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In 1979, Ishikawa proved a strong convergence theorem for finite families of nonexpan-
sive mappings in general Banach spaces. Motivated by Ishikawa’s result, we prove strong
convergence theorems for infinite families of nonexpansive mappings.

1. Introduction

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. For an arbitrary set A, we also denote by #A the cardinal number of A.

Let C be a closed convex subset of a Banach space E. Let T be a nonexpansive mapping
on C, that is,

ITx—Tyll < llx—yll (1.1)

for all x, y € C. We denote by F(T) the set of fixed points of T. We know F(T) # & in the
case that E is uniformly convex and C is bounded; see Browder [2], Gohde [9], and Kirk
[13]. Common fixed point theorems for families of nonexpansive mappings are proved
in [2, 4, 5], and other references.

Many convergence theorems for nonexpansive mappings and families of nonexpansive
mappings have been studied; see [1, 3,6, 7, 10, 11, 12, 14, 15, 17, 18, 19, 20, 21] and others.
For example, in 1979, Ishikawa proved the following theorem.

TaEOREM 1.1 [12]. Let C be a compact convex subset of a Banach space E. Let {T1, T»,..., Tx}
be a finite family of commuting nonexpansive mappings on C. Let {:}*_, be a finite sequence
in (0,1) and put Six = BiTix+ (1 — fi)x forx € Cand i = 1,2,...,k. Let x; € C and define
a sequence {x,} in C by

Xps1 = [ I [Sk 1;[ [Skl ce [53 I [32 I 31}] . ':|:|:|xl (1.2)
ng—1=1 ng—2=1 nm=1 np=1

for n € N. Then {x,} converges strongly to a common fixed point of {T1, T»,..., Tk}.
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The author thinks this theorem is one of the most interesting convergence theorems
for families of nonexpansive mappings. In the case of k = 4, this iteration scheme is as
follows:

X2 = 84838811,

X3 = 84538:51815:81838:81%2,

X4 = 84838:8151818251518:8185385:81515:81 838,81 43,

X5 = 84838251815181828181818281815281 538,81 81
8185281818281835281518281838281x4,

X6 = S$4538251818151518:5185181515:8151518: 5164
8281838:8518181818:8181815:81815281838:81 (1.3)
8181828181852818382518152 81838, 81%5,

x7 = 84538:5151815151815:8518185151818:518:185:164
$28181518:81515281558:81518181518:815:184
818528181815281518281835281 5181818281818
$2818185:81835:8181515281515:81538:8:15:1 52
$1838, 81 x6.

We remark that §;S; = S;S; does not hold in general.
Very recently, in 2002, the following theorem was proved in [19].

TaeoreM 1.2 [19]. Let C be a compact convex subset of a Banach space E and let S and T
be nonexpansive mappings on C with ST = TS. Let x, € C and define a sequence {x,} in C

by

3]

S Tix,+ (1 - ay)x, (1.4)

S

n
Xn+1 = _nz

HM:

for n € N, where {a,} is a sequence in [0,1] such that 0 < liminf, «, < limsup,a, < L.
Then {x,} converges strongly to a common fixed point zy of S and T.

This theorem is simpler than Theorem 1.1. However, this is not a convergence theorem
for infinite families of nonexpansive mappings.

Under the assumption of the strict convexity of the Banach space, convergence theo-
rems for infinite families of nonexpansive mappings were proved. In 1972, Linhart [15]
proved the following; see also [20].

TrEOREM 1.3 [15]. Let C be a compact convex subset of a strictly convex Banach space E.
Let {T,, : n € N} be an infinite family of commuting nonexpansive mappings on C. Let {f3,}
be a sequence in (0,1). Put Six = B;Tix + (1 — f3i)x fori € N and x € C. Let f be a mapping
on N satisfying £(f~1(i)) = o for all i € N. Define a sequence {x,} in C by x; € C and

Xn1 = Sf(m) © Sp(n-1)© *  + © Sp(yx1 (1.5)

forn € N. Then {x,} converges strongly to a common fixed point of {T, : n € N}.
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The following mapping f on N satisfies the assumption in Theorem 1.3: if n € N sat-
isfies

k-1 k
dij<n<>j (1.6)
j=1 j=1
for some k € N, then put
k-1
f(n)=n—Zj. (1.7)
j=1
That is,
f=1,

f@=1,  f3)=2

f@=1,  f6G)=2,  f(6)=3

f=1,  f@®=2  fO)=3  f(10)=
fan=1,  fa2=2,  f(13)=3  f(14)=
fae)=1,  f(17)=2,

(1.8)

) f(15) =5,

It is a natural problem whether or not there exists an iteration to find a common fixed
point for infinite families of commuting nonexpansive mappings without assuming the
strict convexity of the Banach space. This problem has not been solved for twenty-five
years. In this paper, we give such iteration. That is, our answer of this problem is positive.

2. Lemmas

In this section, we prove some lemmas. The following lemma is connected with Kras-
nosel’skii and Mann’s type sequences [14, 16]. This is a generalization of [19, Lemma 1].
See also [8, 20].

LEMMA 2.1. Let {z,} and {w,} be sequences in a Banach space E and let {«,} be a sequence
in [0,1] with limsup, a,, < 1. Put

d =limsup||w, —zy|| or d=liminf||w, - z,|l|. (2.1)

n—oo

Suppose that z,1 = aywy + (1 — ay)z, foralln € N,

limsup (|| w1 — wal| = |zne1 — z4|]) <0, (2.2)
and d < . Then
hﬂrliogf Wik — zall = (M +an+atpe1 + - - +apik—1)d| =0 (2.3)

hold for all k € N.
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Proof. Since

||Wn+1 _zn+1|| - ||Wn _Zn”
S||Wn+1_Wn||‘|'||Wn_Zn+1||_||Wn_zn|| (2.4)
= ||Wn+1 - Wn|| - Hzn+1 _Zn||7
we have
limsup(||wn+j _Zn+j|| - ||Wn _Zn”)
n— oo
i-1
= limsup Z (||Wn+i+1 - Zn+i+1|| - ||Wn+i - Zn+i||)
n=eo =0
j-1
< limsup Z (||Wn+i+1 - Wn+iH - ||Zn+i+1 - Zn+i||) (2.5)
= i=0
j-1
= Z limsup (||Wariv1 — Waril| = [|2nsie1 — Znil|)
i=0 "T*®
<0
for j € N. Put a = (1 — limsup,, «,)/2. We note that 0 <a < 1. Fix k,£ € N and £ > 0.
Then there exists m" > £ such thata < 1 — a, [|[Wps1 — wall = lzu11 — 24l < & and [[wyy; —
Zutjll = llwn — zyll <€/2foralln = m’ and j = 1,2,..., k. In the case of d = limsup, ||w,, —

zull, we choose m = m’ satisfying

&

Wik — Zmekl| = d — 5 (2.6)
and |lw,, — z,,|| < d+ ¢ for all n > m. We note that
£
([Wmsj = 2ol = [[Winsk = Zmsil [ = 5 = d = e (2.7)

for j =0,1,...,k — 1. In the case of d = liminf,, [[w, — z,|, we choose m = m’ satisfying
vzl < d+ & e8)
and ||w, — z,|| = d — ¢ for all n > m. We note that
Wit — zZms || < ||wm-zm||+§ <d+e (2.9)

for j = 1,2,...,k. In both cases, such m satisfiesthat m > €,a < 1 —«a, < 1, [[Wp1 — wyll —
l|Zps1 — 24|l < eforall n = m, and

d—e<||Wnsj—zmsjl| <d +e (2.10)
for j =0,1,...,k. We next show

_ (k=Ck+1)

||Wm+k _Zm+j|| > (1 T Omtjt Omjrr+ - + k1) d pr=y

(2.11)
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for j=0,1,...,k — 1. Since

d— e < ||Wmtk — Zmekl|
= [ Wik = Cmik-1Wmsk—1 — (1 = Qmik—1) Zmk1 ||
< Wik 1| Wik = Winsk—1]] + (1 = @k 1) || Wik — Zmek—1]|
< tmrk—1|Zmik = Zmik—1 ||+ €+ (1= k1) |[Winsk — Zimsk1 |
= “fn+k_1||wm+k71 — Zmek-1|| e+ (1 = apmik—1) || Wik — Zmsk—1]]

= (an+k_1d+2£+ (1 - ‘xm+k71)||wm+k - Zm+k71||:

we obtain

(1 — ‘x;zwrk—l)d_ 3e

I — k-1

||Wm+k - zm+k71~| =

2k+1

= (1+am+k71)d_ E.

Hence (2.11) holds for j = k — 1. We assume (2.11) holds for some j € {1,2,...

Then since
- (k- j)(2k+1)
1+ Z Kp+i d— TE
i=j
< || Wik — Zms+jl|
= HWm+k — Om+j-1Wm+j-1 — (1 - am+j—1)zm+j—1||

=< “m+j71||wm+k - Wm+j71|| + (1 - (Xm+j71)||wm+k - Zm+j71||
k-1

= Q-1 Z ||Wm+i+l - Wm+i|| + (1 - ‘Xm+j—1)||wm+k - Zm+j—1||
i=j-1
k-1

= Q-1 Z (||Zm+i+1 _Zm+i|| +£) + (1 - “m+j71)||Wm+k _Zm+j71||
i=j-1

k-1

< Qs j-1 Z [|Zm+iv1 — zmeil| + ke + (1 = s j—1) [[Winsk — 2 j-1]|
i=j—-1
k-1

= O+ j-1 z Ol [Winti = Zmeil | + ke + (1 = o j1) | [Wink — Zimsj—1 |
i=j—-1
k-1

S pejo1 Y. Omei(d+e) ket (1= o1 [[Wansk — Zmejor ||
i=j-1
k-1

= Q-1 Z am+id+2k5+(l_‘xm+j—1)||Wm+k_Zm+j—1||y
i=j-1

107

(2.12)

(2.13)

k=13,

(2.14)
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we obtain

L+ 305 Qi = e jo1 S @i (k= j)(2k+1)/a"T 42k

I = amrj1 L= amrj-1

k-1 .
= (1+ Z 06m+i)d— (k_]+1)(2k+1)8'

HWerk - Zm+j—1|| =

ak—j+1
i=j—1
(2.15)

Hence (2.11) holds for j:= j — 1. Therefore (2.11) holds for all j = 0,1,...,k — 1. Spe-
cially, we have

k(2k+1)

p & (2.16)

||Wm+k_zm|| 2 (1+am+(xm+l+ ot +am+k—l)d_

On the other hand, we have

k-1
||Wm+k _Zm|| < ||Wm+k _Zm+k|| + Z ||Zm+i+l _Zm+i||
i=0
k-1
= ||Wm+k - Zm+k|| + Z “m+i||Wm+i - Zm+i||
i—0

. (2.17)
<d+e+ Zocm+i(d+e)
i=0
k-1
<d+ > apid+(k+1)e
i=0
From (2.16) and (2.17), we obtain
k(2k+1
Wk = 2l = (1% s st + - - -+ cprrir )| < %e. (2.18)
Since £ € N and ¢ > 0 are arbitrary, we obtain the desired result. O

By using Lemma 2.1, we obtain the following useful lemma, which is a generalization
of [19, Lemma 2] and [20, Lemma 6].

LEMMA 2.2. Let {z,} and {w,} be bounded sequences in a Banach space E and let {a,} be
a sequence in [0,1] with 0 < liminf, «, < limsup, a, < 1. Suppose that z,1 = e,w, + (1 —
an)zy foralln € N and

limsup (||wur1 — wal| = [|zns1 — 2a||) < 0. (2.19)

n— oo

Then lim,, ||w,, — z,|| = 0.
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Proof. We put a = liminf,a, >0, M = 2sup{llz,ll + llw,ll : n € N} < o0, and d =
limsup,, Wy — 2, < co. We assume d > 0. Then fix k € N with (1 + ka)d > M. By Lemma
2.1, we have

liirlglf Wik — zal| = (1 + oy + ape1 + - - - +aik-1)d]| = 0. (2.20)
Thus, there exists a subsequence {#n;} of a sequence {n} in N such that

11111.3(||wni+k —zy ]| = (1 + oy, +ap1+ - +ank-1)d) =0, (2.21)

the limit of {||wy,+x — 2y, ||} exists, and the limits of {a,,+;} existforall j € {0,1,...,k —1}.
Put B; = lim; a,,+; for j € {0,1,- - -,k — 1}. It is obvious that B; > a for all j € {0,1,...,
k —1}. We have

M< (1+ka)d
<(+po+pi+ - +Pr-1)d
=lim (14 ay, +ape1+ -+ +oyrk1)d

i—o0

= lim i — 2| 222)
< limsup ||Wy1k — zn||
n—oo
<M.
This is a contradiction. Therefore d = 0. O

We prove the following lemmas, which are connected with real numbers.

LemMa 2.3. Let {a,} be a real sequence with lim,(a,+1 — o) = 0. Then every t € R with
liminf, a, <t <limsup, «, is a cluster point of {a}.

Proof. We assume that there exists ¢ € (liminf, &, limsup,, a,) such that ¢ is not a cluster
point of {a,,}. Then there exist ¢ > 0 and n; € N such that

liminfa, <t—e<t<t+e<limsupay,,

e Lt (2.23)
Ay € (—Oo,t—é'] U [t+£)00)>

for all n = n;. We choose n, = ny such that |a,+1 — ay| < € for all n > n,. Then there exist
ns,ng € N such that ny > n3 > ny,

Opy € (—00,t—¢], A, € [t+¢€,00). (2.24)
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We put

Then we have

and hence

This is a contradiction. Therefore we obtain the desired result.

LEmMA 2.4. Fora,3 € (0,1/2) and n € N,

o —p"| <

hold.

Ns=max{n:n<ny, a, <t—-e} > ns.

Ap, St—€e<t+E=< i1

e<2e<ap41 —

= | oper1 — o | <.

- Bl

S (b~ | <4la—pl
k=1

(2.25)

(2.26)

(2.27)

(2.28)

Proof. We assume that n > 2 because the conclusion is obvious in the case of n = 1. Since

we have

We also have

n—1
a _ﬁn _ ((X—/j) z anflfkﬁk)
k=0

-1
ar ] = la— Bl Y a1 g
k=0

This completes the proof.

—_

n—1 1
= |{X—/))| Z on—1
k=0

n
= |a_/3|2n—1

o =] =

—Bl.
k=1
o
l-a 1-p
i
(1-a)(1-p)
<4la-pl.

(2.29)

(2.30)

(2.31)
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We know the following.

LemMa 2.5. Let C be a subset of a Banach space E and let {V,} be a sequence of nonex-
pansive mappings on C with a common fixed point w € C. Let x; € C and define a sequence
{xn} in C by xp11 = Vyuxy for n € N. Then {||x, — wll} is a nonincreasing sequence in R.

Proof. We have [|x,41 — wll = [| Vuxy, — Vawll < llx, — wll forall n € N. O

3. Three nonexpansive mappings

In this section, we prove a convergence theorem for three nonexpansive mappings. The
purpose for this is that we give the idea of our results.

LemMa 3.1. Let C be a closed convex subset of a Banach space E. Let Ty and T, be nonex-
pansive mappings on C with Ty o T = T, o T). Let {t,} be a sequence in (0, 1) converging to
0 and let {z,} be a sequence in C such that {z,} converges strongly to some w € C and

(1= ) T120 + ta Tozn — Zul| _

lim 0. (3.1)
n—oo tn

Then w is a common fixed point of Ty and T,.

Proof. It is obvious that
sup [|Tizm — Tiza|| < sup ||zm — znl|. (3.2)

m,neN m,neN

So {T1z,} is bounded because {z,} is bounded. Similarly, we have that {T,z,} is also
bounded. Since

lijl'}c”(]-_tn)len+tnTZZn_Zn|| =0, (3.3)

we have

|| Tyw —w|| <limsup (||Tiw — Tiz|| + || T1zn — (1 = t,) T1zn — ta Tazy||
n— oo

+[[(1 = ta) Trzn + ta Tozy — za|| + |20 — wl|)
< limsup (2||w — zu|| + ta|| T1zn — Taza|| +|[(1 = t0) T12n + t. Tozu — z4l|)
n—oo

=0
(3.4)

and hence w is a fixed point of T;. We note that

T1 o TzW = T2 o T]W = TzW. (35)
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We assume that w is not a fixed point of T,. Put

_|[Taw—wl

> 0.
3

Then there exists m € N such that

Since

we have

So, we obtain

[[(1 = t) Tazm + tn ToZm = 2zl _

[lzm — w|| <&, o

3¢ = ||Tow — w||
< || Taw = zul[ + |z — wl|

<||Tow — zu|| + &

2e < || Tow — zyn] .

| Tow =zl | < || Tow — (1 = tw) Tizm — tm Tazm||

+|[(1 = tw) Trzm + tm Tozm — Zm||

< (1= tw)|[|Taw = Thzw|| + tw|| Tow — Tazpm||
+|(1 =) Tizm + tin Tazm — zm||

= (1= tw)||Ty 0 Taw — Tiz|| + tm| | Taw — Tz
+|(1 =) Thzm + tin Tazm — zm||

< (U=t || Taw = zi|| + til|w — 20|
+|(1 = t) Tizm + tm Tazm — Zu|

< (1=tw)||Tow — zpn|| + 2tme

< (1 =t)||Taw = zin|| + t| | Tow — 2|

= ||Toaw — z]|.

This is a contradiction. Hence, w is a common fixed point of T} and T5.

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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LemMa 3.2. Let C be a closed convex subset of a Banach space E. Let Ty, T», and Ts be
commuting nonexpansive mappings on C. Let {t,} be a sequence in (0,1/2) converging to 0
and let {z,} be a sequence in C such that {z,} converges strongly to some w € C and

lim [1(1=t, — ) Tizy+ t,Tozy + 2 T3z, — 24| _

n—oco t%

0. (3.11)

Then w is a common fixed point of Ty, T, and Ts.

Proof. We note that {Tz,}, {T>2z,} and {T5z,} are bounded sequences in C because {z,}
is bounded. We have

1(1 = ta) Tizu + ta To2n — 2|

limsup
n— o0 tn
<hmsup||(1—tn—tﬁ)len+t,,Tzzn+tflT3zn—zn||+tﬁ||len—ng,,||
= Hmst ty (3.12)
1—t,—t2) Tz, + t,Taz, + t2T52, —
:’llj?o (th( n n) 1Zn tzn 2Zn nl3Zn Zn||+tn||lenT3zn||>
n
=0.

So, by Lemma 3.1, we have that w is a common fixed point of T} and T,. We note that
T10T3W= T30T1W= T3W, T20T3W= T30T2W= T3W. (313)
We assume that w is not a fixed point of T3. Put

[|Tsw—wl]

. .14
3 >0 (3.14)

Then there exists m € N such that

(1=t —t2) Tizm + tmTazm + 2, T3z — Zu| e

Iz —wll <e, 0 (3.15)
Since
3¢ =||Tsw —w||
S||T3W_ZmH"'Hz:m_WH (3.16)
<||Tsw — z|| + ¢,
we have

2e < || Tsw — zn]|. (3.17)
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So, we obtain

| Tsw — z|| < ||T5w — (1 =ty — ) Thzon — tm Tozim — t2,T52Zm||
(1=t = ) Trzm + tnTazm + 2, T320m — Zm||
< (1=tm = )| Tsw — Trzn|
F || Tsw — Taz|| + 2,|| Tsw — T3z,||
(1=t =) Trzm + tn oz + 2, T520m — Zm||
= (1 =ty —2)||Ty o Tsw — Tizn||
|| Ty o Tsw — Tozp|| + £2,|| Tsw — T3zm||

(1 =ty — 12) Tizm + tm Tozm + t2,T32m — Zm|| (3.18)
< (1= tw = 15) [ T5w = 2|
b | Tsw =z |+ 22| | w = 2,
H11(1 =t — £2) Tazon + tus Tozon + 2,320 — 2|
< (L= )||Tsw — z| | +2t5¢
< (1= )| Tsw — za|| + || Tsw — 24|
= ||Tsw — zu||.
This is a contradiction. Hence, w is a common fixed point of T}, T3, and T5. 0

THEOREM 3.3. Let C be a compact convex subset of a Banach space E. Let T, T», and T be
commuting nonexpansive mappings on C. Fix A € (0,1). Let {a,,} be a sequence in [0,1/2]

satisfying

liminfa, =0, limsupa, >0, 3151010 (ape1 — @) = 0. (3.19)

n—oo 0o
Define a sequence {x,} in C by x; € C and
X1 = A1 =, — 2) Ty + Aoy Toxy + Aa Tsx, + (1 — A)x, (3.20)

for n € N. Then {x,} converges strongly to a common fixed point of Ty, T, and Ts.

Proof. Put

a = limsupa, >0, M = sup x| < oo,
e xee (3.21)
Y= (1—ay—a2) Tix, + oy Toxy + a2 T3xy,

for n € N. We note that

Xpi1 = Ayn+ (1= A)x, (3.22)
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for all n € N. Since

[[yne1 = yall = ||(1 = anr = apy 1) Tixner + @t ToxXner + @y TsXng
— (1=, —a2) T1x, — @, Toxy — a2 Tsx,||

< (1= an = o)) || Taxner — Trxal|
+ @it || Taxner — Toxl| + o1 | Taxnir — Tax4]|
+ | + gy — = o ||| = Thx| (3.23)
+ [ — o ||| Toxal [+ | 0hsy — g [ T30 |

< (1= aer = o) [0 = Xl |+ ot [ X1 = ][ + 031 |1 — 26|
o+t —an— o | M+ & —an |M+ |2, — a2 | M

= ||xn+1 _xn||+4|an+1 _(XnIM
for n € N, we have

limsup (||yns1 = yul| = ||%ns1 — x4]]) < 0. (3.24)
Nn— 00

So, by Lemma 2.2, we have lim, ||x, — y,|| = 0. Fix t € R with 0 < ¢ < &. Then by Lemma
2.3, there exists a subsequence {ay,, } of {a,} converging to . Since C is compact, there
exists a subsequence {x,,kj } of {x,,} converging to some point z; € C. We have

[[(1 =t =) Tz + tToz + T3z — 24|
<||(1 =t =) Tzt +tToze + T3z — yal| +|[yn — x| | + |30 — 2]
=|[(1=t=)Tizi+tToz + 2 Tszs — (1 — &y — &%) T1 X — 0 Toxy — 02 T3 ]|
+ [y — 2l |+ [[200 — 2|
< (1 —t—)||T1z: — Tixa|| + || Toze — Toxu|| + £2]| Tsze — Tsxn||
+[t+ 82— o =g ||| = Tixal[ + [ = | [ Toxal [+ | £ = o [ | T3 |
+{|yn = xul[ + |20 — 20|
< (1=t —12)||zs — x| | + t]|zt — x| | + 2] |2t — x2]]
+t+2 oy — a2 M+ |[t—a, | M+ |2 — a2 | M
+ [y — 2l | + (200 — 2|
52||Zt_xn||+4|t_‘xn|M+||}’n_xn”
(3.25)

for n € N, and hence
||(1 —t—tz)T12t+tT22[+t2T3Zt_Zt||
= l.im (2||Zt _xnij +4|t_“nkj |M+ ||)/nkj _xnij) (3.26)
j—oo
=0.
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Therefore we have
(1—t— )Tz +tToz + 2 T3zt = 7 (3.27)

for all t € R with 0 < ¢ < a. Since C is compact, there exists a real sequence {t,} in (0,«)
such that lim, t, = 0, and {z,,} converges strongly to some point w € C. By Lemma 3.2,
we obtain that such w is a common fixed point of T}, T, and T3. We note that w is a
cluster point of {x,} because so are z;, for all n € N. Hence, liminf, ||x, — w| = 0. We
also have that {|/x, — w||} is nonincreasing by Lemma 2.5. Thus, lim,, [|x, — w| = 0. This
completes the proof. O

We give an example concerning {a;,}.

Example 3.4. Define a sequence {f3,} in [—1/2,1/2] by

k-1 k-1

ﬁ if2> j<n<2> j+kforsomekeN,
j=1 j=1
Bn= o ; (3.28)
—i if2> j+k<n=<2) jforsomekeN.
j=1 j=1

Define a sequence {a,} in [0,1/2] by

= Pr (3.29)
k=1

for n € N. Then {a,} satisfies the assumption of Theorem 3.3.

Remark 3.5. The sequence {«a,} is as follows:

o =1/2, a, =0, oz = 1/4, oy = 2/4, as = 1/4,
o =0, a7 =1/6, ag = 2/6, a9 = 3/6, a9 = 2/6,
o = 1/6, o =0, a3 = 1/8, o4 = 2/8, a5 = 3/8,
e = 4/8, a7 = 3/8, arg = 2/8, a9 = 1/8, az =0, (3.30)

K1 = 1/10, Ko = 2/10, o3 = 3/10, Koy = 4/10, K5 = 5/10,
K = 4/10, K7 = 3/10, g = 2/10,

4. Main results
In this section, we prove our main results.

LemMa 4.1. Let C be a closed convex subset of a Banach space E. Let € € N with € = 2 and let
T1,Ty,..., Ty be commuting nonexpansive mappings on C. Let {t,} be a sequence in (0,1/2)
converging to 0 and let {z,} be a sequence in C such that {z,} converges strongly to some
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w e Cand

lim ||(1 - Zi;ll tﬁ)len + Xizz tlﬁilTkzn _Zn” _

n—oo tfl_l

0. (4.1)

Then w is a common fixed point of T1, Ta,..., Tp.

Proof. We will prove this lemma by induction. We have already proved the conclusion
in the case of € = 2, 3. Fix £ € N with € > 4. We assume that the conclusion holds for
every integer less than ¢ and greater than 1. We note that {T1z,},{T22n},..., {T¢2z,} are
bounded sequences in C because {z,} is bounded. We have

(1= S023 t8) Tuz + S 57 Tz — 2|

lirrzsogp =
< limsup 10— S ) Taza + Sihcs tﬁiliTkZ" — zn|| + 57| Thzw — Teza|
"*°° e (4.2)
= Jim (t" e tﬁ)lentjlziz b Tkzn = 2| +ty||Trz, — T€Zn||)
n
=0.

So, by the assumption of induction, we have that w is a common fixed point of T}, T5,...,
T,_1. We note that

Tk o TgW = Te o TkW = TeW (43)
for all k € N with 1 < k < €. We assume that w is not a fixed point of T,. Put

_[Tew—w]

3 > 0. (4.4)

Then there exists m € N such that

(1 - Zij t5) Tizm +Z£=2 th ! Tizim — Zu| <
el

llzm —wl <, e (45)

Since

3¢ =||Tew —w||
< |1 Tew =zl | + [z — wl| (4.6)

<||Tew — zml| + &,
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we have
2e < || Toew = z|- (4.7)

So, we obtain

| Tew — 2| <

-1 14
Tow - (1 S ff;>nzm S T,
k=1 k=2

+

-1 14
(1 S tf,,) Tozm+ S 6 Tz — 2

k=1 k=2

-1 ¢
< (1 -> t’,;) [ Tew — Tizw||+ D 571 | Tew — Tiezw|| + 5, e
k=1 k=2

-1
= (1— zt’fn>||T1 o Tow — T12Zml|

k=1

-1
+ Z t;71||Tk o Tew — TkZmH +tfnfl||TeW - TeZmH +tfn71€
k=2

-1 -1
< (1 -y ﬂ,;)nnw—zmn + ST Tyw — 2|+ £ | w — 2| + £ 1
k=1 k=2

< (1=t Tow — zm| + 265 e
< (L=t )| Tew = zm|| + 57| Tew — 2|

= || Tew — zm]|.
(4.8)

This is a contradiction. Hence, w is a common fixed point of Ty, T3,..., T;. By induction,
we obtain the desired result. |

LEmMMA 4.2. Let C be a bounded closed convex subset of a Banach space E. Let {T,, : n € N}
be an infinite family of commuting nonexpansive mappings on C. Let {t,} be a sequence in
(0,1/2) converging to 0 and let {z,} be a sequence in C such that {z,} converges strongly to
somew € C and

(1 S fz;) T+ S - Tz = 2 (49)
k=1

= k=2

forall n € N. Then w is a common fixed point of {T, : n € N}.
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Proof. Fix € € N with € > 2. We put M = 2sup{|lx|| : x € C} < c0. We have

||(1 - Zi;ll tﬁ)len + Zizz tﬁilTkzn *Zn”

limsup

7 o0 tf—l
. || — ke 1t ) Thzn+ k- ztk Tkzn_zn” P, 1tk71||len_Tan||
sllr’isotlp( = +1tn =
— limsup Skeit tlrf—l”Tl zn = Tizal|
n—oo tﬁ_l

< limsup Z ti=tMm

n=o0 k=g+1

M

= lim

n— 00 —

=0.

n

(4.10)

So, by Lemma 4.1, we have that w is a common fixed point of T}, T5,..., T;. Since £ € N is
arbitrary, we obtain that w is a common fixed point of {T, : n € N}. This completes the
proof. O

THEOREM 4.3. Let C be a compact convex subset of a Banach space E. Let {T,, : n € N} be
an infinite family of commuting nonexpansive mappings on C. Fix A € (0,1). Let {a,} be a
sequence in [0, 1/2] satisfying

liminfa, =0, limsupa, >0, lim (a1 — o) = 0. (4.11)
n—oo n— 00 n— 0o

Define a sequence {x,} in C by x; € C and
n—1
X1 = (1—204 )Tlxn+/1(z(xk lTkx,,)+(1— M) (4.12)
k=1 k=2
forn € N. Then {x,} converges strongly to a common fixed point of {T, : n € N}.

Remark 4.4. We know that (>°_, F(T,) # @ by DeMarr’s result in [5]. We define 3'7_, af =
0and 3;_,af ' Thx; =

Proof. Put
a = limsupa, >0, M = sup x| < oo,
n—oo xeC
-1 (4.13)
Vn = (1—z(x>T1xn+Zak 'Tex,
k=1 k=2

for n € N. We note that

Xpi1 = Ayn+ (1= A)x, (4.14)
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for all n € N. Since

||yn+1

_)’nH

-

n+l n—1 n
Z ocn+1> Ti1xp01 + Z Ayl M — (1 — Z o )Tlx,, Z ocﬁ_lTkxn

k=2

k=2 k=1

n+l

< (1= 3 a1t = Tl + il T~ To

k=1 k=2

n+l

| = Tuxall + Z ot — ey || Tl

n
ﬁﬂ z“
=1

+ |06”|H*T1xn||+ Ia”IIITonnII

(-

n+l

z ) s sl Sl )

+2MZ lak,, —ak| +2M|a |

1
< ||xnr1 = xu|| + 8M | @iy — a0 | +2M —

k=1

2ﬂ

for n € N, we have

So, by Lemma 2.2, we have lim, ||x,

limsup (|| yne1 = yal| = [|xns1 = xa]]) <0

n—oo

(4.15)

(4.16)

— yull = 0. Fix t € R with 0 < t < a. Then by Lemma

2.3, there exists a subsequence {a,, } of {&,} converging to t. Since C is compact, there
exists a subsequence X } of {x,,} converging strongly to some point z; € C. We have

H(l_Zt>T1Zt+Zt€ ngZt Zt

=2

(1 - Z t€> let + Z te_ngZt —Vn

=1 =2

=1 =2

+ |lyn =2l + [0 — 2|

=1 =2

< (1 - ZtZ)HTth — Tlan + Z t€71||TeZt - Texn||

=1 =2

n—1 - n
2 Z

=1

o0

Tyl [+ 2 71 = o || Texal|
=2

=1

[eY]

+ 2t = Taxal [+ 30 7 I Teall + 1 yn = xall + 0 = ]|
l=n C=n+1

+|yn =l [ + {20 = 2|

n—1 n
(1 - Zt€> Tz + th YTz — <1 ->at )Tlxn > al 1 Tex,
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[eY]

s(l_gte)nz,—xnndtf Uz -l +

=2

See Zvc

=1

n 00 00
+ O [ T M D EM A D ETIM ||y — x| 4+ |60 — 2]

t=n ¢=n+1

2"
g2||zt—x,,||+8|t—ocn|M+:M+||y,,—xn||

(4.17)
for n € N, and hence
H(l-zt)let‘f‘Zt ITEZt Zt
=2 (4.18)
) 21"
< limsup (2||zt—xnk]||+8|t—(x,,kj | M+ :M+||ynkj —x,,kj||) =0
J"OO
Therefore we have
(1— zte> T]Zt+zt87lT€Zt =2t (4.19)
e=1 =2

for all t € R with 0 < ¢ < a. Since C is compact, there exists a real sequence {t,} in (0,«)
such that lim, t, = 0 and {z,,} converges strongly to some point w € C. By Lemma 4.2,
we obtain that such w is a common fixed point of {T}, : n € N}. We note that w is a cluster
point of {x,} because so are z;, for all n € N. Hence, liminf, [|x, — w|| = 0. We also have
that {|lx, — wll} is nonincreasing by Lemma 2.5. Thus, lim,, ||x,, — w|| = 0. This completes
the proof. O

Similarly, we can prove the following.

TaEOREM 4.5. Let C be a compact convex subset of a Banach space E. Let {T, : n € N} be
an infinite family of commuting nonexpansive mappings on C. Fix A € (0,1). Let {a,} be a
sequence in [0,1/2] satisfying

liminfa, =0, limsupa, >0, lim (o471 — ) = 0. (4.20)
Nn— 00

n—oo oo
Define a sequence {x,} in C by x; € C and
Xns1 = A(l -> a,ﬁ) T1x, +)L( > (xﬁ_lTkx,,) +(1 = A)x, (4.21)
k=1 k=2

forn € N. Then {x,} converges strongly to a common fixed point of {T, : n € N}.

As direct consequences, we obtain the following.
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THEOREM 4.6. Let C be a compact convex subset of a Banach space E. Let S and T be non-
expansive mappings on C with ST = TS. Let {a,} be a sequence in [0, 1] satisfying

liminfa, =0, limsupa, >0, 315210 (ape1 — ) = 0. (4.22)

n—oco oo
Define a sequence {x,} in C by x; € C and

—a,
2

1
Sx, + % Tx, + =x, (4.23)

Xn+l = )

for n € N. Then {x,} converges strongly to a common fixed point of S and T.
Remark 4.7. This theorem is simpler than Theorem 1.2.

TaEOREM 4.8. Let C be a compact convex subset of a Banach space E. Let € € N with £ = 2
and let {T1,T5,...,T;} be a finite family of commuting nonexpansive mappings on C. Let
{an} be a sequence in [0,1/2] satisfying

liminfa, = 0, limsupa, >0, lim (a1 — o) = 0. (4.24)
n— oo

n—oo n—o00

Define a sequence {x,} in C by x, € C and

-1 ¢
1 1 1
Xpi1 = 3 (1 - Z oc’,‘,) Tix, + 3 ( Z oc’fl_lTkxn> + Exn (4.25)

k=1 k=2
for n € N. Then {x,} converges strongly to a common fixed point of {T1,T,..., T;}.

Remark 4.9. This theorem is simpler than Theorem 1.1.
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