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1. Introduction

Let X be a space and let f : X—X be a self-map. Let Fix(f) = {x € X : f(x) = x} denote
the fixed point set. The Nielsen number N( f) provides a lower bound for

min{#Fix(g): g = f} (1.1)

and is often sharp. But, in general, it is very difficult to compute N( f) from its definition.
For background on Nielsen fixed point theory, see [1-3].

For a given space X, algebraic properties of its fundamental group 7,(X) are usually
important to compute Nielsen numbers on it. However, if the fundamental group of X is
free or a free product group, then computing Nielsen number on X is extremely difficult
see [4].

In this paper, we estimate the Nielsen numbers on aspherical wedge product spaces,
focusing on the following three cases:

(1) torus wedge surface with boundary;
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(2) Klein bottle wedge surface with boundary;

(3) torus wedge torus.
It is well known that the fundamental group of the wedge product of spaces is the free
product of the fundamental groups of the spaces. In Section 2, we present several proper-
ties of free product of groups which we use in the final section to classify all maps of the
spaces above. Then we consider the Nielsen numbers on aspherical wedge product spaces
in Section 3. As applications, we estimate the Nielsen numbers on the above three types
of spaces in the final section.

2. Free products

Let A% C be the free product of two groups A and C. The groups A and C are called the free
factors of A% C. A reduced sequence (or normal form) is a sequence of elements g1,9,...,£n
from A% C such that each g; # 1, each g; is in A or C, and successive g;, g,,, are not in the
same free factor. It is well known that each element g of A% C can be uniquely expressed
as a product g = ¢1,£,...,¢n> Where g1,£,...,¢, is a reduced sequence, which is called the
reduced form (or normal form) of g.

Let g be an element of A C with reduced form g;,,,...,g,. The syllable length A(g) of
g is nand g is called cyclically reduced if g; and g, are from different free factors or n < 1.

THEOREM 2.1 [5, Theorem 4.2]. Each element of AxC is conjugate to a cyclically reduced
element.

LEMMA 2.2. Suppose that neither of u nor v is in the conjugate of a free factor. If u* = v in

AxC, then u=v.

Proof. Suppose that u = u;,uy,..., Uy, is cyclically reduced. Since u is not in the conjugate
of a free factor, we have m > 2. Since u is cyclically reduced,

W = (g - ) (st - -t = - (Uytda -+ - Uy (2.1)

is also cyclically reduced and A(u¥) = km. If v is not cyclically reduced, v* is not either,
and this contradicts the hypothesis u¥ = vk, Therefore, v is cyclically reduced and so v is
cyclically reduced. Let v = v1,v,,...,v,,. Then, similarly to u, we have n > 2 and A(vK) = kn.
Since u* = v¥, this implies that A(t*) = A(v) and so m = n. Furthermore,
v = (g ) (U ) (v v ) e (v ) = 1L (2.2)

Since u* and v~ are cyclically reduced and m = n > 2, we can say that u*v=* = 1 implies
that each pair u; and v; ! is in a same free factor and u;v; ! = 1. Therefore, u; = v; for all i
and hence u = v.

Now, suppose that u is not cyclically reduced. Then, by Theorem 2.1, we can denote
u = wsw™! for some element w and cyclically reduced element s in A*C. Since u is not in
the conjugate of a free factor, the same is true of s = w™!uw and

sk = (w_luw)k =w lukw = wlvkw = (w_lvw)k. (2.3)
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Since v is not in the conjugate of a free factor, this implies that w™!vw is not either, and
hence the above paragraph applied to s and w™!vw in place of u and v shows that s =
w~yw. Therefore, we have u = wsw™! = w(w lvw)w™! = . O

LemMa 2.3. Suppose that neither of u and v is in the conjugate of a free factor. If u™v" =
viu™ in AxC, then uv = vu.

Proof. Suppose u™y" = v'u™, then u™ = v"u™v=" = (v"uv=")". Since u and v"uv~" are
not in the conjugate of a free factor, by Lemma 2.2 we have u = v'uv~". Then v" =
u W'y = (u"'vu)". Applying Lemma 2.2 again, we obtain v = u~'vu and hence uv =
v O

LeEmMA 2.4 [5, Corollary 4.1.5]. If g is in A*C and both a+1 and gag™" are in A, then g
is in A.

THEOREM 2.5 5, Corollary 4.1.6]. If uv = vu in AxC, then at least one of the following is
true.

(1) u and v are in the same conjugate of a free factor.
(2) u and v are both powers of the same element in AxC.

We say a group is 2-torsion free if it contains no elements of order 2.

LEMMA 2.6. Suppose that A and C are 2-torsion free groups. If g is in Ax C and both a and
gag arein A, then g is in A.

Proof. Let g = g1,8,...,g- be the reduced form of g in A*C. We use induction on r. If
r=1,then g = g is either in A or in C. Suppose g € C.Ifa = 1, then gag = gg ¢ A, and if
a+1, then gag is a reduced form and has syllable length >1, and hence, gag ¢ A, contrary
to hypothesis. Therefore g is in A. Suppose that the lemma is true for » = n — 1 and that
r = n. We first show that g, € A. If g; and g, are in C, then gag = g1,...,£,491,...,gs has
syllable length > 1. Thus gag ¢ A, contrary to hypothesis. Suppose g1 € A and g, € C.
Since gag € A, the terminal word g, of gag = g1,...,£,a41,...,g, must cancel in gag. Let
n = 2k for some positive integer k. Then

gag:gl)---)gzkagl)---)ng' (24)

Since the terminal gy, cancels in gag, we have

gi=al, @ =gpl 8kt = G (2.5)

Then g7,, = 1in A or C, which contradicts the hypothesis that A and C are 2-torsion free.
Let r = 2k + 1 for some positive integer k. Similarly to the case n = 2k, we have

Q=0 @ =Gkl = G (2.6)

Thus gi+1 and gk are in a same free factor. This is impossible because g1,£,...,2k+1 Is @
reduced sequence. Therefore, we can say that g, € A and so g,a € A. Then, since

(81,82 >gn-1) (€1a) (1,825 - gn-1) = (gag)g, " (2.7)
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isin A, by the induction hypothesis, g1,£,...,£,—1 is in A and hence g = (g1,£2,-.->gn-1)gn
isin A. O

The following example illustrates the fact that the requirement that A and C are 2-
torsion free is crucial in Lemma 2.6.

Example 2.7. Let A = (a,b | aba~'b) and C = (c | ¢*). Then A is 2-torsion free and C is
not. Let ¢ = a~'bca. Then, for b € A,

gbg = (a 'beca)b(a 'beca) =a'becca=a'ba="b" (2.8)

isin A, but g is not in A.

TuEOREM 2.8. Suppose that A and C are 2-torsion free groups. If uv = v-lu in AxC, then
at least one of the following is true.

(1) u and v are in the same conjugate of a free factor.

2)v=1.

Proof. We show that if v # 1, then u and v are in the same conjugate of a free factor. Since
v#1, then u# 1 because uv = v~!u. If v is in the conjugate of some free factor, say, gAg™!,
then g7'vg € A and g"'vg # 1. Since uvu~! = v~!, we have

(¢ 'ug) (g vg) (g 'ug) ' =g lwvulg=g v g = (g7'vg) ' €A (2.9)

By Lemma 2.4, this implies that g~'ug is in A and hence u is in gAg . Since A and C are
2-torsion free and vuv = u, using Lemma 2.6 instead of Lemma 2.4, we can similarly see
that if u is in the conjugate of some free factor, then v is in the same conjugate of the free
factor.

Now, suppose that neither u nor v is in the conjugate of a free factor. Since uv = v~!

this implies that

u,

v =uvlu= ") uu = vi? (2.10)

and by Lemma 2.3, we have uv = vu. Thus v = v~! and hence v = 1, contrary to the as-
sumption. Therefore, v# 1 implies that © and v are in the same conjugate of a free fac-
tor. ]

Let F be a finitely generated free group.
CorOLLARY 2.9. Ifuv=v~'uinF, thenv = 1.

Proof. Let x1,x2,...,xk be k-free generators of F. We use induction on k. Suppose uv =
v~luand k = 1. Then, since F = (x;) is abelian, we have uv = vu and thus v = 1. Suppose
that the corollary is true for k = n — 1 and that k = n. Since F is isomorphic to the free
product of two free groups A = (x1,%2,...,%,-1) and C = (x,), by Theorem 2.8 there are
only three cases possible.
(1) u and v are in the same conjugate of A. Let u = waw™! and v = wbw™! for some
w € F and a,b € A. Since uv = vy, this implies that ab = b~'a in A. By the
induction hypothesis, we have b = 1 and hence v = ww™! = 1.
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Pw1 and v = wxlw~! for
+q
1y, we have wxh w1 =

(2) u and v are in the same conjugate of C. Let u = wx
some w € F and some integers p and g. Since uv = v~
wxl 1, Therefore, ¢ = 0 and hence v = 1.

(3) Neither of the above holds, but v = 1. O

Let G = A%C, where A = (a,b | aba™'b) and C is a 2-torsion free group and let h :
G— G be an endomorphism. Since h(a)h(b) = h(b) 'h(a), we can classify h by applying
Theorem 2.8.

COROLLARY 2.10. At least, one of the following is true.
(1) h(a) and h(b) are in the same conjugate of a free factor.
(2) h(b) = 1.

The following example illustrates the fact that if a group C has an order-2 element,
then there is an endomorphism which does not satisfy both cases in Corollary 2.10.

Example 2.11. Let C = (c | ¢?) and h: G—G be a map defined by h(a) = ¢, h(b) = a™'cac,
and h(c) = c. Then
h(a)h(b) = c(a 'cac) = (ca 'ca)c = (a 'cac) ‘¢ = h(b) "h(a). (2.11)

Thus h is an endomorphism of G but h(a) and h(b) are not in the same conjugate of a
free factor and clearly h(b) # 1.

3. Estimating Nielsen numbers on wedge product spaces

Let Y and Z be aspherical finite polyhedra and let X = Y v Z be the wedge product of

(Y, y) and (Z,z,). We denote the intersection by xy. Let f : X—X be a self-map such that

f(Y) € Y. Using the homotopy extension property, we may assume that f(x) = x and

so f induces a homomorphism f; : 71 (X,x0)— 71 (X, x0). Note that, up to homotopy, the

condition f(Y) € Y is equivalent to the condition f;(m1(Y,x0)) € m1(Y,x0). We will as-

sume that Y and Z have those properties throughout this section unless stated otherwise.
Now consider a retraction g : X —Z sending Y to xy, that is,

q=1idz on Z, q=% onY, (3.1)

where idz : Z—Z is the identity map and X, is the constant map at xo. Let fz denote the
restriction of f to Z.

LEmMMA 3.1. The following diagram commutes:

X X
lq J/q (3.2)
Z Z

thatis, go froq=qo f: X—Z.



6 Fixed Point Theory and Applications

Proof. Supposex € Y. Since f(Y) € Y andgq(Y) = xp, wehave g o f7 o q(x) = q(fz(x0)) =
q(f(x0)) = x0 and q o f(x) = q(f(x)) = x9. On the other hand, if x € Z, then q(x) = x
implies that g o f7 o q(x) = q(fz(x)) = q(f(x)) = q o f(x). O

In 1992, Woo and Kim [6] introduced the g-Nielsen number which is a lower bound
for the Nielsen number. The map g : X—X, in [6] is not our special map g defined above
but an arbitrary map from X to a space X,;. Two fixed points xo and x; of f are in the same
q-(fixed point) class if there exists a path ¢ in X from xy to x; such that goc=gqo foc
in X,. Using the ordinary fixed point index, they defined the g-Nielsen number N, (f).
This is just the mod K-Nielsen number (see [2, Chapter III]) when K = kerg but it turns
out to be more convenient when we consider the mod K-Nielsen number geometrically.
Now we return to our map q: X —Z.

By the definition of the map g, we have Fix(f) N Z = Fix(q o fz).

LemMA 3.2. Two fixed points z; and z, in Fix(f) N Z are in the same q-class of f if and
only if they are in the same fixed point class of (q o fz) : Z—Z.

Proof. Suppose that two fixed points z; and z, are in the same fixed point class of g o f.
Then there is a path y in Z from z, to z;, such that y =~ g o f; oy in Z. Since q = idz and
fz = f on Z, we may write goy =~ qo f oy in Z. Therefore, two fixed points z; and z,
are in the same g-class of f. Conversely, suppose that z; and z, are in the same g-class
of f. Then there exists a path § in X from z; to z; such that o d ~qo f o § in Z. Take
0z =qod. Then 6 is a path in Z from z; to z; and §7 =~ go f o § in Z. By Lemma 3.1,
qofod=gqo froqod=qo fz008z. Thisimpliesthat§; ~qo fz0dzin Z. O

For a fixed point x € Fix(f), let [x] (resp., [x];) denote the fixed point class (resp.,
q-class) of f containing x, and for z € Fix(q o fz), let [z]; denote the fixed point class of
the map g o f; containing z.

LemMma 3.3. Ifz € Fix(f) N Z and x, are not in the same fixed point class of q o f7, then the
q-class of f containing z does not contain any fixed points of f in Y.

Proof. The contrapositive statement of the lemma is as follows: if [z], = [y], for some
y € Fix(f) N Y, then [z]; = [x0]z. Suppose [z], = [y], for some y € Fix(f) n Y. Then
there is a path y in X from z to y such thatgoy ~qo foyin Z. Lety, = qoy, theny,
is a path in Z from z to xy such that y, ~go f oy in Z. From Lemma 3.1, go foy =

gofzeqoy=gqo fz0y,andhence
Yz=4q°fzey, (3.3)

in Z. This means that [z], = [x0]. O

TaEOREM 3.4. The g-Nielsen number has a lower bound
Ny(f)=N(geo fz) - 1. (3.4)

Proof. Suppose z € Fix(f) N Z = Fix(q o fz). From Lemmas 3.2 and 3.3, we can say that
if [z], # [x0] o then [z], = [z]; as a set. Furthermore since g is the identity map on Z,
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the corresponding indices of both classes [z], and [z]; are the same. Therefore [z], # [x0] q
is essential if and only if [z]; is essential. O

Now, we consider another retraction p : X—Y sending Z to xy which is the same as
the retraction g : X—Z with the roles of Y and Z exchanged. For a fixed point x € Fix(f),
let [x], denote the p-class of f containing x, and for y € Fix(p o fy), let [y], denote
the fixed point class of the map p o fy containing y. If f(Y) € Y (resp., f(Z) € Z), then
pefr = fr (vesp, g o fz = fz).

In [7], Ferrario developed a formula for the Reidemeister trace of a pushout map.
This is useful for union of spaces, quotient spaces, connected sums, and wedge product
spaces. In particular, for a map f : X—X on a wedge product space X = Y v Z, he proved
the following theorem. We obtain it again in a different way using our previous results.

Tueorem 3.5. If f(Y) € Y and f(Z) € Z, then

N(fr)+N(fz) =2=<N(f) =N(fr)+N(fz) +1. (3.5)

Proof. In the proof of Theorem 3.4, we show that for z € Fix(f) n Z, if [z], + [x0]4> then
[z]4 = [2]2 as a set. Since f(Z) € Z, we have the same result for y € Fix(f) N Y, that is,
if [y]p # [x0], then [y]p = [y]y as a set. Therefore Fix(f) has a decomposition

Fix(f) = (Uyly) U (Ul212) U ([%], 0 [x],)- (3.6)

Since p o fy = fr and g o fz = f7 are restrictions of f, this implies that [y], < [y], [z];
(z], and [x0], N [x0]4  [x0]. Thus, we have [y], = [y], [z] = [2], and [x0], N [x0]4 =
[xo]. Furthermore, [y], (resp., [z]7) and [y] (resp., [z]) have the same index. Conse-
quently, we have

N(f) = N(fr) +N(fz) -€+€, (3.7)
where
¢ = number of essential classes in {[xo],, [x0],},
o {1 if [xo] is essential, (3.8)
0 if [xo] is inessential.
Therefore,
N(fr) +N(fz) =2 <N(f) < N(fy) +N(fz) + 1. (3.9)

O

Since the assumption of Theorem 3.5 is quite strong, it is necessary to generalize
Theorem 3.5 in order to estimate the Nielsen number on wedge product spaces. First, we
consider the condition p, o f(m1(Z,x0)) = 1 instead of the condition f(Z) < Z in the as-
sumption of Theorem 3.5. Since the condition f(Z) < Z implies that p, o f,(71(Z,x0)) =
1 in 7;(X,x0) and the converse is not true, p, o f;(m1(Z,x)) = 1 is a more generalized
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condition. But, unfortunately, under the assumptions f(Y) € Y and p, o f,(m1(Z,x0)) =
1, the result of Theorem 3.5 in general form

N(f)=Nc(fy)+N(qo fz) -2 (3.10)
is no longer true, as follows.

Example 3.6. Let X = T v S! be the wedge product of a torus and a circle at xp. In this
example, we have Y = T and Z = S'. Then 71(X,x) = {a,b,c | aba='b~!). Consider a
map f: X—X with f;(a) =a™!, f;(b) =b"1, and f,(c) =a"'cb ' acb. Then p, o fr(c) =
a~'b~lab =1 in m(T,xp). In order to compute the Nielsen number of f, we use the
Fadell-Husseini formula for the Reidemeister trace in [8]. (See [8] or [9].) For the map
f, the Reidemeister trace is

RT(f,f)=[11-(=[a '] = [b"]+[a ] +[a " cb'a]) +[a'b], (3.11)

where [-] denotes the Reidemeister class. Since a~'cb™la = f(c)b !¢, this implies that
b~! and a~'cb~'a are Reidemeister equivalent and hence [b~!] = [a~'cb~'a]. Conse-
quently, we have RT(f ,f) = [1]+ [a~'b™!]. Using the technique of abelianization, we
know that these terms are distinct and thus that N(f) = 2. But, we have N(fy) = N(fr) =
4and N(qo fz) =N(qo fsr) = 1. Hence

N(f)=2#4+1-2=N(fy) +N(qo fz) — 2. (3.12)

LemMa 3.7. Supposethat f(Y) S Y, pro fx(m1(Z,x0)) = 1, and two fixed points y, and y,
are in Fix(f) N Y. Then y, and y, are in the same p-class of f if and only if they are in the
same fixed point class of fy.

Proof. Suppose that y; and y, are in the same p-class of f, that is, there is a path y : I-X
from y; to y, suchthat poy=po foyinY.Lety, = poy. Then y, isapathin Y from
¥1 to yy such that y, =~ po foyin Y. We show that po foy= fy oy, in Y and so y;
and y; are in the same fixed point class of fy.

Modifying y slightly as necessary, we can assume that y is the product of finite numbers
of the pathes y,,y,,..., ¥y, such thatall y,,., withi=0,...,k and Y2 with j = 1,...,k are
pathes in Y and Z, respectively. Furthermore, all y, j are loops at xy in Z and so {y, j} S
m1(Z,x0). Since pr o fr(m1(Z,x)) = 1, we have p, o fn({y2j}) =1 for all j. Since Y is
aspherical, it follows that p o f oy, ; = X,. Therefore,

pofoy=pefo(yiyy  Vau)
= (pofoy)xo(pofoys)Xo-Xo(pefoyy) (3.13)
=pefepey=pefropey=freoy,
Since p = id on Y, the converse is obvious. O

We now consider a map f : X—X with

f(Y) S Y’ fﬂ(ﬂl (Z,X())) € wmy (Z)xO)W_la (314)
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where w = wy,wa,...,wr € m1(X,x) is cyclically reduced. We may assume that w, €
m1(Z,x0) and wx € m1(Y,xo) because if w; € m,(Y,x0), then since X is an aspherical space,
we can homotope f to a map g such that g, () = wi' f;(-)w; and if wx € 71(Z, %), then
1v1/k7r1(Z,xo)1vv,;1 c m(Z,xp). For the map f, we also consider a map f : X—X which is
homotopic to f such that

F:C) =wlf(w, so f(Z)cZ (3.15)
The following theorem is a generalization of Theorem 3.5.

THEOREM 3.8. Ifamap f satisfies the conditions of (3.14), then
N(f)=N(po fr) +N(qo fz) — (k+2) where k = A(w). (3.16)

Proof. For I = [0,1], let ip =0 and i, = 1. Let Y' = Y v I be the wedge product of Y
and I at ip~ yp and let X’ = Y’ v Z be the wedge product of Y’ and Z at ix ~ zo. We
will construct a map f’: X'—X’ which is the homotopy type of f. Since Y and Z are
aspherical spaces, there are maps fy : (Y,ig)—(Y,ip) and f; : (Z,ix)—(Z,ix) such that

(Fe=)m ()= f2)n (3.17)

To extend f’ to all of X', we divide I into 2k + 1 equal closed intervals Iy, ], 11,...,Jk, Ik-
Then for each integer 7,

I, is mapped homeomorphically onto I from i to i,

Jor+1 is mapped onto a loop in Z at i, representing way41,

. . . . 3.18
Ly11 is mapped homeomorphically onto I from i to ip, ( )

J2» is mapped onto a loop in Y at iy representing w;,.

By construction, there is exactly one fixed point in each interval I; and no fixed point in
any interval J;. Therefore, f” has k + 1 fixed points in I including iy and i.

We now show that f’ is the same homotopy type as f. Choose a small neighborhood
D of xj in X and let 92D denote the intersection of the boundary of D with Z. Then there
is a homotopy equivalence ¢ : X—X" such that ¢(x) = ip and ¢(9dzD) = ir. Then we see
that

fTZO(pHZQDnOfﬂ:T[l(X,X()) 4’7‘[1(X,,l.0), (319)

because of the construction of f’. Thus f’ is the homotopy type of f.

LetZ'=1v Z< X andlet p’ : X'—Y" and q' : X' —Z' retractions sending Z to iy and
Y to iy, respectively. Let « = N(p' o fy.) and f = N(q' o f;). Since f'(Y) € Y, by Lemmas
3.2 and 3.3, there exist at least § — 1 essential q’-classes in Z’ such that each of them is not
lio]g

6n the other hand, since f'(Z) < Z, by Lemmas 3.2 and 3.3, there exist at least o — 1
essential p’-classes such that each of them does not contain ix and so, by Lemma 3.3, each
of them does not contain any fixed points of f" in Z. Since Fix(f’) n I has k + 1 fixed
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points of f’, we see that |Fix(f") n I\ {ix}| = k and thus at least (& — 1) — k essential
p’-classes do not intersect Z’.

Consequently, there exist at least (o — 1) + (8 — 1) — k essential disjoint p” or g'-classes
of f’. Therefore,

N(f')=N(p' o fy) +N(q o fz) — (k+2). (3.20)

Note that f and f’ are of the same homotopy type and so are p o fy (resp., g o fz) and
P’ o fy (resp., g’ o fy). Since the Nielsen number is a homotopy type invariant (see [2]),
we have

N(f)=N(po fr) +N(qo fz) - (k+2). (321

4. Applications

Let M be a surface with boundary, which is homotopy equivalent to a bouquet of k cir-
cles, and let f : M—M be a map. The fundamental group of M is the free group on k
generators. In 1999, Wagner [10] provided a method for computing the Nielsen number
N(f) for a large class of maps of M by means of an algorithm that depends only on the
induced endomorphism f; of 771 (M). In 2006, Kim [11] extended her results for another
large class of maps of M. In the case of k = 2, Yi [12] extended Wagner’s work using the
idea of a mutant, which was introduced by Jiang in [13], and Kim [14] completed Yi’s
work so that the Nielsen number of all maps can be calculated.

The following spaces are examples of aspherical wedge product spaces for which we
can classify the endomorphisms of the fundamental groups, and thus the self-maps. The
general results in Section 3 along with existing technique allow us to estimate or calculate
the Nielsen number on the following spaces:

(1) torus wedge surface with boundary;
(2) Klein bottle wedge surface with boundary;
(3) torus wedge torus;
except for some cases in (3) which satisfy the L1 condition in Theorem 4.5.

4.1. Torus wedge surface with boundary. Let X be the wedge product of a torus T and
a surface with boundary M at a point x,. Let a and b be generators of the fundamental
group of T and let ¢y,...,ck be generators of the fundamental group of M. Then the fun-
damental group of X at xy can be written as G = A*C, where A = (a,b | ab = ba) and
C={(C1y...5Ck).

THEOREM 4.1. Every self-map f of X satisfies at least one of the following:
(H1) fz(a) =wa™b"w ! and f,(b) = wa™b™w"! for somew € G;
(H2) fr(a) =g* and f,(b) = g' for some element g € G and integers s and t.

Proof. From Theorem 2.5, it is enough to show that if f;(a) and f;(b) are in the same
conjugate of C, then both are powers of the same element in G. Suppose f,(a) = wgiw™!
and f(b) = wgw™! for some w € G and g1,£, € C. Since f is an endomorphism of G,
then f;(a) fz(b) = fz(b) fz(a) and therefore g; and g, are commuting elements of a free
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group, hence elements of a cyclic subgroup [5, page 42] (but a simpler proof is to note
that the subgroup of free group C generated by g; and g, is abelian so, since it must be
free, it is cyclic). O

4.1.1. (H1) condition. If a map f satisfies the condition (H1), then there is a map f’
which is (freely) homotopic to f such that f;(-) = w™! f(-)w, which satisfies f,,(A) < A.
Thus we can estimate the Nielsen number of f’ using Theorems 3.4 and 3.5 if we can
compute the Nielsen number N (g o fy;) on the surface with boundary M.

Example 4.2. Let X = T v M be the wedge product of a torus and a surface with bound-
ary, with

m1(X,x0) = {a,b,c1,c2 | ab = ba). (4.1)
Let f be a map that induces the endomorphism described by the following four words:

fola) = cila’bea®b’c; b la e,

fr(b) = ci'a*beaa 'be, b a ey,

(4.2)
fr(c1) =acla'cib,
fn(CZ) = 6163-
Then, the map f satisfies the (H1) condition with w = ¢; 'a?bc; and
dr o fr(e1) = &' cfea,
(4.3)
4r o fa(e2) = & deier oo
Using Wagner’s algorithm [10] on g o f;, we have
N(qe fy) =8. (4.4)
Thus, by Theorem 3.4,
N(f)=N(f')=8—-1=7. (4.5)
4.1.2. (H2) condition. If a map f satisfies the condition (H2), then
fn’(a) = gsa
fx(b) =g, (4.6)

fn(C,’) =z, 1 SiSk,

where g,z; € 71(X,x0).
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Let S be the wedge of (k + 1) circles. Then the fundamental group 7,(S) is the free
group on (k + 1) generators ry,11,...,7,. Let ¢ be a map from X to S such that

¢, (a) =1,
¢, (b) =1, (4.7)
(pn(Ci) =r, 1<i<k

Let y be a map from S to X such that

I//r[ (TO) = g’
(4.8)
v (ri) =z, 1<i<k
Then f = y o ¢ and from the commutativity of the Nielsen number, we have
N(f)=N(ye¢)=N(poy), (4.9)

where ¢ o ¢ is a map from § to itself. Thus calculating the Nielsen number N(f) for
any map which satisfies condition (H2) is now reduced to the calculation of the Nielsen
number on surfaces with boundary. However, as we mentioned at the beginning of this
section, the calculation of the Nielsen number on surfaces with boundary is still an open
problem except in the case of figure-eight space.

Example 4.3. Let X = TV M be the wedge product of a torus and a circle, with
m1(X,x0) = {a,b,c | ab = ba). (4.10)

Let f be a map that induces the endomorphism described by the following three words:

fx(a) = bc*a,
fu(b) = (bSa)’, (4.11)
frlc) = a*c%

Then, the map f satisfies the (H2) condition and factors through figure-eight space S,
thatis, f = y o ¢, where ¢ : X—S'is

¢, (a) =1,
¢, (b) =13, (4.12)
(P;-[(C) =T

andy:S—-Xis

v, (ro) = bc*a,

5 (4.13)

v, (r) =a*c.
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Hence by the commutativity of the Nielsen number and the Wagner, Yi, and Kim al-
gorithms for computing the Nielsen numbers on S (see [10, 12, 14]), we have

N(f)=N(yep)=N(goy)=2. (4.14)

4.2. Klein bottle wedge surface with boundary. Let X be the wedge product of the Klein
bottle K and a surface with boundary M at a point xy. Let a and b be generators of the
fundamental group of K and let ¢y,..., ¢, be generators of the fundamental group of M.
Then the fundamental group of X at xq is G = AxC, where A = (a,b | ab = b"'a) and
C={(C1r...,Ck).

THEOREM 4.4. Every self-map of X satisfies at least one of the following:
(K1) fz(a) =wayw™" and f,(b) = wayw™! for some ay,a; € A andw € G;

(K2) fz(b) =1.

Proof. Since C is a free group, by Corollary 2.10, it is enough to show that if f,(a) and
fz(b) are in a conjugate of C, then f(b) = 1. Suppose fr(a) = xux! and f,(b) = xvx™!
for some x € G and u,v € C. Since fr(a)f,(b) = fn(b)flfﬂ(a), this implies that uv =
v luin C. Since C is a finitely generated free group, by Corollary 2.9, we have v = 1 and
therefore f,(b) = 1. O

4.2.1. (K1) condition. We can use Theorems 3.4 and 3.5 to estimate the Nielsen number
of the map with this condition. In fact, it is the same technique as that of the map with
condition (H1) of the map on a wedge product of a torus and a surface with boundary.

4.2.2. (K2) condition. We can use the commutativity property of the Nielsen number
to calculate the Nielsen number of a map satisfying this condition. If a map f satisfies
condition (K2), then for f;(a) = g, we have f,(b) = 1 = g°. Thus, it is the same technique
as the one we used above for the map with condition (H2) on a wedge product of a torus
and a surface with boundary.

4.3. Torus wedge torus. Let X = T} v T be the wedge product of two tori Ty and T, ata
point xo. Let a, b and ¢, d be generators of the fundamental group of T} and T5, respec-
tively. Then the fundamental group of X at xq is G = A*C, where A = (a,b | ab = ba)
and C = (¢,d | c¢d = dc). Then, by Theorem 2.5, we know the following.

THEOREM 4.5. Every self-map f of X satisfies at least one of the following:

(L1) fz(a) and f,(b) are in the same conjugate of a free factor and so are f,(c) and
fn(d);

(L2) fz(a) and f,(b) are in the same conjugate of a free factor, and f,(c) and f(d) are
both powers of the same element in G;

(L2") frz(a) and f,(b) are both powers of the same element in G, and f,(c) and fr(d) are
in the same conjugate of a free factor;

(L3) fr(a) and f,(b) are both powers of the same element in G and so are fr(c) and
Fo(d).
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4.3.1. (L1) condition. 1f amap f satisfies the condition (L1), then

fa(@)=0gi07",  fu(b)=0g07",  ful)=thmit',  fuld)=Tht !,
(4.15)

where ¢ and 7 are in G, both g; and g are either in A or C, and so are h; and h,. We
will consider only the case that g;,¢, € A and hy,h; € C. Then there is a map f” which is
homotopic to f such that f(-) = 07! f;(-)o, that is,

frla) =g, f2(b) = &, fle) =A™, fi(d) =17, (4.16)
where A = 07 17. Let A = 1,15,..., 1, denote the reduced form of A in G. If A # 1, then let

w=u"'Av"!, where

Al if /11 €A, 1 if Ag €A,
- ) (4.17)

1 lf/ll eC, )Lg if)tgeC,

and if A = 1, then let w = 1. Then w is a cyclically reduced word in G with the first free
factor in A and there is a map f” which is homotopic to f such that

"' (a) = ay, ' (b) = ay, folc) =waw™, fi(d) =weaw™!, (4.18)

where a; = ugiu™! = gi € A and ¢; = vhjv ! = h; € C for i = 1,2. Therefore, by Theorem
3.8,

N(f)=N(f")=N(po ffl) +N(qo ff) — (k+2), (4.19)

where k = A(w) is the syllable length of w in G. The following example illustrates the
estimation for the Nielsen number in this case.

Example 4.6. Let f : X—X defined by
fola) =cda ?bd’c >,
fa(b) =cd b dc 3,

fo(0) = da=b02d 20 ¢ (4.20)
fu(d) ="da b0 d* b 0ad 7.
Then
"'(a) = a b,
2 (b)=b7,
(4.21)

() = wrd Pw

(d) = wedtwl,
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where w = c2d*a=3b'0. Thus k = 2,
Nipofi) = [det(T-M)| =12, N(qofil) = [det(I M) =9, (422)
where I is the identity matrix, M; = [ * 5], and M, = [3 72]; see [15]. Therefore,
N(f)= 1249 - (2+2) =17. (4.23)

4.3.2. (L2) and (L2") conditions. For a map f satisfying the (L2) or (L2") conditions,
using a similar technique as for the (H2) condition, we can make f factor through the
torus wedge circle. By the commutativity of the Nielsen number, the problem is now
reduced to computing the Nielsen number of the corresponding map of the torus wedge
circle.

4.3.3. (L3) condition. The commutativity of the Nielsen number is also very useful in this
case because every map satisfying the (L3) condition factors through figure eight. For the
corresponding map of figure eight, we can always compute the Nielsen number using the
Wagner, Yi, and Kim algorithms in [10, 12, 14].
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