidean neighborhood of yy and let A be a path in X from x to x; such that
[ fmin © A] = [¥0]. Since fmin has only a finite number of roots, we may apply statement
(1) of Lemma 5.1, with X in place of Y, a finite number of times to find a path fixed-
endpoint-homotopic to A that avoids all roots other than x; and x;. So we assume that A
already avoids all roots of f other than xy and x,. Then A(I) has a compact neighborhood
N that is disjoint from the closed set f,.l (yo) — {x0,1}. Thus we may apply Lemma 5.2
with fiin in place of f to find an n-ball BC N, a map g: X — Y, and a homotopy {h;}
from fmin to g with the properties enumerated in Lemma 5.2. Since {h;} is constant off of
the compact set N, it is a proper homotopy, and since {/,} is constant on a neighborhood
of =1 (y0) = g '(»0), then g is still a local homeomorphism at each of its roots. Since for
every t € I, hy has no roots on Bd B, we have, by the homotopy and additivity properties of
the index, A(g,int B) = A( fmin,int B) = A( fmin>X0) + A( fmin,X1) = 0. Now apply Lemma 5.6
with g in place of f to find another homotopy {h;} that is constant off of B such that
hy = g and k] has no roots at yo in B. Then h] agrees with ¢ on X — B and has no roots
in B, so it has two fewer roots than fyi, does. It is also properly homotopic to fin and
a local homeomorphism at each of its roots and therefore, since it is proper, transverse
to ¥o. Thus fmin is not minimal, and the proof is complete in the X orientable case.

Case 2 (X is nonorientable, fii, is orientable). Let p: X — X be the orientation covering
for X, and & a root class of fmin © P at yo such that p~'(a) = & U (—&). Then p takes
a bijectively onto a, so carda = carda > mult( fimin, & Y0) = |A(fmin © p,@)|. Since p is a
covering and fin is transverse to yy, it follows that fii, © p is a local homeomorphism
at each X € &. Then, arguing as in Case 1, there are two roots, Xy and X say, in & such
that A( fmin © P>X0) + A fmin © P,X1) = 0. Let A be a path in X from %, to % such that
[fnin © P o A] = [y0]. Let A = po A, xo = (%), and x; = P(X1), s0 A is a path in X from
Xo to x; such that [ fimin © A] = [yo]. Since n > 2, we may assume that A avoids all roots
of fmin © P other than X, and X;, and therefore A avoids all roots of fmin other than x,
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and x;. Let N be a compact neighborhood of A(I) containing no roots of fnin other
than xo and x;, and apply Lemma 5.2 with fui, in place of f to find an n-ball BC N, a
map ¢ : X — Y, and a homotopy {/;} from fuin to ¢ with the properties enumerated in
Lemma 5.2. Since B is simply connected, then it is evenly covered. Let B be the component
of p~1(B) containing Xy. Then %, € B as well. To see this, let A’ be a path in B from x,
to x;. Then [A’] = [A]. Since (§|B)~! o A" and A are lifts of A’ and A that both begin at %,
it follows that [(p|B)~! o A’] = [A], and therefore that % = A(1) = (p|B)"' o A’(1) € B.
Now apply Lemma 5.6 with B in place of B and g o § in place of f to find a homotopy
{%, X - Y} that begins at g o ﬁ that is constant off of 1§, and such that %1 has no roots
in B. Define a homotopy {h; : X — Y} beginning at g by

8x) for (x,t) & Bx L. (5.11)

b {%, o (B1B)'(x) for (x,1) € BXI,
Then it is straightforward that h; is properly homotopic to fmin, transverse to yy, and has
two fewer roots at yp than fyin. Thus fmin is not minimal, and this completes the proof
for Case 2.
Case 3 ( fmin nonorientable). In this case mult( fmin, & y0) = [A2(f, @), so mult( fimin, &, ¥0)
is either 0 or 1. Since fmin is a local homeomorphism at each root, then A;(x) = [1] €
2/27 for each x € a. Thus, if mult( fmin,a, yo) = 0, then a has an even number of roots
greater than 0. On the other hand, since card & > mult( finin, &, yo), if mult( fmin, o ¥0) = 1,
then « contains two or more roots. Therefore, in either case, we may find two distinct
roots xo,x; € a. Let §: X — X be the orientation covering of X. Let % € p~!(x) and
X1 € p~'(x1). Then, since fuin is nonorientable, Theorem 3.18 implies that all four points
X0,—Xo, X1, and —Xy are Nielsen related roots of fiin © p at yo. Also fmin © P is a local
homeomorphism at each root, so the integer root index at each of these roots is +1.
Since ¥ — —% is an orientation-reversing homeomorphism of X, then A(fuin o §,%) =
—A(fimin © P>, —X1). Hence either A( fmin © P»X0) + A fnin © P>X1) = 0 0 A fnin © P>X0) +
A(fmin © P> —X1) =0. Assume, without loss of generality, that A(fumin © p,X0) +A(f © p,X1) =
0 (otherwise we would replace X; by —X;). The proof now proceeds exactly as in Case 2
above. 0

For nonorientable f, Theorem 1.1 has the following corollary.

COROLLARY 5.7. Suppose n>2 and f : X — Y is a nonorientable proper map from a con-
nected nonorientable n-manifold X into a well-connected space Y that is locally n-Euclidean
at yo. Then

(1) PNR(f,)’O) = ‘gd(f,)’o),
(2) a Nielsen root class a of f at yy is properly essential if and only if mult(f,a, yo) # 0.

Proof. Let S4o be the set of all Nielsen root classes of f at y, that have nonzero multiplic-
ity, and let Sess be the set of all properly essential Nielsen root classes of f at y,. We first
prove

PNR (f,)’o) = Sﬁ(f))’o) = CardS#O < card Sess = PNR (f»)/o) (5.12)
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Now, PNR(f, yo) is a proper homotopy invariant lower bound on the number of roots
of f, but according to Theorem 1.1 there is a map properly homotopic to f that has
A(f,yo) roots at yo. This justifies the first inequality. Since f is nonorientable, each of its
root classes has multiplicity 0 or 1, and since the absolute degree is the sum of these mul-
tiplicities, we have the first equality above. Since every Nielsen class with nonzero multi-
plicity is essential, then Sy C Sess. This justifies the second inequality. The last equality is
the definition of PNR(f, yo).

The first assertion follows directly from (5.12). Also, from (5.12), we have card S,y =
card Segs, and since Sz C Sess and the sets are finite, this proves Sxg = Sess, which is the
second assertion. O

Proof of Theorem 1.2. Again assume that f : X — Y is a proper map of a connected n-
manifold X into a well-connected space Y that is n-Euclidean at y,. We have already seen
that every map properly homotopic to f has atleast PNR(f, yo) roots at yy (Theorem 3.2)
and every Nielsen root class of f at y, with nonzero multiplicity is properly essential
(Corollary 3.24). It remains to show that if n > 2, then

(1) there is a map properly homotopic to f that has exactly PNR( £, yo) roots at yy,
(2) aroot class of f is properly essential only if it has nonzero multiplicity.

For nonorientable maps, both of these assertions follow from Theorem 1.1 and Corollary
5.7, so we need to consider only orientable maps.

Call a map minimal if no other map properly homotopic to f has fewer roots. Then,
since there are maps properly homotopic to f with only a finite number of roots, we
know that there is a minimal map fnin and it has only a finite number of roots.

We first show that every root class of fiin has only one element. Suppose to the con-
trary that a root class « has two distinct roots xg,x; € a. Let A be a path in X from x, to
x1 such that [ f o A] = [yo]. Since n > 2 and .} () is finite, we may apply statement (1)
of Lemma 5.1 a finite number of times to ensure that A does not pass through any roots
of f other than xy and x;. There is then a compact neighborhood N of A(I) containing
no roots of f other than xy and x;. Now apply Lemma 5.2 with fyi, in place of f to find
an n-ball BC N,amap g: X — Y, and a homotopy {4} from f to g with the properties
enumerated in Lemma 5.2. Since {h;} is constant off of the compact set N, it is a proper
homotopy. Now apply Lemma 5.3 with g in place of f to obtain a homotopy {h;} begin-
ning at g, and constant off of B such that h; has only one root in B. Then h; is properly
homotopic to fmin but has fewer roots—contradicting the minimality of fin. It follows
that every root class of f has only one element.

We now show that each root class of fin has nonzero multiplicity. Let @ = {x} be aroot
class of fmin and suppose, contrary to what we want to show, that mult( fmin,a, o) = 0.
Let E be a Euclidean neighborhood of yy. Then x has an n-ball neighborhood B such
that fmin(B) C E and fmin(BdB) C E — y,. We consider two cases, X orientable, and X
nonorientable but f orientable. (The case for nonorientable f has already been covered.)
Case 1 (X orientable). Since |A( fimin,®)| = mult( fmin, o, o) = 0, by additivity we have
A fmin>int B) = A(fimin» @) = 0. Thus we may apply Lemma 5.6 with fn,i, in place of f to
find a homotopy {;} that is constant off of B such that hiy = fiin and /; has no roots at y,
in B. Then h; agrees with fni, on X — B and has no roots in B, so it has fewer roots than
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fmin does. It is also properly homotopic to fmin since fmin is proper and {h} is constant
off of the compact set B. This contradicts the minimality of fuin and thereby shows that
we must have mult( fmin, @ y0) # 0.

Case 2 (X nonorientable and fi, orientable). Let p : X — X be the orientation covering
of X. Since B is simply connected, it is evenly covered by p, so there is an n-ball B C
X such that p maps Band -B homeomorphically onto B. Let & = (ﬁlﬁ)’l((x), SO O =
{(p |B)~1(x)} and —& are the two Nielsen root classes of fmin © p that p maps onto a.
Then [A(fmin © P, ®)| = mult( fmin, &, yo) = 0, so by additivity we have A( fiin © D, intB) =
A(fmin © p,a) = 0. Thus we may apply Lemma 5.6 with fuin © p in place of f and Bin
place of B to find a homotopy {%t} that is constant off of B such that %0 = fmin © p and %1
has no roots at y in B. Define {h;: X — Y} by

~ ~y Sy -1
b — {h, o (PIB) '(x) for (x,t) € BXI, 5.13)

fmin(-x) for (x,t) € BX L

Then h,; is properly homotopic to fmin, has the same roots as fmin outside of B, but
has no roots in B. This contradicts the minimality of fiin and completes the proof that
mult( fmin, & ¥o) # 0 for every Nielsen root class of fmin.

Since each root class of fiin has nonzero multiplicity, then each root class is properly
essential. Thus fmin has only PNR( fmin, ¥0) = PNR(f, y0) root classes. Since each root
class contains only one root, then fmin has only PNR( fimin, ¥0) = PNR(f, o) roots. This
proves the first assertion.

Now let S4o(f) be the set of root classes of f that have nonzero multiplicity, let Sess( f)
be the set of essential root classes of f, and similarly for fui,. Then

PNR (f, o) = card foit (0) = card S0 ( fmin)

(5.14)

= card S (f) < cardSess(f) = PNR(f, y0).
Here, the first two equalities are what we have just proved, the third follows from
Corollary 3.23, the inequality follows from Corollary 3.24, which implies that S.o(f) C
Sess(f), and the last equality is the definition of PNR. Thus the two finite sets S.o(f) C
Sess(f) have the same cardinality and must therefore be equal. This proves the second
assertion. 0
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