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1. Introduction

An important form of iterative equations is the polynomial-like iterative equation

Mf(x) + daf?(x) + -+ Ay f"(x) = F(x), x€1:=]a,b], (1.1)

where F is a given function, f is an unknown function, \; € R' (i=1,2,...,n),and f ki(k =
1,2,...,n) is the kth iterate of f, thatis, f(x) = x, fX(x) = f o f¥(x). The case of all
constant A's was considered in [1-10]. In 2000, W. N. Zhang and ]. A. Baker first discussed
the continuous solutions of such an iterative equation with variable coefficients A; = \;(x)
which are all continuous in interval [a, b]. In 2001, J. G. Si and X. P. Wang furthermore gave
the continuously differentiable solution of such equation in the same conditions as in [11]. In
this paper, we continue the works of [11, 12], and consider the series-like iterative equation
with variable coefficients

i)ti(X)fi(X) =F(x), xel:=][a,b], (1.2)
i=1
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where A;(x) : I — [0,1] are given continuous functions and >°;4i(x) = 1, L4(x) > ¢ >
0 (Vx € I), maxyerdi(x) = ¢;. We improve the methods given by the authors in [11, 12], and
the conditions of [11, 12] are weakened by constructing a new structure operator.

2. Preliminaries
Let C°(I,R) = {f : I — R, f is continuous}, clearly (C°(I,R), || - || o) is a Banach space, where
I f1l0 = maxyer|f(x)], for f in C%(1,R).

Let C}(I,R) = {f : I — R, f iscontinuous and continuously differentiable}, then

C!(I,R) is a Banach space with the norm || - ||, where| f[|. = [|fllo + | f'll o, for f in C*(I,R).
Being a closed subset, C*(I, I) defined by

cl(1,1) = {f e CYILR), fI)CI, ¥x € 1} (2.1)

is a complete space.
The following lemmas are useful, and the methods of proof are similar to those of
paper [4], but the conditions are weaker than those of [4].

Lemma 2.1. Suppose that ¢ € C1(1,1) and
l¢'(x)| <M, Vxel, (2.2)

|9 (x1) = ¢/ (x2)| < M'|x1 = x2|, V1,27 €1, (2.3)

where M and M’ are positive constants.Then

2n-2
|(<P"(x1))l - ((P"(xz))’| < M'( > Mi> 1 = x2, (2.4)

i=n-1

for any x1, x in I, where ((p")' denotes dy™ / dx.

Lemma 2.2. Suppose that g1, ¢ € C1(I, 1) satisfy (2.2).Then

oy = 93l < <ZMH> llo1 — @2l o- (2.5)

i=1

Lemma 2.3. Suppose that ¢1, ¢, € CY(I, I) satisfy (2.2) and (2.3).Then

H<(P:1<+1>' _ <(P;2<+1>’

|, <G DM i
) (2.6)
+Q(k+1)M’ <Z(k —i+ 1)M’<+i-1> llor — 21l 0,

i=1

fork=0,1,2,..., where Q(s) =0ass =1and Q(s) =1lass=2,3,....
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3. Main Results

For given constants M; > 0 and M, > 0, let

A(Mi, My) = {(p eCY(LI): |¢'(x)| <My, Vxel,
(3.1)
|‘P'(x1) - (P,(x2)| < Ma|xy = x2|, Vxi,x2 € T}

Theorem 3.1 (existence). Given positive constants My, M, and F € 4 (M1, M), if there exists
constants Ny > 1 and N, > 0, such that

(P1) c = 32N > My /Ny,
(P2) ¢ = 32,ci(SE2N]) > My /Ny,

then (1.2) has a solution f in 4 (N1, Na).

Proof. For convenience, let d = max{|al, |b|}.
Define K : #(N1,N;) — C'(I,I) such that K : f — Kj, where

Ks(t) = i)ti (x)fi(t), Vx,tel. (3.2)
i=1

Since f € #(N1, Ny), it is easy to see that |fi(t)| < d for all t € I, and |A;(x) fi(#)| < d|Ai(x)| for
all x,t € I. It follows from 3% A;(x) = 1 that 3%, Xi(x) fi(t) is uniformly convergent. Then
K (t) is continuous for t € I. Also we have

a= ;)u(x)a < ;Ai(x) fip) < ;Ai(x)b =b, (3.3)

thus Ky € C°(1,I).
For any f € #4(N1, N>), we have

<Ny, (3.4)

HGOIGEO))

| (@ (F0))] =200

By condition (P;), we see that 3,°,¢;N! is convergent, therefore 3.7 ¢;(f i) is uniformly
convergent for t € I, this implies that K¢(t) is continuously differentiable for t € I. Moreover

(Fim)

d
‘aKf“)

< Z)»,-(x) < ZciN{ = . (3.5)
i=1 i=1
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By Lemma 2.1,

d d i . ’ . ’
i s t) = 5 (Ky ()| < 30 (fien) - (f ) '
(3.6)
Z <N2 Z N >|t1 - t2| = ‘I/lz|t1 - t2|.
i=1 j=i-1
Thus Kf (S 94(/11,‘[/{2).
Define T : #(N1,N,) — C(I,I) as follows:
1
T =1 ( JEO) -~ oK+ £, Vhxel (3.7)

where f € 4(N1, N2). Because K 7 F, and f are continuously differentiable for all t € I, Tf
is continuously differentiable for all t € I. By conditions (P1) and (P,), for any t;, t, in I, we
have

) 1 & ;
|G| < 5 PO+ 1 S| (7o) | < o+ S

(3.8)
< 11\/11 + 1(CNl - M;) = N1.
c c
We furthermore have
! 1 i !
G = G| < TP - F e+ 1o Sia| (Fa) - (Fw) |
22
< Mz|t1 — bl + —ZCzNz DUNT ) It~ t
i=2 j=i-1
< Najxp = x3].
(3.9)

Thus T : #(N1, N2) — #(N1, Ny) is a self-diffeomorphism.
Now we prove the continuity of T under the norm || - ||.. For arbitrary fi, f» €
e4(1\]11 NZ)/
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ITfi-Tfllo= max|-

KO+ O+ KA - f20)

)L( ) x)
iAi(x) filh - i)w(x)fé(t)
i=2 i=2

1& Wi g
< Egciuf; = filo

i=2

1
< —max
C tel

c0s

(Kn(®) - (20)

= max|—
tel

|G- G| =max- s ko) + (o) +

)t() )t()

< Tmax gux) (fiw) - gw) (fé'(t))"

Y [ORGI

=2
1& [ ) i-1 )
< ;ZCi iNTHI L= fallo + Q(i)N2<Z(i - k)NT“) I fi- f2||co]-
i=2 L k=1
(3.10)
Let
= —ch <ZN’< T+ Q(z)NZZ(z — k)N 2>
=2 (3.11)
E, = EZc,»iN;'-l, E = max{Ey, E»}.
Then we have
ITfi=Thlla=ITH-Thlo+ ||(Tf1) —(TR)||, <Ellfi- fallo + Ellfi - foll o
<E|fi-follo + Ellfi = foll o = Ellfr = follss
(3.12)

which gives continuity of T.
It is easy to show that «#(N7, N») is a compact convex subset of C!(I, I). By Schauder’s
fixed point theorem, we assert that there is a mapping f € «##(N1, N») such that

F)=TF(t) = F(t) - ——K(t) + f(t), Vtel. (3.13)

1 1
M(x) A (x)

Let t = x, we have f(x) as a solution of (1.2) in «#(IN1, N7). This completes the proof. O
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Theorem 3.2 (Uniqueness). Suppose that (P1) and (P,) are satisfied, also one supposes that
(P3) E<1,
then for arbitrary function F in A (M, Ma), (1.2) has a unique solution f € &#(N1, N»).

Proof. The existence of (1.2) in &#(Ny,N,) is given by Theorem 3.1, from the proof of
Theorem 3.1, we see that «#(N7, N») is a closed subset of C'(I, 1), by (3.12) and (P3), we see
that T : #(N1, N2) — #(IN1, N») is a contraction. Therefore T has a unique fixed point f(x)
in # (N1, N,), that is, (1.2) has a unique solution in «##(IN1, N>), this proves the theorem. [

4. Example

Consider the equation

Z)u(x)fl(x) = ixz/ x € I = [—1,1], (41)
i=1
where 11 (x) = 33/36 + (1/36) cos®(rx/2), da(x) =1/36 + (1/36) sin®(«rx/2), As(x) = 1/36,
Aa(x) = As(x) = --- = 0. It is easy to see that 0 < A;(x) <1, 32 Mi(x) =1, ¢ = 33/36, 2 =
2/36, c3=1/36, cs=cs=- =0,

Forany x,y in [-1,1],
|F'(x)| =0.5x] <0.5, |F'(x) = F'(y)| <10.5x] + |0.5y| <1, (4.2)

thus F € &/ (0.5,1). By condition (P1), we can choose N7 = 1.1, and by condition (P;), we can
choose N, = 1.5. Then by Theorem 3.1, there is a continuously differentiable solution of (4.1)
in #4(1.1,1.5).

Remark 4.1. Here F(x) is not monotone for x € [-1,1], hence it cannot be concluded by [11,
12].
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