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Let E be a real Hausdorff topological vector space. In the present paper, the concepts
of the transfer positive hemicontinuity and strictly transfer positive hemicontinuity of
set-valued maps in E are introduced (condition of strictly transfer positive hemiconti-
nuity is stronger than that of transfer positive hemicontinuity) and for maps F : C — 2
and G : C — 2F defined on a nonempty compact convex subset C of E, we describe how
some ideas of K. Fan have been used to prove several new, and rather general, conditions
(in which transfer positive hemicontinuity plays an important role) that a single-valued
map @ : U.cc(F(c) X G(c)) — E has a zero, and, at the same time, we give various char-
acterizations of the class of those pairs (F,G) and maps F that possess coincidences and
fixed points, respectively. Transfer positive hemicontinuity and strictly transfer positive
hemicontinuity generalize the famous Fan upper demicontinuity which generalizes up-
per semicontinuity. Furthermore, a new type of continuity defined here essentially gen-
eralizes upper hemicontinuity (the condition of upper demicontinuity is stronger than
the upper hemicontinuity). Comparison of transfer positive hemicontinuity and strictly
transfer positive hemicontinuity with upper demicontinuity and upper hemicontinuity
and relevant connections of the results presented in this paper with those given in earlier
works are also considered. Examples and remarks show a fundamental difference between
our results and the well-known ones.

1. Introduction

One of the most important tools of investigations in nonlinear and convex analysis is the
minimax inequality of Fan [11, Theorem 1]. There are many variations, generalizations,
and applications of this result (see, e.g., Hu and Papageorgiou [16, 17], Ricceri and Si-
mons [19], Yuan [21, 22], Zeidler [24] and the references therein). Using the partition of
unity, his minimax inequality, introducing in [10, page 236] the concept of upper demi-
continuity and giving in [11, page 108] the inwardness and outwardness conditions, Fan
initiated a new line of research in coincidence and fixed point theory of set-valued maps in
topological vector spaces, proving in [11] the general results ([11, Theorems 3—-6]) which
extend and unify several well-known theorems (e.g., Browder [7], [5, Theorems 1 and 2]
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and [6, Theorems 3 and 5], Fan [6, 9], [10, Theorem 5] and [8, Theorem 1], Glicksberg
[14], Kakutani [18], Bohnenblust and Karlin [3], Halpern and Bergman [15], and others)
concerning upper semicontinuous maps and, in particular, inward and outward maps
(the condition of upper semicontinuity is stronger than that of upper demicontinuity).

Let C be a nonempty compact convex subset of a real Hausdorff topological vector
space E,let F: C — 2F and G : C — 2F be set-valued maps and let @ : |J.cc(F(c) X G(¢c)) —
E be a single-valued map. The purpose of our paper is to introduce the concepts of
the transfer positive hemicontinuity and strictly transfer positive hemicontinuity of set-
valued maps in E and prove various new results concerning the existence of zeros of @,
coincidences of F and G and fixed points of F in which transfer positive hemicontinu-
ity and strictly transfer positive hemicontinuity plays an important role (see Section 2).
In particular, our results generalize theorems of Fan type (e.g., [11, Theorems 3—6]) and
contain fixed point theorems for set-valued transfer positive hemicontinuous maps with
the inwardness and outwardness conditions given by Fan [11, page 108]. Transfer posi-
tive hemicontinuity and strictly transfer positive hemicontinuity generalize the Fan upper
demicontinuity. Furthermore, a new type of continuity defined here essentially gener-
alizes upper hemicontinuity (every upper demicontinuous map is upper hemicontinu-
ous). Comparisons of transfer hemicontinuity and strictly transfer positive hemiconti-
nuity with upper demicontinuity and upper hemicontinuity are given in Sections 3 and
4. The remarks, examples and comparisons of our results with Fan’s results and other re-
sults concerning coincidences and fixed points of upper hemicontinuous maps given by
Yuan et al. [22, 23] (see also the references therein) show that our theorems are new and
differ from those given by the above-mentioned authors (see Sections 2—4).

2. Transfer positive hemicontinuity, strictly transfer positive hemicontinuity,
zeros, coincidences, and fixed points

Let E be a real Hausdorff topological vector space and let E" denote the vector space of all
continuous linear forms on E.

Let C be a nonempty subset of E. A set-valued map F : C — 2F is a map which assigns
a unique nonempty subset F(c) € 2 to each ¢ € C (here 2f denotes the family of all
nonempty subsets of E).

Definition 2.1. Let C be a nonempty subset of E, let F: C — 2F and let G: C — 2F. Let
@ : U.cc(F(c) X G(c)) — E be a single-valued map.

(a) We say that a pair (F,G) is @-transfer positive hemicontinuous (®-t.p.h.c.) on C if,
whenever (¢, ¢c,A) € C X E' X R and & > 0 are such that

A[(@c o @) (u,v) — (1+e)A:] >0 forany (u,v) € F(c) X G(c), (2.1)

there exists a neighbourhood N(¢) of ¢ in C such that

Ae[(@c o @) (u,v) —Ac] >0 for any x € N(c) and any (u,v) € F(x) X G(x). (2.2)
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(b) We say that a pair (F,G) is O-transfer hemicontinuous (O-t.h.c.) on C if, whenever
(¢, 9cAc) € CX E' X R is such that

Ac[(@co @) (u,v) —A] >0 forany (u,v) € F(c) X G(c), (2.3)
there exists a neighbourhood N(¢) of ¢ in C such that
Ae[(@c o @) (u,v) —Ac] >0 for any x € N(c) and any (u,v) € F(x) X G(x). (2.4)

(c) We say that a map F is ®-t.p.h.c. or -t.h.c. on C if a pair (F,Ig) is O-t.p.h.c. or
®-t.h.c. on C, respectively.

(d) We say that a pair (F,G) is transfer positive hemicontinuous (t.p.h.c.) or transfer
hemicontinuous (t.h.c.) on C if (F,G) is ®-t.p.h.c. or ®-t.h.c. on C, respectively, for @ of
the form ®(u,v) = u — v where (u,v) € F(¢) X G(c) and c € C.

(e) We say that a map F is t.p.h.c. or t.h.c. on C if a pair (F,I) is t.p.h.c. or th.c. on C,
respectively.

Recall that an open half-space H in E is a set of the form H = {x € E: ¢(x) < t} where
@€ E'\{0}andteR.

Remark 2.2. The geometric meaning of the ®@-transfer positive hemicontinuity and ®-
transfer hemicontinuity is clear.

Really define

Hc,(pc,/lc,sc = {W €E: (PC(W) < (1 +£c))tc}) & 20,

Weporoo = {x € C: (¢c 0 @) (u,v) < A for any (u,v) € F(x) x G(x)},

(2.5)
Ucpedo® = {x ecC: sup (pc 0 @) (u,v) < AC}
(u,v)EF(x)XG(x)
when A, <0,
Hc,q)[,/lc,s; = {W €E: ¢C(W) > (1 +£c))tc}) & = 0)
Wegporoo = (x € C: (¢c o @) (u,v) > A for any (u,v) € F(x) x G(x)}, (2.6)

U. ={x€C: inf o D) (u,v z)tc}
perde,® (u,v)EF(x)XG(x) (9 )(w,v)

when A, > 0.
By Definition 2.1, we see that the pair (F,G) is ®-t.p.h.c. or ®-t.h.c. on C if, when-
ever (¢,¢:,A¢) € C X E’ X R and ¢, = 0 are such that the set ®(F(c) x G(c)) is contained
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in open half-space H(c, ¢, Ac,€:) (here e > 0 in the case of ®-transfer positive hemicon-
tinuity and e = 0 in the case of ®-transfer hemicontinuity), then the following hold:
(i) there exists a neighbourhood N(c¢) of ¢ in C such that, for any x € N(c), the set
O(F(x) x G(x)) is contained in open half-space H. .05 (ii) ¢ is an interior point of the
sets We g 1,0 and Uy 1.,0. Indeed, then A.[(¢. o @)(u,v) —Ac] >0 for any x € N(c) and
any (u,v) € F(x) X G(x).

Definition 2.3. Let C be a nonempty subset of E, let F : C — 2F and let G: C — 2F. Let
@ : U.cc(F(c) X G(c)) — E be a single-valued map.

(a) We say that a pair (F,G) is ©-strictly transfer positive hemicontinuous (®-s.t.p.h.c.)
on C if, whenever (¢, ¢¢,A;) € C X E’ X R and ¢ > 0 are such that

Al (@0 @) (u,v) — (1+e)Ac] >0 forany (u,v) € F(c) X G(c), (2.7)

then c is an interior point of the set V., .o, where

Vepolod = {x eC: sup (@c 0 @) (u,v) < /\C} ifA. <0,
(u,v)EF(x)XG(x) (2 8)

Vegido® = {x eC: (u,v)ellTI(lJCf)xG(x) (@c 0 @) (u,v) > /L;} ifA. > 0.

(b) We say that a pair (F,G) is @-strictly transfer hemicontinuous (®-s.t.h.c.) on C if,
whenever (¢, ¢c,Ac) € C X E" X R is such that

Al (@ o @) (u,v) —A;] >0 forany (u,v) € F(c) X G(c), (2.9)

then ¢ is an interior point of the set V1. 0.

(c) We say that a map F is ®O-s.t.p.h.c. or @-s.t.h.c. on C if a pair (F,Ig) is ®-s.t.p.h.c.
or ®@-s.t.h.c. on C, respectively.

(d) We say that a pair (F,G) is strictly transfer positive hemicontinuous (s.t.p.h.c.) or
strictly transfer hemicontinuous (s.t.h.c.) on C if (F,G) is ®-s.t.p.h.c. or @-s.t.h.c. on C,
respectively, for @ of the form ®(u,v) = u — v where (1,v) € F(c) X G(¢) and ¢ € C.

(e) We say that a map F is s.t.p.h.c. or s.t.h.c. on C if a pair (F,Ig) is s.t.p.h.c. or s.t.h.c.
on C, respectively.

PropoSITION 2.4. Let C be a nonempty subset of E, let F : C — 2F and let G: C — 2F. Let
D : U.ec(F(c) X G(c)) — E be a single-valued map.

(i) If (F,G) is ®-t.h.c. on C, then (F,G) is ®-t.p.h.c. on C.

(ii) If (F,G) is ®-t.p.h.c. on C and, for each x € C, ®(F(x) X G(x)) is compact, then
(F,G) is ®-t.h.c. on C.

(iii) If (F,G) is @-s.t.h.c. on C, then (F,G) is O-s.t.p.h.c. on C.

(iv) If (F,G) is O-s.t.p.h.c. on C and, for each x € C, ®(F(x) X G(x)) is compact, then
(F,G) is ®-s.t.h.c. on C.

(v) If (F, G) is O-s.t.p.h.c. (D-s.t.h.c., resp.) on C, then (F,G) is O-t.p.h.c. (O-t.h.c., resp.)
on C.
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(vi) If (F,G) is ®-t.p.h.c. (D-t.h.c,, resp.) on C and, for each x € C, ®(F(x) X G(x)) is
compact, then (F,G) is @-s.t.p.h.c. (O-s.t.h.c., resp.) on C.

Proof. (i) Let (F,G) be ®-t.h.c. on C and assume that there exist (c,¢c,Ac) € CXE' X R
and ¢ > 0 such that A.[(@. o D)(u,v) — (1 +&.)A:] > 0 or, equivalently, (1 +e.)A:[(¢c ©
D)(u,v) — (1 +¢&:)Ac] >0 for any (u,v) € F(c) X G(c). Then, by ®-transfer hemicontinu-
ity, there exists a neighbourhood N(c) of ¢ in C such that (1 +&.)A[(¢c 0 ©)(u,v) — (1 +
&)Ac] >0 for any x € N(c) and any (u,v) € F(x) X G(x). This implies, in particular, that
Acl(@c o @)(u,v) —Ac] >0 for any x € N(c) and any (u,v) € F(x) X G(x), that is, (F,G) is
@-t.p.h.c. on C.

(ii) Let (F,G) be ®@-t.p.h.c. on C and let there exists (¢, ¢c,Ac) € C X E' X R such that,
for any (u,v) € F(c) X G(¢), Ac[(¢c o @) (u,v) — Ac] >0 or, equivalently, for any (u,v) €
F(c) X G(c), (¢c 0 D) (u,v) < Ac if Ac <0 and (@. o ®)(u,v) > A, if A. > 0. Since, for
each x € C, ®(F(x) X G(x)) is compact, thus sup, ,cp()xc(c (goc o ®)(u,v) < A if
Ae <0 and inf()ere)xce) (@c © @) (u,v) > A if Ac >0, so there is some & >0 such that
SUP (1) F(0)x G C)(goc o CD)(u v) < (L+e)A if A <0 and inf () er)xce) (@c © P)(u,v) >
(1+&c)Acif Ae > 0. Therefore, for any (u,v) € F(c) X G(c), (¢ o D) (1, v) < (1 +¢.)Ac ifAc <
0and (@c o @) (u,v) > (1 +¢.)Ac if A > 0 or, equivalently, Ac[(pc o @) (u,v) — (1+¢&)A] >0
for any (u,v) € F(c) X G(c). Then, by ®@-transfer positive hemicontinuity, there exists a
neighbourhood N(c¢) of ¢ in C such that A;[(¢; o ®)(u,v) — A.] >0 for any x € N(c) and
any (u,v) € F(x) X G(x), that is, (F,G) is ®-t.h.c. on C.

(iii) Let (F,G) be ®-s.t.h.c. on C and assume that there exist (¢,¢,A.) € CXE X R
and ¢; > 0 such that A.[(@. o D)(u,v) — (1 +&.)A:] > 0 or, equivalently, (1 +e.)A:[(pc o
D)(u,v) — (1 +&.)Ac] >0 for any (u,v) € F(c) X G(c). Then, by ®-strictly transfer hemi-
continuity, ¢ is an interior point of the set Vo (14e)r,0- But Vg (14egn.o € Vegor,o-
This implies, in particular, that c is an interior point of the set V4 1.0, that is, (F,G) is
®-s.t.p.h.c.on C.

(iv) Let (F,G) be ®-s.t.p.h.c. on C and let there exists (¢, pc,Ac) € C X E’ X R such that,
for any (u,v) € F(c) X G(¢), Ac[(¢c 0 @) (u,v) — Ac] >0 or, equivalently, for any (u,v) €

F(c) X G(¢), (¢c o D)(u,v) < Ac if Ac <0 and (@. o ®)(u,v) > A, if A, > 0. Since, for
each x € C, ®(F(x) X G(x)) is compact, thus sup, ,cp()xc(c (q)c o ®)(u,v) < A, if
Ae <0 and inf)ere)xce) (@c © @) (u,v) > A if Ac >0, so there is some & >0 such that
SUP (1) eF()xG C)((pc o CD)(u v) < (L+e)Ae if A <0 and inf(,y)er)xce) (@c © P)(u,v) >
(1+&c)Acif Ae > 0. Therefore, for any (u,v) € F(c) X G(c), (¢ o D) (u,v) < (1 +¢.)Ac ifAc <
0and (@c o @) (u,v) > (1 +¢.)Ac if A > 0 or, equivalently, Ac[(pc o @) (u,v) — (1+¢€)A] >0
for any (u,v) € F(c) X G(c). Then, by ®-strictly transfer positive hemicontinuity, ¢ is an
interior point of the set V. 4.1, .0, that is, (F,G) is ®-s.t.p.h.c. on C.

(v) By Definitions 2.1 and 2.3 and Remark 2.2, we see that V.4 1.0 C Weg 1, 0-

(vi) By Definition 2.1, the pair (F,G) is ®-t.p.h.c. or ®-t.h.c. on C if, whenever
(¢, 0cAc) € CX E' X R and ¢ = 0 are such that the set ®(F(c) X G(c)) is contained in
open half-space H(c,¢,Ac,¢c) (here e >0 in the case of ®-transfer positive hemicon-
tinuity and e, = 0 in the case of ®-transfer hemicontinuity), then there exists a neigh-
bourhood N(c) of ¢ in C such that, for any x € N(c) and any (u,v) € F(x) X G(x), (¢ ©
D) (u,v) < A¢ if Ac <0 and (@ o @) (u,v) > A if A > 0. Since, for each x € C, O(F(x) X
G(x)) is compact, thus, for each x € N(c), sup, ) crxc) (@c © P)(w,v) <A if Ac <0
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and inf () ep()xGx) (Pc © @) (4, v) > A if Ac > 0. Consequently, N(c) C Ve 2.0, thatis, ¢
is an interior point of the set V. 1.0. O

Remark 2.5. This proves, in particular, that the condition of strictly transfer positive
hemicontinuity is stronger than that of transfer positive hemicontinuity.

Definition 2.6. Let C be a nonempty compact convex subset of E. We say that (c,p) €
C x (E"\ {0}) is admissible if ¢(c) = minyec @(x); thus if (c,¢) is admissible, then this
means that the closed hyperplane determined by ¢ of the form {x € E: ¢(x) = ¢(c)} isa
supporting hyperplane of C at c.

Definition 2.7. Let C be a nonempty subset of E, let F: C — 2£ and let G: C — 2F. Let
@ : J.cc(F(c) X G(c)) — E be a single-valued map.

(a) A pair (F,G) is called ®-inward (O-outward, resp.) if, for any admissible (¢, ¢) €
Cx (E"\ {0}) there is a point (u,v) € F(c) X G(c) such that (¢ o ©)(u,v) = 0 ((¢ o D) (u,v)
<0, resp.).

(b) A map F is called ®-inward (®-outward, resp.) if the pair (F,Ig) is ®-inward (-
outward, resp.).

(¢) A pair (F,G) is called inward (outward, resp.) if the pair (F,G) is ®-inward (-
outward, resp.) for @ of the form ®(u,v) = u — v where (u,v) € F(c) X G(c) and ¢ € C.

(d) A map F is called inward (outward, resp.) (see Fan [11, page 108]) if a pair (F,Ig)
is inward (outward, resp.).

Definition 2.8. Let C be a nonempty subset of E, let F : C — 2F and let G: C — 2F. Let
@ : U.ec(F(c) X G(c)) — E be a single-valued map.

(a) We say that a pair (F, G) has a ®-coincidence if there exist c € C and (u,v) € F(c) X
G(c), such that ®(u,v) = 0, that is, (u,v) € F(c) X G(c) is a zero of ®; this point c is called
a ®-coincidence point for (F,G).

(b) We say that a map F has a ®-fixed point (a pair (F,Ig) has a ®-coincidence) if there
exist c € C and u € F(c), such that ®(u,c) = 0; this point c is called a ®-fixed point for F.

(c) We say that a pair (F,G) has a coincidence if there exist ¢ € C and (u,v) € F(c) X
G(c), such that u = v; this point ¢ is called a coincidence point for (F,G).

(d) We say that F has a fixed point if there exists ¢ € C such that ¢ € F(c); this point ¢
is called a fixed point for F.

With the background given, the first result of our paper can now be presented.

THEOREM 2.9. Let E be a real Hausdorff topological vector space. Let C be a nonempty
compact convex subset of E, let F: C — 2F and let G: C — 2F. Let ® : U.cc(F(c) X G(c)) —
E be a single-valued map.

(i) Let the pair (F,G) be ©-t.p.h.c. on C. If (F,G) is ®-inward or ©-outward, then there
exists co € C such that, for any ¢ € E', there is no A € R such that A[(¢ o ®)(u,v) —A] >0
for all (u,v) € F(cp) X G(cp).

(ii) Let F be ®-t.p.h.c. on C. If F is ®-inward or ®-outward, then there exists ¢y € C such
that, for any ¢ € E’, thereis no A € R such that A[(¢ o ©)(u,co) —A] >0 for all u € F(co).

(iii) Let the pair (F,G) be t.p.h.c. on C. If (F,G) is inward or outward, then there exists
co € C such that, for any ¢ € E', there is no A € R such that A[¢(u—v) —A] >0 for all
(u,v) € F(cg) X G(co).
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(iv) Let F be t.p.h.c. on C. If F is inward or outward, then there exists ¢y € C such that,
forany ¢ € E', there is no A € R such that A[¢(u — ¢o) —A] >0 for all u € F(cy).

Proof. (i) Assume that, for any admissible (¢,9) € Cx (E’ \ {0}), there exists (u,v) €
F(c) x G(c) such that

(po®)(u,v) =0 (2.10)

and assume that the assertion does not hold, that is, without loss of generality, for any
c € C, there exist 9. € E’ \ {0}, A <0 and & = 0, such that

(@0 @) (u,v) < (1+e)Ae V(u,v) € F(c) X G(c). (2.11)
By Definition 2.1(a), there exists a neighbourhood N(c) of ¢ in C such that
(pc o @) (u,v) <Ac forany x € N(c) and any (u,v) € F(x) X G(x). (2.12)

Since the family {N(c):c € C} is an open cover of a compact set C, there exists a
finite subset {cy,...,c,} of C such that the family {N(c;):j = 1,2,...,n} covers C. Let
{B1>...>Bn} be a partition of unity with respect to this cover, that is, a finite family of real-
valued nonnegative continuous maps f3; on C such that 3; vanish outside N(c;) and are
less than or equal to one everywhere, l<j<mn,and Z?zl Bi(c)=1forallce C.

Define 5(c) = 371 Bj(c)¢,; for c € C. Then 51(c) € E’ for each ¢ € C. Therefore

([n(c)] o @) (u,v) <A (2.13)

for any ¢ € Cand (u,v) € F(c) X G(c), where A = max;<j<,A; <0 since

([n(c)] o @) (u,v) = Z ¢ o D) (1v) < D Bilo)Ae,. (2.14)
j=1 j=1

Let now k : C X C — R be a continuous map of the form k(c,x) = [(c)](c — x) for (¢,x) €
C x C. Since, for each ¢ € C, the map k(c, -) is quasi-concave on C, therefore, by [11, page
103], the following minimax inequality

minmaxk(c,x) < maxk(c c) (2.15)
ceC xeC

holds. But k(c,c) = 0 for each ¢ € C, so there is some ¢y € C such that k(cy,x) < 0 for all
x € C. Since

[11(c0) ] (eo) = min [1(co) ] (x), (2.16)
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we have that (¢co,%(co)) € Cx (E"\ {0}) is admissible and, by (2.13),
([n(co)] o ®@)(u,v) <A forany (u,v) € F(co) X G(co), (2.17)

which is impossible by (2.10).
(ii)—(iv) The argumentation is analogous and will be omitted. O

Two sets X and Y in E can be strictly separated by a closed hyperplane if there exist
¢ € E' and A € R, such that ¢(x) <A < ¢(y) for each (x,y) € X X Y.
Theorem 2.9 has the following consequence.

THEOREM 2.10. Let E be a real Hausdorff topological vector space. Let C be a nonempty
compact convex subset of E, let F : C — 2F and let G: C — 2F. Let ® : U cc(F(c) X G(c)) — E
be a single-valued map.

(i) Let the pair (F,G) be ®-t.p.h.c. on C and inward or outward. Then there exists ¢co € C
such that ®(F(co) X G(cp)) and {0} cannot be strictly separated by any closed hyperplane in
E. If, additionally, E is locally convex and, for each ¢ € C, the set ®(F(c) X G(c)) is closed
and convex, then a pair (F,G) has a ®-coincidence.

(ii) Let F be ®-t.p.h.c. on C and inward or outward. Then there exists ¢y € C such that
D(F(co) X {co}) and {0} cannot be strictly separated by any closed hyperplane in E. If, ad-
ditionally, E is locally convex and, for each ¢ € C, the set ®(F(c) X {c}) is closed and convex,
then a map F has a O-fixed point.

(iii) Let the pair (F,G) be t.p.h.c. on C and inward or outward. Then, the following hold:

(iiiy) if, for each ¢ € C, at least one of the sets F(c) or G(c) is compact, then there
exists co € C such that F(cy) and G(cy) cannot be strictly separated by any
closed hyperplane in E;

(iiiy) #f E is locally convex and, for each ¢ € C, the sets F(c) and G(c) are convex and
closed and at least one of them is compact, then there exists ¢y € C such that
F(co) and G(co) have a nonempty intersection.

(iv) Let F : C — 2F be t.p.h.c. on C and inward or outward. Then, the following hold:

(ivy) there exists co € C such that F(co) and {co} cannot be strictly separated by any
closed hyperplane in E;

(iv2) if E is locally convex and, for each c € C, the set F(c) is closed and convex, then
there exists ¢y € C such that ¢y € F(cp).

Proof. (i) Let us observe that if we assume that the following condition holds:
(1+e)A[(po®@)(u,v) — (1+e)A] >0 (2.18)

for some A € R, ¢ € E" and ¢ = 0, and for all (u,v) € F(cy) X G(cp), then we obtain that,
forall (u,v) € F(co) X G(co), (9 o D) (u,v) < (1 +€)A <A < 9(0)ifA <0and (¢ o D)(u,v) >
(I+e)A =1 >¢(0)ifA >0, that is, the sets D(F(cp) X G(cp)) and {0} are strictly separated
by a closed hyperplane in E.

Otherwise, assume that, for all (1,v) € F(co) X G(cp), (¢ o ©)(u,v) < t; < ¢(0) for some
t1 € R or (¢ o D)(u,v) >t > ¢(0) for some t, € R. Then we obtain that, for all (u,v) €
F(co) X G(co), (¢ o D)(u,v) < (1+¢)A; <0 where (1+€)A; =1 or (¢ o D) (u,v) > (1 +
&)y > 0 where (1+¢)A, = t,. Therefore condition (2.18) is then satisfied.
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The above considerations, Theorem 2.9(i) and the separation theorem yield the asser-
tion.

(ii) This is a consequence of (i).

(iii) Assume, without loss of generality, that G(co) is compact.

Let us observe that if we assume that the following condition holds:

(1+e)A[@u—v)— (1+e)A] >0 (2.19)

for some A € R and ¢ > 0 and for all (u,v) € F(¢y) X G(cg), then we obtain that, for all
(u,v) € F(co) X G(cp), @(u) <t < @(v) where t, = (1 +&)A + minyeg,) ¢(w) if A <0 and
o(u) >t > ¢(v) where t; = (1 +&)A + maxyeq(e,) ¢(w) if A > 0, that is, the sets F(cy) and
G(cp) are strictly separated by a closed hyperplane in E.

Otherwise, assume that, for all (u,v) € F(cp) X G(co), ¢(u) > t; > ¢(v) for some t; € R
or ¢(u) < t; < ¢(v) for some f, € R. Then we obtain that, for all (&,v) € F(cp) X G(cp),
@(u—v)>(1+¢e)A; >0where (1 +&)d; = f; — maxyege,) (W) or (u—v) < (1+€)A, <0
where (1 +¢€)A; = £, — minyeg,) (W), respectively. Therefore condition (2.19) is then
satisfied.

The above considerations, Theorem 2.9(iii) and the separation theorem yield the as-
sertion.

(iv) This is a consequence of (iii). O

We now prove the result under stronger condition.

THEOREM 2.11. Let E be a real Hausdorff topological vector space, let C be a nonempty
compact convex subset of E and suppose that F : C — 2F and G: C — 2E.

(i) Denote by @ a single-valued map of U.cc(F(c) X G(c)) into E such that, for each
c € C, O(F(c) X G(c)) is convex and compact and let the pair (F,G) be ®-t.h.c. on C. Then
the following hold: (iy) either (F,G) has a ®-coincidence or there exists A € R and, for any
¢ € C, there exists ¢. € E' such that A[(¢. o ®)(u,v) —A] >0 for all (u,v) € F(c) X G(c);
(i2) if the pair (F,G) is O-inward or ®-outward, then (F,G) has a O-coincidence.

(ii) Denote by @ a single-valued map of U.cc(F(c) X {c}) into E such that, for each
c e C, O(F(c) X {c}) is convex and compact and assume that F is O-t.h.c. on C. Then the
following hold: (iiy) either F has a ®-fixed point or there exists A € R and, for any ¢ € C,
there exists ¢, € E’ such that A[(¢; o ©)(u,c) —A] >0 for all u € F(c); (iip) if F is ®-inward
or ®-outward, then F has a O-fixed point.

(iii) Suppose that F(c) and G(c) are compact subsets of E and F(c) — G(c) is convex for
each ¢ € C and assume that the pair (F,G) is t.h.c. on C. Then the following hold: (iii,)
either (F,G) has a coincidence or there exists A € R and, for any ¢ € C, there exists ¢. € E
such that A{¢.(u —v) —A] >0 for all (u,v) € F(c) X G(c); (iiip) if the pair (F,G) is inward
or outward, then (F,G) has a coincidence; (iii3) either (F,G) has a coincidence or, for any
c € C, the sets F(c) and G(c) are strictly separated by a closed hyperplane in E.

(iv) Suppose that F is a t.h.c. map on C such that, for each ¢ € C, F(c) is convex and
compact. Then the following hold: (iv,) either F has a fixed point or there exists A € R and,
for any ¢ € C, there exists ¢, € E" such that AM[¢.(u — ¢) —A] >0 for all u € F(c); (ivy) if F
is inward or outward, then F has a fixed point; (ivs) either F has a fixed point or, for any
c € C, the sets F(c) and {c} are strictly separated by a closed hyperplane in E.
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Proof. (i;) Assume that (F,G) has no ®-coincidence in C. Then, for all ¢ € C, the set D,
D, = ®(F(c) x G(c)), is convex, compact and 0 & D..

For (¢,w) € C X D, there exists ¢, € E" such that ¢, (w) # 0 and we assume, with-
out loss of generality, that, ¢.,,(w) > 0 for each (¢,w) € C X D..

First, let us observe that:

(a) for each ¢ € C, there exist 9. € E" and A, >0, such that

(@0 @) (u,v) >Ac forany (u,v) € F(c) X G(c). (2.20)
Indeed, by the continuity of ¢.,,, we define a neighbourhood M.(w) of w in D, such that
Mc(w) C {x € D¢: @¢(x) > @cw(w)/2}. (2.21)

Clearly, there exists a finite subset {wy,...,w;,} of D, such that M.(w;) are nonempty,
1 <i<mn,and D, = U, M.(w;). Let {a1,...,0,} be a partition of unity with respect to
this cover, that is, a finite family of real-valued nonnegative continuous maps «; on D,
such that a; vanish outside M.(w;) and are less than or equal to one everywhere, 1 <i < m,
and >, a;(w)=1 for all w € D,. Define

Ye(w) = Zoc,-(w)<pc,w,. for w € D.. (2.22)

i=1

Then y.(w) € E’ for each w € D,.
Now, let h. : D. X D, — R be of the form

he(w,y) = [y(w)](w—y) for (w,y) € D, x D.. (2.23)

Thus h, is continuous on D, X D, and, for each w € D,, the map h(w, -) is quasi-concave
on D.. By [11, page 103], the following minimax inequality

1 <
min ;ré%)fhc(w,y) < Wmeagfhc(w,W) (2.24)

holds. But h.(w,w) = 0 for each w € D, so there is some w, € D, such that h.(w.,y) <0
forall y € D.. Then

[y (we) ] (we) = min [y (we) | (y). (2.25)
Since w, € M.(w;) for some 1 < i < m, therefore a;(w.) >0 and
[we(we) ] (we) = ai(we) e (We) = ai(we) e (wi)/2 > 0. (2.26)
Consequently, we may assume that
Qe =ye(we)s A = ai(we) geu, (wi) /4, (2.27)

where A > 0. Thus (a) is proved.
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Using (a), since (F,G) is @-t.h.c. on C, we get:
(b) for each ¢ € C, there exist ¢, € E', A > 0 and a neighbourhood N(c) of ¢ in C, such
that

(pco @) (u,v) >Ac  for any x € N(c) and any (u,v) € F(x) X G(x). (2.28)

Now, we prove:
(c) there exists A > 0 and, for any ¢ € C, there exists ¢, € E' such that

(pco @) (u,v) > V(u,v) € F(c) X G(c). (2.29)

Indeed, for each ¢ € C, let ¢, A, and N(c) be as in (b). Since the family {N(c): c € C}
is an open cover of a compact set C, there exists a finite subset {cy,...,c,} of C such that
the family {N(c;): j = 1,2,...,n} covers C. Let {f1,...,,} be a partition of unity with
respect to this cover, that is, a finite family of real-valued nonnegative continuous maps
B; on C such that ; vanish outside N(c;) and are less than or equal to one everywhere,
1 <j<n,and27 1[3] =1forallceC.

Define 71(c) = X/_; Bj(c)¢., for c € C. Then 5(c) € E for each c € C.

Ifce Cand the index j are such that §;(c) >0, then

ceN(cj) c{xeC:9,(w)>A; Vw e D}. (2.30)

Consequently, for any ¢ € C and w € D, we have

n

[7(0)](w) = Zﬁ](c)q)cj(w > Bi(c)A, = min A, (2.31)

j=1 j=1 Lsjsn

whence it follows that we may assume that A = (1/2) min;<j<,A;; >0 and, for any ¢ € C,
=1(c).

(i) First, let us observe thatif k : C x C — R is a map of the form k(c,x) = [n(c)](c — x)
for (¢c,x) € C x C, where #/(c) is constructed in the proof of (i;), then k is continuous on
C x C and, for each ¢ € C, the map k(c, -) is quasi-concave on C. By [11, page 103], the
following minimax inequality

l‘CIlelélI)lClEaCXk(C,x) < I}leaCXk(C)C) (2.32)
holds. But k(c,c) = 0 for each ¢ € C, so there is some ¢y € C such that k(cg,x) < 0 for all
x € C. Since

[11(c0)](eo) = min [1(co) ] (x), (2.33)

we have that (co,7(cp)) € Cx (E"\ {0}) is admissible.

Assume now that, for any admissible (¢, @) € Cx (E"\ {0}), there exists (u,v) € F(c) X
G(c) such that (¢ o ®)(u,v) = 0 (or (¢ o ©)(u,v) < 0) but (F,G) has no ®-coincidence.
From assertion (i) and its proof we then have that there exists A <0 (or A > 0) such that
([n(co)] o @)(u,v) <A (or ([n(co)] o ©)(u,v) >A) for all (u,v) € F(cp) X G(co). We obtain
a contradiction.
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(iiy), (iip), (iiiy) and (iii;) This is a consequence of (i).

(iii3) By (iiiy), if (F,G) has no coincidence, then, for any ¢ € C and for any (u,v) €
F(c) X G(c), we have that ¢.(u) < A+ minyeg) 9c(w) < @c(v) if A <0, and ¢ (u) > A +
maxyeg() Pc(w) > @c(v) if A > 0.

(ivy)—(ivs) This is a consequence of (iii). O

3. Comparison of transfer positive hemicontinuity and strictly transfer positive
hemicontinuity with upper demicontinuity and upper hemicontinuity

We say that F : C — 2F is upper semicontinuous (u.s.c.) (see Berge [2, Chapter VI]) if, for
each ¢ € C and an arbitrary neighbourhood V of F(c), there is a neighbourhood N(¢) of
¢ in C such that F(x) C V for each x € N(¢).

A map F: C — 2F is called upper demicontinuous (u.d.c.) on C (after Fan [10]) if, for
each ¢ € C and any open half-space H in E containing F(c), there is a neighbourhood
N(c) of cin C such that F(x) C H for each x € N(c).

The upper demicontinuity for set valued maps, defined by Fan, generalizes the upper
demicontinuity studied by Browder [4] for single valued maps.

Amap F: C — 2F is called upper hemicontinuous (u.h.c.) on C (see Aubin and Ekeland
[1]) if for each ¢ € E'\ {0} and any A € R the set

{xe C: sup ¢(u) <)L7s> (3.1)

ueF(x)

is open in C.

It is clear that every u.s.c. map is u.d.c. and each u.d.c. is u.h.c.

The following result says that the conditions of upper demicontinuity and upper hemi-
continuity are stronger than that of transfer positive hemicontinuity.

ProposiTION 3.1. Let C be a nonempty subset of E, let F: C — 2F and let G: C — 2F.
(i) If F and G are u.d.c., then the pair (F,G) is t.p.h.c.
(ii) If F is u.d.c., then F is t.h.c.
(iii) If F and G are u.h.c., then the pair (F,G) is t.p.h.c.
(iv) If F is w.h.c., then F is t.p.h.c.

Proof. (i) Assume that F: C — 2F and G: C — 2F are u.d.c. on C and assume that there
exist (¢,9:,Ac) € CX E' X R and ¢ > 0, such that

Aeloc(u—v)— (1+e&)A] >0 forany (u,v) € F(c) X G(c). (3.2)
Assume that
Ae>0, @ (u—v)>(1+e)A forany (u,v) € F(c) X G(c) (3.3)

(if we replace assumption (3.3) by A. < 0 and ¢ (u — v) < (1 +¢&.)A; for any (u,v) € F(c) X
G(c), then the argumentation is analogous). Let, for some # = ¢,

inf (u—v)=(1+n)A. 3.4
(u,v)eg(lc)XG(c)(P (u V) ( ;7) ( )
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and let 7 > 0 be such that 7 < #A.. Then there exists (u,vo) € F(c) X G(c) such that
@c(uog—vo) < (L+m)Ac+1/2 (3.5)
and, for any (u,v) € F(c) X G(c), we get
oc(u—v)>(1+n)A —7/4. (3.6)
Hence, for any (u,v) € F(c) X G(c),
@c(u) > (1 +nAe — /4+ ¢ (v0), —@c(v) > (1+nAe —1/4 — ¢ (uo). (3.7)

By the upper demicontinuity of F and G, there exist neighbourhoods U(c) and V(c) of ¢
in C such that

oc(u) > (1+1)A: —1/4+ ¢ (vp) forany u € F(x) and any x € U(c),
(3.8)
—oc(v)>(1+nA.—1/4— ¢ (ug) foranyv € G(x) and any x € V(c).

Therefore we obtain
oc(u—v) >2(1+n)Ac — /2 — @c(uo — vo) (3.9)
for any (u,v) € F(x) X G(x) and x € N(c) where N(c) = U(c) n V(c). Consequently,
O(u—v) =220 +mA =12 =+ —1/2 = A+ 1A — T > A, (3.10)

for any (u,v) € F(x) X G(x) and x € N(c). The assertion has thus been proved.

(ii) Assume that F : C — 2% is u.d.c. on C, and that there exists (¢, ¢c,A;) € C X (E"\
{0}) x (R \ {0}) such that A[¢.(u — ¢) —A.] >0 for any u € F(c).

If A; > 0, then, by the upper demicontinuity of F, there exists a neighbourhood N(c) of
c in C such that ¢.(u) > A + ¢.(c) or, equivalently, Ac[¢.(u — ¢) — A;] >0 for any x € N(c)
and any u € F(x).

If Ac < 0, then the argumentation is analogous.

(iii) Let F and G be w.h.c. on C and let there exist (¢, ¢c,Ac) € CX E' X (R\ {0}) and
& >0 such that A [@c(u —v) — (1 +¢.)A:] >0 for any (u,v) € F(c) X G(c).

Assume that

Ae>0, @ (u—v)>(1+e)A forany (u,v) € F(c) X G(c) (3.11)
(if we replace condition (3.11) by A, < 0 and ¢ (u —v) < (1 +¢&.)A, for any (u,v) € F(c) X
G(c), then the argumentation is analogous and will be omitted) and let 7 be such that 7 >

& and inf () epe)xGie) Pc(u — v) = (1 +1)A.. Assume also that 7 > 0 satisfies 7 < (1/3)7A,.
Then there exists (1, vy) € F(c) X G(c) such that

@c (g —vo) < (1 +m)Ac+1/2. (3.12)
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Obviously ¢.(u —v) > (1 +#n)A. — 7/4 for any (u,v) € F(c) X G(c). Hence, in particular,
we have that ¢ (v) > (1 +n)A; — /4 + ¢ (vo) and —@.(v) > (1 +n)A; — 7/4 — ¢ (1) for
any (u,v) € F(c) X G(c), that is, —¢ (1) < —=(1 +1)Ac + 1/4 — ¢:(vo) and ¢ (v) < —(1 +
MAc +1/4+ @ (1) for any (u,v) € F(c) X G(c).

Now, let us observe that, by upper hemicontinuity, the sets U(c) = {c € C:sup g, —
Pc(u) <=(1+2n/3)Ac+1/4=¢pc(v9)} and V(c) = {cE C:sup, ) Pc(v) < —(1+21/3)Ac +
7/4+ ¢c(ug)} are open in C. Of course, ¢ € U(c) N V(c) since sup,cp) —¢c(u) < —(1+
MAc+1/4=@(vo) < —(1+42n/3)Ac +7/4 — ¢(vo) and sup,c () pc(v) < —(1+1)A +1/4+
oc(ug) < —(1+2n/3)Ae +1/4 + 9. (19). Hence, if we denote N(c) = U(c) N V(c), then we
conclude that ¢.(u —v) > 2(1 +21n/3)A; — 7/2 — ¢ (uyp — vo) for any x € N(c) and any
(u,v) € F(x) X G(x) and, by (3.12), we obtain ¢ (1 —v) >2(1 +25/3)Ac — /2 — (1 +
MAc —1/2 = Ae + 1Ae/3 — 7 > A, since 7 < (1/3)5).. Consequently, we have shown that
if A >0, then ¢.(u —v) — A, >0 for any x € N(c¢) and any (u,v) € F(x) X G(x), that is,
Acloc(u—v) —A:] >0 for any x € N(c) and any (u,v) € F(x) X G(x). Thus the pair (F,G)
is t.p.h.c. on C.

(iv) Assume that F: C — 2F is w.h.c. on C and assume that there exist (¢, ¢, Ac) €
Cx(E"\{0})x (R\ {0}) and & > 0, such that

Ae[pc(u—c)— (1+¢e)A] >0 foranyu € F(c). (3.13)

If A <0, then the above condition implies that ¢.(u — ¢) < (1 +¢.)A. for any u € F(c),
that is, @.(u) < @c(c) + (1 +e)Ae < @c(c) + Ae < @c(c) for any u € F(c). Now, by upper
hemicontinuity, the set N(¢) = {x € C: SUP,cF(x) @c(u) < @c(c) +Ac} is open in C. More-
over, ¢ € N(c) since sup,cp() @c(4) < @c(c) + (1 +e)Ac < @c(c) +Ac. Obviously N(c) C
{x € C:oc(u) <c(c) +A,,u € F(x)}. This gives ¢ (1 — ¢) <A <0 for any x € N(c) and
any u € F(x), thatis, Ac[¢ (4 —¢) —A;] >0 for any x € N(c) and any u € F(x).

If we assume that A >0 and ¢ .(u — ¢) > (1 + &), for any u € F(c), then, by analo-
gous argumentation, we show that there exists a neighbourhood N(¢) of ¢ in C such that
Acloc(u—c) —Ac] >0 for any x € N(c) and any u € F(x).

The assertion has thus been proved. O

Remark 3.2. (a) Let the map F : C — 2F be t.p.h.c. or t.h.c. on C. Denote
HC,(P:,M,& = {W €E: (PL‘(W) < (Pc(c) + (1 +8C)AC}) & 20,

Wegpor = 1x € C:c(u) < ¢c(c) + A for any u € F(x)},

(3.14)
Uepod. = {x e C: sup ¢c(u) < g@c(c) +AC}
ueF(x)
when A, < 0;
Heppoe. = 1w €E:@c(w) > @c(c) + (1+e)Ac}, & =0,
Wegon, = {x € C: 9c() > pc(c) + A, for any u € F(x)}, 51s)

Ucgore = {x eC: inf)(pc(u) > @c(c) +)LC}

ueF(x
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when A; > 0. By Definition 2.1 and Remark 2.2, we see that if the set F(c) is contained in
open half-space H 1. (here & >0 in the case of transfer positive hemicontinuity and
& = 0 in the case of transfer hemicontinuity), then there exists a neighbourhood N(c) of
¢ in C such that, for any x € N(c), the set F(x) is contained in open half-space H 1.0
and ¢ is an interior point of the sets of W, 4. and Ucy, ..

This fact means that transfer positive hemicontinuity essentially generalizes upper
semicontinuity and upper demicontinuity.

(b) Let the map F : C — 2F be s.t.p.h.c. or s.t.h.c. on C. Denote

Vgl = {x e C: sup ¢c(u)<occ) +/1c7s» when A, < 0,
ueF(x)
(3.16)

Vegole = {x eC: 1rg(f )(pc(u) > ¢c(c) +/\C} when A, > 0.
uer(x

By Definition 2.3 and Remark 2.5, we see that if the set F(c) is contained in open half-
space He 1. (here e. > 0in the case of stictly transfer positive hemicontinuity and e = 0
in the case of strictly transfer hemicontinuity), then c is an interior point of the set V4, 1..

This fact means that strictly transfer positive hemicontinuity essentially generalizes
upper hemicontinuity.

(c) If set-valued map is compact-valued, then upper hemicontinuity implies upper
demicontinuity. If the space of set-valued map with compact-valued is compact, then the
definition of upper semicontinuity, upper demicontinuity and upper hemicontinuity are
equivalent. For more details concerning comparisons of these three concepts of continu-
ity, see, for example, Yuan et al. [20, 22, 23].

Analogous properties do not hold between upper hemicontinuity and strictly transfer
positive hemicontinuity (transfer positive hemicontinuity). Indeed, in Example 4.1 we
show that the sets C, F5(C), G3(C), F3(c) and Gs(c), ¢ € C, are compact and convex and
Fs and Gjs are s.t.p.h.c. and t.p.h.c. on C (thus also s.t.h.c. and t.h.c. by Proposition 2.4,
Remark 2.2 and Definitions 2.1 and 2.3) but not u.h.c. on C.

4. Examples and remarks

Let E = {x = (x1,x2) : x € R?} be a normed space with the Euclidean norm || - || and let
C = {c=(c1,c2) € E: llcll < 1}. Note that if (wo,¢9) € Cx (E"\ {0}) is admissible, then
wo = (—a/0,—B/0), 0 = (a® + )2, po(c) = acy + Pea, ¢ € E, |a| + |B] >0 and ¢o(wy) =
mincec @o(c) = —6.

Example 4.1. For ¢ = (¢1,¢;) € C, define:
Fi(c)=Gi(c) = {x= (x1,x%) €C:=1/2<x1 < 1/2} ifc; =0,
Filo)={xeC:xy>c}, Gilc)={xeC:ixa<—c} ifc1 #0, 20,
Filc)={xeC:xy<a}, Glo)={xeC:ixy>—-c} ifc;#0,c<0; (4.1)
Fy(c) =Int(Fi(c)), Galc) =Int(Gi(c)); F3(c) =Fi(c), Gs(c)=Gi(o);

Fiy(c) =Int(Fi(c)), Ga(c) = Gi(c); Fs(c) = Fi(c), Gs(c) =Gi(o).
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The pair (F;,G;) is t.p.h.c. on C, i = 1 — 5. Indeed, if (¢, ¢, A¢) € (C\ {0}) X E' X R and
& >0are such that A [ (u —v) — (1 +&.)A:] >0 for any (u,v) € Fi(c) X Gi(c), there exists
a neighbourhood Nj(c) of ¢ in C such that A.[¢.(u —v) — A] >0 for any x € N;(c) and
any (u,v) € Fi(x) X Gi(x),i=1-5.

The maps F; and G; are t.p.h.c. on C, i = 1 — 5. Indeed, if (¢, ¢c,Ac) € (C\ (0,0)), XE" X
R and ¢, >0 are such that A [p.(c —v) — (1 +¢.)A;] >0 for any v € G;(c), there exists a
neighbourhood Nj(c) of ¢ in C such that A.[¢.(c —v) —A.] >0 for any x € Nj(c) and any
v e Gi(x),i=1-5.

The pair (F;,G;) and the maps F; and G; are not t.h.c. on C, i = 1,2,4,5. The pair
(F3,G3) and the maps F; and Gj; are t.h.c. on C.

The pair (F3,Gs) is s.t.h.c. on C. Indeed, assume that (¢,¢c,A.) € (C\ {0}) X E' X R
is such that A.[¢c(u —v) —Ac] >0 for any (u,v) € F3(c) X Gs(c). Since Wy 2, C Vg
Remark 2.2 yields that c is an interior point of the set V., ). Here Vi y1. = {x € C:
SUP (11.1) € F5 (x)% Gs (x) Oc(u—v) <AJif A <0, Vega, = {x € Crinfu)er, (0xGy(x) Pc(u —v) >
At if A >0, Wepon, = {x € C:oc(u—v) <A for any (u,v) € F5(x) X Gs3(x)} if A, <0
and Wy 1. = {x € C: @ (u—v) > A for any (u,v) € F3(x) X G3(x)} if Ac > 0. This proves
that (Fs,Gs) is s.t.h.c. on C. The maps F3 and Gj3 are s.t.h.c. on C; the argumentation is
analogous and will be omitted.

Obviously, F; and G; are not uw.h.c. on C, i =1 — 5. Indeed, for ¢ € E’ of the form
o(x) =x1,x = (x1,%2) € E,;and A = 2/3we havethat 0 e U; = {x € C: SUP,cF.(x) o(u) <A}
and 0 € V; = {x € C:sup,g,,) (v) <A}. But U; and V; are not open in C since if N(0)
is an arbitrary and fixed neighbourhood of 0 in C, then N(0) is contained neither in U;
nor Vi, i=1-5.

The pair (F;, G;) and the maps F; and G; satisfy the assumptions of Theorems 2.9(iii)
and 2.9(iv), respectively, i = 1 — 5. The pair (F;,G;) and the maps F; and G; satisfy the
assumptions of Theorems 2.10(iii) and 2.10(iv), respectively, i = 3 — 5. The pair (Fs,G3)
and the maps F; and Gjs satisfy the assumptions of Theorems 2.11(iii) and 2.11(iv), re-
spectively.

Remark 4.2. (a) Theorems 2.10(iii,) and 2.10(iv; ) includes Theorems 5 and 6 of Fan [11],
respectively; this follows from Proposition 3.1.

(b) Example 4.1 shows that Theorems 5 and 6 of Fan [11] for pairs (Fs,G3) and maps
F5 and Gs, respectively, hold if we replace upper demicontinuity by strictly transfer posi-
tive hemicontinuity or transfer positive hemicontinuity.

Example 4.3. Define the maps F and G as follows:

F(0) = {x = (x1,x) € Int(C) : x, > 0},
F(c) = {x €Int(C) : | Arg(x; +ix2) — Arg(ci +ic) | <m/2} ifc#0; (4.2)
G(c)=—-F(¢c) ifceC
The pair (F,G) and the maps F and G are t.p.h.c. on C, neither F nor G is not u.h.c.on C

and @y (1o — vo) < 0 for each (uo,vy) € F(wy) X G(wyp). Thus the pair (F,G) and the maps
F and G satisfy the assumptions of Theorems 2.9(iii) and 2.9(iv), respectively.



K. Wlodarczyk and D. Klim 405

Remark 4.4. Example 4.3 shows that Theorems 3 and 4 of Fan [11] not hold if we replace
upper demicontinuity by transfer positive hemicontinuity.

Example 4.5. For c € C, let Fi(c) = F(c), F2(c) = F(c) and Gi(c) = Gy(¢) = G(c) where F
and G are defined in Example 4.3. Then the t.p.h.c. pairs (F;,G;) and (F,,G») satisfy the
assumptions of Theorems 2.10(iii;) and 2.10(iii,), respectively, and all the maps F;, F,,
G; and G, are not u.h.c. on C.

Example 4.6. For ¢ = (¢1,¢;) € C, define:

Flc)=G(c)={xeC: |x/| <1/4} ifc; =0;
F(c)={x€E:||(x1,x2) — (c1,1/2)|| = 1/2} ifc; #0; (4.3)

Glc) = {x € E:||(x1,%2) — (c1,—1/2)|| < 1/2} if¢c; #0.

Obviously, C, F(c) and G(c), ¢ € C, are compact and convex, the pair (F,G) and the maps
F and G are t.h.c. on C, and uy = vy = (—a/0,0) € F(wy) N G(wy), ¢o(up — vo) = 0 and
@o(uo —wo) = @o(vo — wy) = f2/6* = 0.

All the assumptions of Theorems 2.11(iii3) and 2.11(iv3) for the pair (F,G) and for the
maps F and G, respectively, are satisfied, each ¢ € C is a coincidence for (F,G) and each
¢ € Cis a fixed point of F or G.

Obviously, neither F nor G is not u.h.c. on C. Indeed, for ¢ € E’ of the form ¢(x) =
X1, X = (x1,x2) € E,and A = 1/2 we have that 0 e U = {x € C: SUP,cF(x) o(u) <A} and
0€V ={xe€C:sup,cqu¢(v) <A}. But U and V are not open in C since if N(0) is an
arbitrary and fixed neighbourhood of 0 in C, then N(0) is contained neither in U nor V.

Example 4.7. For ¢ = (¢1,¢;) € C, define G(c¢) = —F(c) where

F(0)={xeC:|x | <1/2},
(4.4)
F(c) = {x= (x1,x2) € C: | Arg(x1 +ixy) — Arg(c) +icy) | < m/4if ¢ # 0}.

The pair (F,G) and the maps F and G are t.p.h.c. on C, wy € F(wy) and ¢o(w) = @o(wp) =
—0 for all w € F(wy) U G(wp). Thus (F, G) satisfies the assumptions of Theorem 2.9(iii)
and F satisfies the assumptions of Theorem 2.10(iv;).

Obviously, neither F nor G is not u.h.c. on C. Indeed, for ¢ € E’ of the form ¢(x) = xi,
x = (x1,%) €E,and A = 22/2 we have that 0 € U = {x € C : SUP,,cp(x) (1) < A} and
0€V ={x€C:sup,cq¢(v) <A}. But U and V are not open in C since if N(0) is an
arbitrary and fixed neighbourhood of 0 in C, then N(0) is contained neither in U nor V.

Remark 4.8. Our theorems concern maps which satisfy a more general condition of con-
tinuity than those existing in a large literature; cf. [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24] (see also references therein).
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