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A one-step iteration with errors is considered for a family of asymptotically nonexpansive nonself
mappings. Weak convergence of the purposed iteration is obtained in a Banach space.

1. Introduction and Preliminaries

Let E be a real Banach space and E* the dual space of E. Let (-, -) denote the pairing between
E and E*. The normalized duality mapping J : E — 2F" is defined by

J(x) = {f €E : (x, f) = x| = ||f||2}, Vx € E. (1.1)

Let Ug = {x € E : ||x|| = 1}, where E is said to be smooth or said to have a Gateaux
differentiable norm if the limit

i 1 Y= llxll (1.2)
t—0 t

exists for each x,y € Ug, where E is said to have a uniformly Gateaux differentiable norm
if for each y € Ug, the limit is attained uniformly for all x € Ug, where E is said to be
uniformly smooth or said to have a uniformly Fréchet differentiable norm if the limit is
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attained uniformly for all x, y € Ug, where E is said to be uniformly convex if for any € € (0,2]
there exists 6 > 0 such that for any x, y € Ug:

X — > e implies
[l -l p

%” <1-6. (1.3)

It is known that a uniformly convex Banach space is reflexive and strictly convex.

In this paper, we use — and — to denote the strong convergence and weak
convergence, respectively. Recall that a Banach space E is said to have the Kadec-Klee
property if for any sequence {x,} C E and x € E with x, — x and ||x,| — |[|x||, then
lxy, — x| — O0asn — oo for more details on Kadec-Klee property, the reader is referred to
[1, 2] and the references therein. It is well known that if E is a uniformly convex Banach space,
then E enjoys the Kadec-Klee property.

Recall that a Banach space E is said to satisfy the Opial condition [3] if, for each
sequence {x,} in E, the convergence x,, — x implies that

, Vy€E (y#x). (1.4)

lim inf||x, — x|| < liminf||x, - y
n— o0 n— oo

Let C be a nonempty closed and convex subset of E and T a mapping. In this paper,
we use F(T) to denote the fixed point set of T. Recall that the mapping T is said to be
nonexpansive if

|Tx-Ty|| <||x-v|, VYxyeC. (1.5)

T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
k, — 1lasn — oo such that

|T"x - T"y|| < kn||lx-v|, Vx,yeC Vn>1 (1.6)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[4] as a generalization of the class of nonexpansive mappings. They proved that if C is
a nonempty closed convex and bounded subset of a real uniformly convex Banach space,
then every asymptotically nonexpansive self-mapping has a fixed point; see [4] for more
details. Some classical results on asymptotically nonexpansive mappings and other important
nonlinear mappings have been established by Kirk et al.; see [5-13].

However, T is said to be uniformly L-lipschitz if there exists a positive constant L such
that

IT"x - T"y|| < L]]x -y

, Vx,yeC Vn>1. (1.7)

Recall that the Mann iteration was introduced by Mann [14] in 1953. The Mann
iteration sequence {x,} is defined in the following manner:

Vx1€C, xp1=0-ay)x, +a,Tx,, Vn>1, (1.8)

where {a,} is a sequence in the interval (0,1) and T : C — C is a mapping.



Fixed Point Theory and Applications 3
In 1979, Reich [15] obtained the following celebrated weak convergence theorem.

Theorem R-1. Let C be a closed convex subset of a uniformly convex Banach space E with a Fréchet
differential norm, T : C — C a nonexpansive mapping with a fixed point, and {a,} a real sequence
suchthat 0 < a, < land >, a,(1 — a,) = oo. Let {x,,} be a sequence generated in (1.8). Then the

sequence {x,} converges weakly to a fixed point of T.

Note that the dual of reflexive Banach spaces with a Fréchet differentiable norm have
the Kadec-Klee property. In 2001, Garcia Falset et al. [16] obtained a new weak convergence
theorem without the restriction E enjoys the Fréchet differential norm. To be more precise,
they obtained the following results.

Theorem FKKR. Let C be a closed convex subset of a uniformly convex Banach space E such that E*
has the Kadec-Klee property, T : C — C a nonexpansive mapping with a fixed point, and {a,} a real
sequence such that 0 < a, < 1and >, an(1 — a,) = oo. Let {x,} be a sequence generated in (1.8).
Then the sequence {x,} converges weakly to a fixed point of T.

Recall that the modified Mann iteration which was introduced by Schu [17] generates
a sequence {x,} in the following manner:

x1€C, xp1=0-ay)x, +a,T"x,, Vn>1, (1.9)

where {a,} is a sequence in the interval (0,1) and T : C — C is an asymptotically
nonexpansvie mapping.

In 1991, Schu [17] obtained the following weak convergence results for asymptotically
nonexpansive mappings in a uniformly convex Banach space. To be more precise, they
obtained the following results.

Theorem S. Let E be a uniformly convex Banach space satisfying the Opial condition, #C C E
closed bounded and convexand S : C — C asymptotically nonexpansive with sequence {k,} C [1,00)
for which 3771 (kn — 1) < oo and {a,} € [0,1] is bounded away. Let {x,} be a sequence generated in
(1.9). Then the sequence {x,} converges weakly to some fixed point of T.

Note that each I (1 < p < o) satisfies the Opial condition, while all L” do not have the
property unless p = 2. In 1994, Tan and Xu [18] obtained the following results.

Theorem TX. Let E be a uniformly convex Banach space whose norm is Fréchet differentiable, C a
nonempty closed and convex subset of E,and T : K — K an asymptotically nonexpansive mapping
with a sequence {k,} C [1,00) such that 3> (k, — 1) < oo such that F(T) is nonempty. Let {x,}
be sequence generated in (1.9), where {a,} is a real sequence bounded away from 0 and 1. Then the
sequence {x,} converges weakly to some point in F(T).

Let E be a Banach space, K a nonempty subset of E, and T : K — E a mapping. For
all x € K, define a set Ix(x) by

Ix(x)={x+A(y-x):1>0, ye K}, (1.10)

where T is said to be inward if Tx € Ix(x) for all x € K and T is said to be weakly inward
if Tx € Ix(x) for all x € K. Recall that the subset K of E is said to be retract if there exists



4 Fixed Point Theory and Applications

a continuous mapping P : E — K such that Px = x for all x € K. It is well known that every
closed convex subset of a uniformly convex Banach space is a retract. A mapping P: E — E
is said to be a retraction if P? = P. Let C and D be subsets of E. Then a mapping P : C — D
is said to be sunny if P(Px + t(x — Px)) = Px, whenever Px + t(x — Px) € C for all x € C and
t>0.

~ The following result describes a characterization of sunny nonexpansive retractions
on a smooth Banach space. See Reich [19].

Theorem R-2. Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q : E — C
be a retraction and let J be the normalized duality mapping on E. Then the following are equivalent:

(1) P is sunny and nonexpansive;
(2) [|Px - Py|* < (x -y, ](Px - Py)), Vx,y € E;
(3) (x—Px,J(y-Px)) <0, Vxe€E, yeC.

Recently, fixed point problems of nonself mappings have been studied by a number
of authors; see, for example, [20-30]. Next, we draw our attention to nonself mappings. Let
K be a nonempty subset of a Banach space E, T : K — E be a mapping and P a sunny
nonexpansive retraction from E onto K.

The mapping T is said to be asymptotically nonexpansive with respect to P if there
exists a sequence {k,} C [1,0) with k, — 1asn — oo such that

|(PT)"x - (PT)"y|| < kn|lx-y|, Vx,y€eK, ¥n>1. (1.11)

The mapping T is said to be uniformly L-lipschitz with respect to P if there exists a
positive constant L such that

||(PT)"x - (PT)"y|| < L||x-y|, VYx,yeK, Vn>1. (1.12)

We remark that if T is a self mapping, then P is reduced to the identity mapping. It
follows that (1.11) is reduced to (1.6).

In this paper, we consider a one-step iteration for a finite family of asymptotically
nonexpansive nonself mappings. Weak convergence theorems are established in a real
smooth and uniformly convex Banach space.

In order to prove our main results, we need the following lemmas.

Lemma 1.1 (see [16, 31]). Let E be a uniformly convex Banach space such that its dual has the Kadec-
Klee property. Suppose that {x,} is a bounded sequence such that lim,, _, o ||ax, + (1—a) f1 - f2|| exists
forall a € [0,1] and f1, f2 € wy(xy). Then wy,(x,) is a singleton.

Lemma 1.2 (see [2, 25]). Let E be a real smooth Banach space, K a nonempty closed convex subset
of E with P as a sunny nonexpansive retraction, and T : K — E a mapping which enjoys the weakly
inward condition. Then F(PT) = F(T).

Lemma 1.3 (see [32]). Let {a,} and {b,} be two nonnegative sequences satisfying the following
condition:

ap1 <a,+b, Vn>1. (1.13)

If 37, by < oo, then limy, _, . a, exists.
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Lemma 1.4 (see [33]). Let p > 1 and s > 0 be two fixed real numbers. Then a Banach space E

is uniformly convex if and only if there exists a continuous strictly increasing convex function g :
[0,00) — [0, c0) with g(0) = 0 such that

Jax + @ = Dyl <2l + @~ DIyl - gl -yl (114)

forall x,y € B;(0) = {x € E: ||x|| < s} and X € [0,1], where w, (1) = A\P(1 - 1) + A(1 - L)P.
The following lemma is an immediate result of Lemma 1.4. See also Zhang [34].

Lemma 1.5. Let E be a uniformly convex Banach space, s > 0 a positive number, and Bs(0) a closed

ball of E. There exits a continuous, strictly increasing, and convex function g : [0, 00) — [0, o0) with
g(0) = 0 such that

2

N
Z(“ixi)
i=1

N
< 3 (ailll?) - mazg (i - ) (1.15)

i=1

forall x1,%3,...,xn € Bs(0) = {x € E: ||x|| < s} and a1, ay, ..., an € [0,1] such that Zﬁl a; =1.
Proof. We prove it by inductions. For N = 2, we from Lemma 1.4 see that (1.15) holds. For

N = j, where j > 3 is some positive integer, suppose that (1.15) holds. We see that (1.15) still
holds for N = j + 1. Indeed, from Lemma 1.4, we see that

||a1x1 +arxy; + -+ lX]'x]' + LI]'+13C]'+1 ”2

a ar aj
= (1 —aj+1) X1+ Xy + -+ x]' +a]-+1x]~+1
1-aj 1-ajn 1-aj

2

2

.
- e f + aj||xja

X1 Xo 4+
1-ajn

<(1=q: .
< (1-ajn) 1o Ajs1 1-ajn i
—a;j(1- af+1)g<

4] an aj
X1+ Xy + -+ x]- —x]‘+1
1-ajn 1-ajn 1-ajq

a a aj
<(1-aji) (ﬁ”xlﬂz . ;]41 2l +--- + = ;],H Bk

> (1.16)

ajan

- glx1 = xall) ) + i || xja ||
(1-aj)(1-aj)

=l + aalxal? + a5+ gl - T
j+1

< 0£1||361||2 + a2||x2||2 +oee aj||xj||2 + “j+1||xj+1 ||2 - g([lxr — x2l]).

g(llx1 = 2x2|1)

This completes the proof.
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Lemma 1.6 (see [35]). Let E be a real uniformly convex Banach space, K a nonempty closed, and

convex subset of Eand T : K — K an asymptotically nonexpansive mapping. Then I-T is demiclosed
at zero, that is, x, — x and x, — Tx, — 0 imply that x = Tx.

2. Main Results

Lemma 2.1. Let E be a real uniformly convex Banach space, K a nonempty closed and convex subset
of E, and P a sunny nonexpansive retraction from E onto K. Let T; : K — E be an asymptotically
nonexpansive mapping with respect to P with a sequence {ky;} C [1, 00) such that 37" (kyi—1) < oo
foreachi € {1,2,...,N}. Assume that F = (X, F(T;) is nonempty. Let {x,} be sequence generated
in the following manner: x; € K and

N
Xn+l = Ap Xy + Zan,i(PTi)nxn + Xy, N+1Un, Vn>1, (HCQ)
i=1

where {ay,;} is a real sequence in (0,1) and {u,} is a bounded sequence in K. Assume that
@ S ani =1,
(b) iminf, _, .y 0an; > 0 foreachie {1,2,...,N};
() Zfzozl Oy N+1 < 00.

Then limy, _. o ||, — (PT;)x,|| = 0 for eachi € {1,2,...,N}.

Proof. Fix q € F and k,, = max{ky1,knp, ..., knn}. It follows that 3.7, (k, — 1) < oo. Since {u,}
is a bounded sequence in K, we set M = sup{||u, — g|| : n > 1}. It follows that

e -l =

N

n

A0 + D i (PTi)" Xy + N1 Uy — q“
i=1

N
< auol|xn = qll + 2anill(PT) " = ql| + i |4 - g
i=1 (2.1)

N
< anollxn = qll + Xaniknillxn = qll + e [Jun = 4|
i=1

< [1 + (kn - l)lllxn - q" + an,N+1M-

In view of the condition (c), we obtain from Lemma 1.3 that lim,_, . ||x, — g]| exists for any
q € F(T). This in turn shows that the sequence {x,} is bounded.
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On the other hand, we conclude from Lemma 1.4 that

N 2

An,0Xn + Zan,i(PTi)nxn + ay,N+1Un — 4
i=1

lxner = qll* =

N
< |20 = q||* + Detnl|(PT)" 200 = q||* + x| un — q|°
i=1
= an0tn18 (|| xn = (PT1)"xu ) (2.2)
2 N 2 2
< ol = ql” + Daniky llxn =gl + cnna [|un — 4|
i=1
— 00018 (|| xn — (PT1)" x4 |)
< [1+ (& =1)]l1%0 = all + @it = gl - tnaosg (s ~ (PTY,)).
This shows that
0018 (|| xn — (PT1)"x4|)
< laen = qll* = [|2cner - ql|* + (ki - 1) [l = ql|” + ctu i [|1n = ]| (2.3)

< (= ll = 1tms1 = ) Ry + (K2 = 1) R + e 1~ g

where R; = sup{||x, — gl + ||xns1 — g|l : m > 1} and Ry = sup{||x, — g||* : n > 1}. In view of the
conditions (b) and (c), we arrive at lim,, _, ., g (||xn — (PT1)"x,||) = 0. In view of the property of
the function g, we conclude that

lim [|x, = (PT1)"xa || = 0. (2.4)
By repeating (2.2) and (2.3), we can conclude that

nlim ||xn - (PTi)"xn” =0, Vie{l,2,...,N}. (2.5)
Note that

N
||xn+1 - xn” < Zan,i”(PTi)nxn - xn” + an,N+1||un - an. (26)
i=1

From (2.5) and condition (c), we see that

Jim [lacs1 = x| = 0. (2.7)
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On the other hand, we have

”xn - (PTt)xn” < ||xn - xn+1” + || Xn+1 — (PTi)n+1xn+1

+ | T 2 = (PTY™ || + || (PT) " = (PTi)s . Y
Since T; is Lipschitz with respective to P for eachi € {1,2,..., N}, we obtain that

Tim [, = (PT)xa]| =0, Vi€ {1,2,...,N}. 2.9)
This completes the proof. O

Next, we give some weak convergence theorems.

Theorem 2.2. Let E be a real smooth and uniformly convex Banach space which enjoys the Opial
condition, K a nonempty closed and convex subset of E, and P a sunny nonexpansive retraction from
Eon K. Let T; : K — E be a weakly inward and asymptotically nonexpansive mapping with respect
to P with a sequence {k,;} C [1,00) such that >,;> 1 (kni—1) < oo foreachi e {1,2,...,N}. Assume
that F = nfﬁl F(T;) is nonempty. Let {x,} be sequence generated in (HCQ), where {a,;} is a real
sequence in (0, 1) and {u,} is a bounded sequence in K. Assume that

(@) X" ani = 1
(b) iminf, _, ,ay0an; > 0 foreachie {1,2,...,N};
(€) 3ty N+ < o0

Then the sequence {x,} converges weakly to some point in .

Proof. Since E is reflexive and {x,} is bounded, we from Lemmas 1.2 and 1.6 conclude that
wy(x,) C F(PT;) = F(T;) for each i € {1,2,...,N}. On the other hand, since the space E
enjoys the Opial condition, we see that w,(x,) is singleton. This completes the proof. O

If T =T, foreachi € {1,2,...,N} and a, n+1 = O for each n > 1, then we have from
Theorem 2.2 the following results.

Corollary 2.3. Let E be a real smooth and uniformly convex Banach space which enjoys the Opial
condition, K a nonempty closed and convex subset of E, and P a sunny nonexpansive retraction from
Eonto K. Let T : K — E be aweakly inward and asymptotically nonexpansive mapping with respect
to P with a sequence {ky} C [1,00) such that 37", (k, —1) < co. Assume that F(T) is nonempty. Let
{x,} be sequence generated in the following manner: x, € K and

Xpe1 = (1= ay)x, +a,(PT)"x,, Vn>1, (2.10)

where {a,} is a real sequence in (0,1) such that iminf, _, ,a,(1 — a,) > 0. Then the sequence {x,}
converges weakly to some point in F(T).
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Theorem 2.4. Let E be a real smooth and uniformly convex Banach space whose norm is Fréchet
differentiable, K a nonempty closed and convex subset of E, and P a sunny nonexpansive retraction
from E onto K. Let T; : K — E be a weakly inward and asymptotically nonexpansive mapping with
respect to P with a sequence {ky;} C [1,00) such that 37" (kn; — 1) < oo foreachi € {1,2,...,N}.
Assume that F = (N, F(T;) is nonempty. Let {x,} be sequence generated in (HCQ), where {a,;) is
a real sequence in (0, 1) and {u,} is a bounded sequence in K. Assume that

(@) X i =L,
(b) iminf, _, a,0 ay; >0 foreachie {1,2,...,N};
(C) Zflozl Oy N+1 < 0.

Then the sequence {x,} converges weakly to some point in .

Proof. Since E is reflexive and {x,} is bounded, we from Lemma 1.2 and 1.6 conclude that
wy(x,) C F(PT;) = F(T;) for eachi € {1,2,..., N'}. From the proof of Tan and Xu [18, Lemma
2.2] (see also Cho et al. [35, Lemma 1.8]), we can show that, for every fi, f» € ¥,

(p=a,J(fi-f2))=0, Vp,q € wy(xn). (2.11)
Let p, g € wy(xy). It follows that p, g € ¥; that is,
lp-all=(p-9.7(p-9)) =0 (2.12)

Therefore, p = q. This completes the proof. O

If T =T, foreachi € {1,2,...,N} and a,n+1 = O for each n > 1, then we from
Theorem 2.4 have the following results.

Corollary 2.5. Let E be a real smooth and uniformly convex Banach space whose norm is Fréchet
differentiable, K a nonempty closed and convex subset of E, and P a sunny nonexpansive retraction
from E onto K. Let T : K — E be a weakly inward and asymptotically nonexpansive mapping with
respect to P with a sequence {k,} C [1,00) such that > (kn, — 1) < oco. Assume that F(T) is
nonempty. Let {x,} be sequence generated in (2.10), where {a,} is a real sequence in (0, 1) such that
liminf, ., ,a,(1 —ay,) > 0. Then the sequence {x,} converges weakly to some point in F(T).

Theorem 2.6. Let E be a real smooth and uniformly convex Banach space such that its dual E* has
the Kadec-Klee property, K a nonempty closed and convex subset of E, and P a sunny nonexpansive
retraction from E onto K. Let T; : K — E be a weakly inward and asymptotically nonexpansive
mapping with respect to P with a sequence {k,;} C [1,00) such that > (kn; — 1) < oo for each
i€ {1,2,...,N}. Assume that F = ﬂf\zjl F(T;) is nonempty. Let {x,} be sequence generated in
(HCQ), where {a,;} is a real sequence in (0,1) and {u,} is a bounded sequence in K. Assume that

(@) S5 ani = 1;
(b) iminf, _, a,0atn; > 0 foreachie {1,2,...,N};
(C) Z;’;l Xy N+1 < 0.

Then the sequence {x,} converges weakly to some point in .
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Proof. Since E is reflexive and {x,} is bounded, we from Lemma 1.2 and Lemma 1.6 conclude
that wy, (x,) C F(PT;) = F(T;) for each i € {1,2,...,N}. From the proof of Lemma 2.2 of Tan
and Xu [18] (see also of Cho et al. [35, Lemma 1.8]), we can show that lim,, _, o ||ax, + (1 —
a) fi — fo|| exists for all a € [0,1] and f1, fo € wyw(x,). In view of Lemma 1.1, we see that
Wiy (x,) is singleton. This completes the proof. O

If T =T, foreachi € {1,2,...,N} and a,n+1 = O for each n > 1, then we from
Theorem 2.6 have the following results.

Corollary 2.7. Let E be a real smooth and uniformly convex Banach space such that its dual E* has
the Kadec-Klee property, K a nonempty closed and convex subset of E and P a sunny nonexpansive
retraction from E onto K. Let T : K — E be a weakly inward and asymptotically nonexpansive
mapping with respect to P with a sequence {k,} C [1,00) such that 3,7”; (k, — 1) < co. Assume that
F(T) is nonempty. Let {x,} be sequence generated in (2.10), where {a,} is a real sequence in (0,1)
such that liminf, _, ,a,(1—-a,) > 0. Then the sequence {x, } converges weakly to some point in F(T).

Acknowledgments

This project is supported by the National Natural Science Foundation of China (no.
10901140). The authors are extremely grateful to the referees for useful suggestions that
improved the contents of the paper.

References

[1] I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, vol. 62 of
Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1990.
[2] W. Takahashi, Nonlinear Functional Amnalysis. Fixed Point Theory and Its Application, Yokohama
Publishers, Yokohama, Japan, 2000.
[3] Z. Opial, “Weak convergence of the sequence of successive approximations for nonexpansive
mappings,” Bulletin of the American Mathematical Society, vol. 73, pp. 591-597, 1967.
[4] K. Goebel and W. A. Kirk, “A fixed point theorem for asymptotically nonexpansive mappings,”
Proceedings of the American Mathematical Society, vol. 35, pp. 171-174, 1972.
[5] W. A.Kirk, C. M. Yafiez, and S. S. Shin, “Asymptotically nonexpansive mappings,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 33, no. 1, pp. 1-12, 1998.
[6] W. A. Kirk and R. Torrejon, “Asymptotically nonexpansive semigroups in Banach spaces,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 3, no. 1, pp. 111-121, 1979.
[7] W. A. Kirk and H.-K. Xu, “Asymptotic pointwise contractions,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 69, no. 12, pp. 47064712, 2008.
[8] W. A. Kirk, “On nonlinear mappings of strongly semicontractive type,” Journal of Mathematical
Analysis and Applications, vol. 27, pp. 409-412, 1969.
[9] W. A. Kirk and C. Morales, “Fixed point theorems for local strong pseudocontractions,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 4, no. 2, pp. 363-368, 1980.
[10] W. A. Kirk, “Mappings of generalized contractive type,” Journal of Mathematical Analysis and
Applications, vol. 32, pp. 567-572, 1970.
[11] W. A. Kirk, “A remark on condensing mappings,” Journal of Mathematical Analysis and Applications,
vol. 51, no. 3, pp. 629-632, 1975.
[12] W. A. Kirk and L. M. Saliga, “Some results on existence and approximation in metric fixed point
theory,” Journal of Computational and Applied Mathematics, vol. 113, no. 1-2, pp. 141-152, 2000.
[13] W. A. Kirk, “Fixed point theorems for non-Lipschitzian mappings of asymptotically nonexpansive
type,” Israel Journal of Mathematics, vol. 17, pp. 339-346, 1974.
[14] W. R. Mann, “Mean value methods in iteration,” Proceedings of the American Mathematical Society, vol.
4, pp. 506-510, 1953.



Fixed Point Theory and Applications 11

[15] S. Reich, “Weak convergence theorems for nonexpansive mappings in Banach spaces,” Journal of
Mathematical Analysis and Applications, vol. 67, no. 2, pp. 274-276, 1979.

[16] J. Garcia Falset, W. Kaczor, T. Kuczumow, and S. Reich, “Weak convergence theorems for
asymptotically nonexpansive mappings and semigroups,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 43, no. 3, pp. 377-401, 2001.

[17] J. Schu, “Weak and strong convergence to fixed points of asymptotically nonexpansive mappings,”
Bulletin of the Australian Mathematical Society, vol. 43, no. 1, pp. 153-159, 1991.

[18] K.-K. Tan and H. K. Xu, “Fixed point iteration processes for asymptotically nonexpansive mappings,”
Proceedings of the American Mathematical Society, vol. 122, no. 3, pp. 733-739, 1994.

[19] S.Reich, “Asymptotic behavior of contractions in Banach spaces,” Journal of Mathematical Analysis and
Applications, vol. 44, pp. 57-70, 1973.

[20] Y.]. Cho, S. M. Kang, and X. Qin, “Some results on k-strictly pseudo-contractive mappings in Hilbert
spaces,” Nonlinear Analysis: Theory, Methods & Applications, vol. 70, no. 5, pp. 1956-1964, 2009.

[21] C. E. Chidume, E. U. Ofoedu, and H. Zegeye, “Strong and weak convergence theorems for
asymptotically nonexpansive mappings,” Journal of Mathematical Analysis and Applications, vol. 280,
no. 2, pp. 364-374, 2003.

[22] X. Qin, Y. Su, and M. Shang, “Approximating common fixed points of asymptotically nonexpansive
mappings by composite algorithm in Banach spaces,” Central European Journal of Mathematics, vol. 5,
no. 2, pp. 345-357, 2007.

[23] X. Qin, Y.]. Cho, and S. M. Kang, “Some results on non-expansive mappings and relaxed cocoercive
mappings in Hilbert spaces,” Applicable Analysis, vol. 88, no. 1, pp. 1-13, 2009.

[24] X. Qin, Y. Su, and M. Shang, “Approximating common fixed points of non-self asymptotically
nonexpansive mapping in Banach spaces,” Journal of Applied Mathematics and Computing, vol. 26, no.
1-2, pp. 233-246, 2008.

[25] Y. Song and R. Chen, “Viscosity approximation methods for nonexpansive nonself-mappings,”
Journal of Mathematical Analysis and Applications, vol. 321, no. 1, pp. 316-326, 2006.

[26] N. Shahzad, “Approximating fixed points of non-self nonexpansive mappings in Banach spaces,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 61, no. 6, pp. 1031-1039, 2005.

[27] Y. X. Tian, S. S. Chang, and J. L. Huang, “On the approximation problem of common fixed points
for a finite family of non-self asymptotically quasi-nonexpansive-type mappings in Banach spaces,”
Computers & Mathematics with Applications, vol. 53, no. 12, pp. 1847-1853, 2007.

[28] S. Thianwan, “Common fixed points of new iterations for two asymptotically nonexpansive nonself-
mappings in a Banach space,” Journal of Computational and Applied Mathematics, vol. 224, no. 2, pp.
688-695, 2009.

[29] L Yildirim and M. Ozdemir, “A new iterative process for common fixed points of finite families of
non-self-asymptotically non-expansive mappings,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 71, no. 3-4, pp. 991-999, 2009.

[30] H. Y. Zhou, Y. ]. Cho, and S. M. Kang, “A new iterative algorithm for approximating common fixed
points for asymptotically nonexpansive mappings,” Fixed Point Theory and Applications, vol. 2007,
Article ID 64874, 10 pages, 2007.

[31] W. Kaczor, T. Kuczumow, and S. Reich, “A mean ergodic theorem for mappings which are
asymptotically nonexpansive in the intermediate sense,” Nomnlinear Analysis: Theory, Methods &
Applications, vol. 47, no. 4, pp. 2731-2742, 2001.

[32] K.-K. Tan and H. K. Xu, “Approximating fixed points of nonexpansive mappings by the Ishikawa
iteration process,” Journal of Mathematical Analysis and Applications, vol. 178, no. 2, pp. 301-308, 1993.

[33] H. K. Xu, “Inequalities in Banach spaces with applications,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 16, no. 12, pp. 1127-1138, 1991.

[34] S. S. Zhang, “Generalized mixed equilibrium problem in Banach spaces,” Applied Mathematics and
Mechanics, vol. 30, no. 9, pp. 1105-1112, 2009.

[35] Y. J. Cho, H. Zhou, and G. Guo, “Weak and strong convergence theorems for three-step iterations
with errors for asymptotically nonexpansive mappings,” Computers & Mathematics with Applications,
vol. 47, no. 4-5, pp. 707-717, 2004.



