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We introduce an iteration scheme for nonexpansive mappings in a Hilbert space and
prove that the iteration converges strongly to common fixed points of the mappings with-
out commutativity assumption.
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1. Introduction

Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. A
mapping T of C into itself is said to be nonexpansive if

ITx—Tyll < llx—yl, (1.1)

for each x, y € C. For a mapping T of C into itself, we denote by F(T') the set of fixed
points of T. We also denote by N and R* the set of positive integers and nonnegative real
numbers, respectively.

Baillon [1] proved the first nonlinear ergodic theorem. Let C be a nonempty bounded
convex closed subset of a Hilbert space H and let T be a nonexpansive mapping of C into
itself. Then, for an arbitrary x € C, {(1/(n+1)) X" T'x} >, converges weakly to a fixed
point of T. Wittmann [9] studied the following iteration scheme, which has first been
considered by Halpern [3]:

xo=x€C,

(1.2)
Xu+1 = G X+ (1 —oy1) Txy, 120,

where a sequence {a,} in [0,1] is chosen so that lim, .. &, =0, > o &, = 00, and >,
[0y — 0] < 005 see also Reich [7]. Wittmann proved that for any x € C, the sequence
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2 Nonexpansive mappings without commutativity assumption

{x,} defined by (1.2) converges strongly to the unique element Px € F(T'), where P is the
metric projection of H onto F(T).
Recall that two mappings S and T of H into itself are called commutative if

ST =TS, (1.3)

forallx,y € H.

Recently, Shimizu and Takahashi [8] have first considered an iteration scheme for two
commutative nonexpansive mappings S and T and proved that the iterations converge
strongly to a common fixed point of § and T They obtained the following result.

TaeoreM 1.1 (see [8]). Let H be a Hilbert space, and let C be a nonempty closed convex
subset of H. Let S and T be nonexpansive mappings of C into itself such that ST = TS and
F(S)(NF(T) is nonempty. Suppose that {a, } ;- < [0,1] satisfies
(i) limy— o &y, = 0, and
(11) Z;O:() Ay = 0.
Then, for an arbitrary x € C, the sequence {x,},-, generated by xo = x and

2 - -
_ _ j
Xpp1 = apx+ (1 —ay) T D02 go IngS T/xy, n=0, (1.4)

converges strongly to a common fixed point Px of S and T, where P is the metric projection
of H onto F(S)(F(T).

Remark 1.2. At this point, we note that the authors have imposed the commutativity on
the mappings S and T. But there are many mappings, that do not satisfy ST = T'S. For
example, if X = [—1/2,1/2], and S and T of X into itself are defined by

S =x?, T = sinx, (1.5)

then ST = sin” x, whereas TS = sinx2.

In this paper, we deal with the strong convergence to common fixed points of two
nonexpansive mappings in a Hilbert space. We consider an iteration scheme for non-
expansive mappings without commutativity assumption and prove that the iterations
converge strongly to a common fixed point of the mappings T;, i = 1,2.

2. Preliminaries

Let C be a closed convex subset of a Hilbert space H and let S and T be nonexpansive
mappings of C into itself. Then we consider the iteration scheme

XOZXEC,
2 n o
xn+1:‘xnx+(17“n)7z Z ST yn,
(n+Dn+2) =57 (2.1)
2 n .
n = PnXn 1=pn) 77— s m -
yo =Bt (1=B) gy & 2 TS nz0

k=0 i+j=k
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where {a,} and {f,} are two sequences in [0,1]. We know that a Hilbert space H satisfies
Opial’s condition [6], that is, if a sequence {x,} in H converges weakly to an element y of
H and y # z, then

li,I}iioglfon -y|l< li'r}iioglfﬂxn —Z||. (2.2)

In what follows, we will use P¢ to denote the metric projection from H onto C; that is,
for each x € H, P is the only point in C with the property

||x — Pcx|| = min [lu — x]|. (2.3)
ueC

It is known that P is nonexpansive and characterized by the following inequality: given
x € H and v € H, then v = Pcx if and only if

(x=v,v=y)20, yeC (2.4)
Now, we introduce several lemmas for our main result in this paper. The first lemma

can be found in [4, 5, 10].

LemMMA 2.1. Assume {a,} is a sequence of nonnegative real numbers such that
an+1 = (1 _Yn)an+6n> (2.5)

where {y,} is a sequence in (0,1) and {8,} is a sequence such that
(1) Zf:l)’n = 00;
(2) limsup,,_ o, 8,/yn <0 0r X [84] < o0.

Then lim,,—.« a, = 0.

LemMa 2.2. Let C be a nonempty bounded closed convex subset of a Hilbert H, and let S, T
be nonexpansive mappings of C into itself. For x € C and n € N U {0}, put

2 n o
Gu(x) = ———~—— §T'x,
) (”+1)(”+2)1§)i+]zzk
(2.6)
o 2 n ..
Golx) = —————— T'S x.
(x) (n+1)(n+2)k§)iﬂz;‘k *
Then
lim sup||G,(x) — SG,(x)|| = 0,
n— oo xeC
€ (2.7)

lim sup ||Gu(x) — TGn(x)|| = 0.

n— oo xeC



4 Nonexpansive mappings without commutativity assumption
Proof. We first prove lim,, .. sup,.¢ [1Gn(x) — SG,(x)|l = 0.

By an idea in [2], for {x,-,j};-’)'}=0, {Y,-,j}f)‘}zo c Cand z, = (1/1,) Y-, Zi+j:kxi,j, Zn =
(1/10) k= Dirj-kXij € Cywith I, = (n+1)(n+2)/2, we have

||zn—v|\2=llz S g vl liz S sy -zl (2.8)
k=0 i+j=k k=0 i+j=k

for each v € H. For x € C, put x;; = ST/x,%;; = T'S/x and v = Sz,,,V = TZ,. Then, we
have

n n
11Gax) = SGu ()| lz S STzl -+ S S ISTix -z
I, & 2 I, & 2
k=0 i+j=k k=0 i+j=k
1 " k 1 " i 2
I_Z”Tx Sz||” + Z—Z [|[S'T/x — Sz,||
" k=0 k=1 it+j=k,iz1

1 < -
-1 3 3 IsTie-f
k=0 i+j=k
T YD Y Ut VP
l k=0 nk 1i+j=k,i=1
1 < -
TZ > IS'Tix — 2| (2.9)
k=0 i+j=k
llznm sl llz S (ISTx - 2,
k=0 k=0 i+j=k

Nl’_.

Z Z ||Sizj_Zn||2
k=0 i+j=k

1 o
IITkx Szall’ - X 1TV x — 2|

mitj=n

1
In {

||M=

||Tkx Szal[* <—{d1am(C)}

<

Nl’_‘
-
HM:

n

where diam(C) is the diameter of C. So, we have, for each n € N U {0},

sup[G(x) - SGu()|* < ﬁ{diam((})}z, (2.10)

and hence

lim sup ||G,(x) — SG,(x)|| = 0. (2.11)

n— o xeC
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Similarly, we have

lim sup||G,(x) — TG,(x)|| = 0. (2.12)

n— oo xeC

3. Convergence theorem
Now we can prove a strong convergence theorem in a Hilbert space.

TueoREM 3.1. Let H be a Hilbert space, and let C be a nonempty closed convex subset of H.
Let S and T be nonexpansive mappings of C into itself such that F(S)(F(T) is nonempty.
Suppose that {a,} - and { .}~ are two sequences in [0, 1] satisfying the following condi-
tions:
(i) lim;— o oy = 0, and
(ii) ZZLO oy = 0.
For an arbitrary x € C, the sequence {x,},_ is generated by xo = x and

2 " o
Xp+1l = ApX + 1—0(n e — S'T) N>
. ( )(n+1)(n+z)k§”+jz:k 4
(3.1
2 " .
= — - 1 ]
Vn = Buxn+ (1= Bn) n+1)(n+2)];)l+]z=kTan, n=0.

Let

2 - ; _
Zn=(72§ Z: T])’n, Zn—(

i Z T'S'x,,  (3.2)
k=0 i+j=k

n+1)(

foreachn € N U {0}. If there exist subsequences {zy,}i2 of {zn}nZo and {Zn;} 2o of {Zu} 50>
respectively, which converge weakly to some common point z in some bounded subset D of C,
then the sequence {x,},_, defined by (3.1) converges strongly to Pr(s)nr(1)X.

Proof. Letx € Cand w € F(S)(\F(T). Putting r = ||x — wl|, then the set
={yeH:lly-wl=r}nC (3.3)

is a nonempty bounded closed convex subset of C which is S- and T-invariant and con-
tains xo = x. So we may assume, without loss of generality, that S and T are the mappings
of D into itself. Since P is the metric projection of H onto F(S) N F(T), we have

(y —Px,x—Px) <0 (3.4)

for each y € F(S)(F(T).
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From (3.4), we have

limsup (z, — Px,x — Px) <0, limsup (z, — Px,x — Px) <0. (3.5)

n—oo n—oo

In fact, assume that, there exist two positive real numbers ry and r, such that

limsup (z, — Px,x — Px) > ro, limsup (z, — Px,x — Px) >r;. (3.6)

n—oo n—oo

Since {z,},-¢ and {Z,},-o S D are bounded, from (3.6), there exist subsequences
{20,320 of {zu} g and {Z,} 7 of {Z,} o, respectively, such that

limsup (z, — Px,x — Px) = lim (z,, — Px,x — Px) > ro,

n—oo i—00

(3.7)
limsup (Z, — Px,x — Px) = lim (Z,; — Px,x — Px) >ry.
]4'00

n—oo

By the assumption, we know that {z,,}7~, and {Zy, }}7":0 converge weakly to some com-
mon point z € D. Thus from Lemma 2.2 and Opial’s condition, we have z € F(S)(F(T).
In fact, if z # Sz, we have

liminf ||z, — z|| < liminf ||z,, — Sz||
< liminf ({[z,, — Sz || +[Szn, — Sz]]) (3.8)

< liminf ||z,, — 2||.

This is a contradiction. Therefore, we have z = Sz.
Similarly, we have z = Tz. So, we have

(z—Px,x—Px) <0. (3.9)
On the other hand, since {z,,} converges weakly to z, we obtain
(z — Px,x — Px) > ry. (3.10)
This is a contradiction. Hence, we have

limsup (z, — Px,x — Px) <0, limsup (z, — Px,x — Px) <0. (3.11)

n—oo n—oo
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Since
n
Zn — Px|| < TiS/x, — Px
N e 2 2 5l ||}
5 2
< — X, — Px =||x, — Px
{(n+1)(n+2)1§1+]zk|| n ||} |1, — Px||%,

||}’n _Px”z = ||/3nxn+ (1=Bn)Zn _PXHZ
—||ﬁn Xn — (1_/311)( - )||2
= Billxn —PX||2+2ﬂn(1 —Bu) (0 — Px,Z, — Px) + (1= B,) |2, — Px]|

[xa = Px|[* + |12, — Pxl|”
2

5/-’%||xn_Px||2+2ﬁn(1 ~ Pn)

+(1=B.) |2 — Px|)” < ||x, — Px|[".
(3.12)

Then, we have
|[xps1 = Px||” = ||otx + (1 = a)zs — Px||”
=a?|lx —Px|®+ (1 - ocn)2||zn —Px||2 +2a, (1 — &) {2, — Px,x — Px)

S(l—an)2{mz > STy, - Px||}

k=0 i+j=k

+a2|lx — Px|I? + 20, (1 — &) {24 — Px,x — Px)

et 5 S e pel]

k 0i+j=k

+a2|lx — Px||* +2a, (1 — &) {2, — Px,x — Px)
=(1- oc,,)2||y,, —Px||2 +a2||x — Px||* + 2a, (1 — &) {z,, — Px,x — Px)

< (1= ay)||xn — Px|* + aw{anllx — Pl + 2(1 — aty) {2 — Px,x — Px)}.
(3.13)

Putting a, = |Ix, — Px||?, from (3.13), we have
ant1 = (l_an)an+6n> (3.14)

where 8, = a, {atnllx — Px||> +2(1 — &) {z, — Px, x — Px)}.
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It is easily seen that

limsup8,/a,, = limsup {a,|lx — Px|*> +2(1 — a,){z, — Px, x — Px)} < 0. (3.15)

n—oo n—oo

Now applying Lemma 2.1 with (3.15) to (3.14) concludes that ||x, — Px|| — 0 as n — oo.
This completes the proof. O
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