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Let C be a nonempty closed convex subset of a real Hilbert space H. Let F : C — H be
a k-Lipschitzian and 7-strongly monotone operator with constants x,7 > 0, V,;T : C — C
be nonexpansive mappings with Fix(T) # @ where Fix(T) denotes the fixed-point set of T, and
f : C — H be a p-contraction with coefficient p € [0,1). Let 0 < p < 257/x>and 0 < y < T,
where 7 =1-14/1— (21 — ux?). For each s, t € (0,1), let x,; be a unique solution of the fixed-point
equation xg; = Pc[sy f(xss) + (I = suF)(tV + (1 - £)T)x,,]. We derive the following conclusions on
the behavior of the net {x,,} along the curve t = t(s): (i) if t(s) = O(s),as s — 0, then x,s) — Zoo
strongly, which is the unique solution of the variational inequality of finding z,, € Fix(T) such
that ([(uF —yf) +1(I = V)]ze, X — 2oo) 2 0, forall x € Fix(T) and (ii) if #(s)/s — oo, ass — 0,
then xg4s) — X strongly, which is the unique solution of some hierarchical variational inequality
problem.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Throughout this paper,
we write x, — x to indicate that the sequence {x,} converges weakly to x. x, — x implies
that {x,} converges strongly to x. Let T : C — C be a nonexpansive mapping; namely,
ITx = Ty|| < |lx —y|| for all x,y € C. The set of fixed-points of T is denoted by the set
Fix(T) := {x € C : Tx = x}. It is well known that if Fix(T) # 0, then Fix(T) is closed and
convex. Given nonexpansive mapping V : C — C, consider the variational inequality (for
short, VI) of finding hierarchically a fixed-point x* € Fix(T) of T with respect to V such that

(I-V)x*,y—-x*) >0, VyeFix(T). (1.1)
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Equivalently, x* = Prixr)V x*, that is, x* is a fixed-point of the nonexpansive mapping Prixr1)V,
where Px denotes the metric projection from H onto a nonempty closed convex subset K
of H. Let S denote the solution set of the VI (1.1), and assume throughout the rest of this
paper that S#0. It is easy to see that S = Fix(Prixr)V). The VI (1.1) covers several topics
investigated in the literature; see, for example, [1-7]. Related iterative methods for solving
fixed-point problems, variational inequalities, and optimization problems can also be found
in [8-20].

Let f : C — CDbe a p-contraction and define, for s, t € (0,1), two mappings W; and f;
by

Wy=tV+(1-tT,  fo=sf+(1-5W,. (1.2)

It is easy to verify that W, is nonexpansive and f,; is a [1 — (1 — p)s]-contraction.
Let x,; be the unique fixed-point of fs;, that is, the unique solution of the fixed-point
equation

Xst = Sf (xs1) + (1 = 8)Wixs . (1.3)

Moudafi and Maingé [21] initiated the investigation of the iterated behavior of the net
{xs+} as s — O firstly and t — 0 secondly. They made the following assumptions:

(A1) for each t € (0,1), the fixed-point set Fix(W) of W; is nonempty and the set

{Fix(Wy) : 0<t<1} = | J Fix(Wy) (1.4)
te(0,1)

is bounded;
(A2) @#S || - || - lim inf;_ o Fix(W}) := {z : 3z; € Fix(W;) such that z; — z}.

Moudafi and Maingé [21] (see also [22]) proved that, for each fixed t € (0,1),ass — 0,
Xs¢ — X moreover, ast — 0, x; — X which is the unique solution of the variational
inequality of finding x, € S, such that

((I-f)xeo,x—x55) >0, VxeS. (1.5)

The following theorem, due to Xu [23], improves Moudafi and Maingé’s result
since it shows that {x;} actually strongly converges to x.,. Moreover, it does not need the
boundedness assumption of the set ;g 1) Fix(W}).

Theorem 1.1 (see [23, Theorem 3.2]). Let the above assumption (A2) hold. Assume also that, for
each t € (0,1), Fix(W;) is nonempty (but not necessarily bounded), then the strong limg _,0xs; =: x;
exists for each t € (0,1). Moreover, the strong lim;_,gx; =: xo, exists and solves the VI (1.5). Hence,
for each null sequence {s,} in (0,1), there is another null sequence {(t,} in (0,1) such that xs ;,,
converges strongly to x,, asn — oo.

In [21, 23], the authors stated the problem of the convergence of {x;;} when (s,t) —
(0,0) jointly. Very recently, Cianciaruso et al. [24] further investigated the behavior of the net
{xs:} along the curve t = t(s), and their results point to a negative answer to this problem.
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Theorem 1.2 (see [24, Theorem 2.1]). Let H be a real Hilbert space, and let C be a nonempty closed
convex subset of H. Let V,T : C — C be nonexpansive mappings with Fix(T) #@. Let f : C — C
be a p-contraction with p € [0,1). Assume that t; = O(s), as s — 0, and let | = limsup,_, ,(ts/s),
then the net {xs 1, }se(0,1), defined by

Xst, = Sf(xsp,) + (1= ) Wi X, (1.6)

strongly converges to zo, € Fix(T) which is the unique solution of the variational inequality of finding
Ze € Fix(T), such that

([U=f)+1T-V)]ze,x —255) 20, Vx € Fix(T). (1.7)

Theorem 1.3 (see [24, Theorem 3.1]). Let H be a real Hilbert space and let C be a nonempty closed
convex subset of H. Assume that V,T : C — C are nonexpansive mappings with Fix(T) #@ and
f : C — Cisa p-contraction with p € [0,1). Assume the condition (A2) holds. Let ts = t(s) satisfy
lims_,ots/s = co. Then the net {xs_}se(0,1) defined by

Xst, = Sf(Xsp,) + (1= 5)Wexsp,, (1.8)

strongly converges to xo, € S which is the unique solution of the VI (1.5).

On the other hand, let F : H — H be a x-Lipschitzian and #-strongly monotone
operator with constants x,7 > 0, and let T : H — H be nonexpansive such that Fix(T) # 0.
In 2001, Yamada [6] introduced the so-called hybrid steepest descent method for solving the
variational inequality problem: finding x € Fix(T) such that

(FX,x-X) >0, VxeFix(T). (1.9)
This method generates a sequence {x,} via the following iterative scheme:

Xpe1 = Txy = Ay pF (Txy,), Yn2>0, (1.10)

where 0 < p < 27/%?, the initial guess xg € H is arbitrary, and the sequence {.,} in (0,1)
satisfies the conditions

A —0, D dy=00, Dllhn— Ayl < oo. (1.11)
n=0 n=0

A key fact in Yamada’s argument is that, for small enough A > 0, the mapping
T'x := Tx - \uF(Tx), Yxe€ H (1.12)

is a contraction, due to the x-Lipschitz continuity and 7-strong monotonicity of F.
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In this paper, let C be a nonempty closed convex subset of a real Hilbert space H.
Assume that F : C — H is a x-Lipschitzian and #7-strongly monotone operator with constants
x,n >0, f: C — H is a p-contraction with coefficient p € [0,1) and T,V : C — C are
nonexpansive mappings with Fix(T) #@. Let 0 < pu < 277/x?,and 0 < y < 7, where 7 = 1 -

1/1— p(2n — ux?). Consider the hierarchical variational inequality problem (for short, HVIP):
VI (a): finding z* € Fix(T) such that ((I - V)z*,z - z*) >0, for all z € Fix(T);
VI (b): finding x* € S such that ((uF —yf)x*,x —x*) >0,forall x € S.

Here, S denotes the nonempty solution set of the VI (a).

Motivated and inspired by the above-hybrid steepest descent method and hierarchical
fixed-point approximation method, we define, for each s, t € (0,1), two mappings W; and f;
by

W; =tV +(1-1T, fst=Pclsyf + (I -suF)Wy]. (1.13)

It is easy to see that W is a nonexpansive self-mapping on C. Moreover, utilizing Lemma 2.5
in Section 2, we can see that f;;is a (1 - (T — yp)s)-contraction. Indeed, observe that

I fs£(0) = for ()l = || Pe[sy f (x) + (I = suF)Wix] = Pc[sy f(y) + (I - suF) Wiy |
<|lsyf(x) + (I - spF)Wix] = [syf(y) + (I - suF)Wiy] ||
<syllf @) = fF) |+ [ (T = spF)Wix — (I - suF) Wiy | (1.14)
<sypllx -yl + (A -s7)[|lx -y
=(1-(r-yp)s)llx-yl.

Let x5 be the unique fixed-point of f,; in C, that is, the unique solution of the fixed-point
equation

Xst = Pc[syf(xsy) + (I = suF)Wi(xs)]. (1.15)

We investigate the behavior of the net {x,} (generated by (1.15)) along the curve
t = t(s) and our results give a negative answer to the problem put forth in [21, 23]. Specifically,
we derive the following conclusions:

(i) if t(s) = O(s),as s — 0, then x5y — zo € Fix(T), which is the unique solution of

the variational inequality of finding z, € Fix(T) such that

([(MF=yf) +II-V)]zee, X — 20) 20, Vx € Fix(T), (1.16)

(ii) if t(s) /s — oo, ass — 0, then x54s) — Xo € S, which is the unique solution of the
VI (b).

In particular, if we put g = 1, F = I, and y = 7 = 1, and let f be a contractive self-
mapping on C with coefficient p € [0, 1), then our results reduce to the above Theorems 1.2



Fixed Point Theory and Applications 5

and 1.3, respectively. There is no doubt that our results cover Theorems 1.2 and 1.3 as special
cases, respectively. In the meantime, our results also extend and improve Xu’s Theorem 3.2
[23].

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Recall that
the metric (or nearest point) projection from H onto C is the mapping Pc : H — C which
assigns to each point x € H the unique point Pcx € C satisfying the property

l|lx — Pex|| =;r€1£||x—y|| =:d(x,C). (2.1)

Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Given x € H and
zeC

(i) that z = Pcx if and only if there holds the relation

(x-2z,y-2)<0, VyeC, (2.2)

(ii) that z = Pcx if and only if there holds the relation:

2 WyeC, (2.3)

Ix—zI* < Jlx-y|* - |ly- =

(iii) there holds the relation

2
7

(Pcx = Pcy,x —y) > ||Pcx — Pcy Vx,y € H. (2.4)

Consequently, Pc is nonexpansive and monotone.

Lemma 2.2 (see [25, Demiclosedness principle]). Let C be a nonempty closed convex subset of a
real Hilbert space H and let T : C — C be a nonexpansive mapping with Fix(T) # 0. If {x,} is a
sequence in C weakly converging to x and if {(I —T)x,} converges strongly to y, then (I - T)x = y;
in particular, if y = 0, then x € Fix(T).

The following lemmas are not difficult to prove.

Lemma 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H, f : C — Ha
p-contraction with coefficient p € [0,1), and F : C — H a k-Lipschitzian and n-strongly monotone
operator with constants «,1 > 0, then for 0 < yp < un,

(x =y, (WF =yf)x = (WF =y f)y) > (un -yp)|x-y|>, VYxyeC (2.5)

that is, uF — y f is strongly monotone with constant urn — yp.
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Lemma 2.4. There holds the following inequality in a real Hilbert space H:
lx+yl* < llx|I* +2{y, x +y), Vx,y € H. (2.6)

The following lemma plays a key role in proving strong convergence of our implicit
hybrid method.

Lemma 2.5 (see [5, Lemma 3.1]). Let A be a number in (0,1] and let yu > 0. Let F : C — H be an
operator on C such that, for some constants x,n > 0, F is x-Lipschitzian and rn-strongly monotone.
Associating with a nonexpansive mapping T : C — C, define the mapping T* : C — H by

T'x := Tx - \uF(Tx), VYx€C, (2.7)
then T* is a contraction provided p < 21/«2, that is,

[Tt x-T'y| < a-an)llx-yl, vryec (2.8)

where T =1—-14/1— pu(2n — ux?) € (0,1].

Remark 2.6. Put F = I, where I is the identity operator of H. Then ¥ = 1 = 1 and hence
u < 21/x?* = 2. Also, put u = 1, then it is easy to see that

T=1-1/1-p(2n-pe?) = 1. (2.9)

In particular, whenever A > 0, we have T*x := Tx — AuF (Tx) = (1 - \)Tx.

3. On Convergence of {x;:} 1

In this section we study the convergence of the net {x,,;} along the curve t = t(s) =: t;, where
ts =0(s),ass — 0.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F : C — H
be a x-Lipschitzian and n-strongly monotone operator with constants x,y > 0, V,;T : C — C
be nonexpansive mappings with Fix(T)#0, and f : C — H be a p-contraction with coefficient

p €1[0,1). Let 0 < pu < 2n/x*>and 0 < y < 7, where 7 = 1 — /1 — u(2n — ux?2). Assume that
ts =0O(s),ass — 0,and let | =limsup, _ ,(ts/s), then the net {xs;, }se( ) defined by

xsp, = Pe[syf(xse,) + (I — suF)Wi xss. ], (3.1)

where Wy, =tV + (1 —t,)T, strongly converges to a fixed-point z., of T which is the unique solution
of the variational inequality of finding z., € Fix(T) such that

([(MF =yf) +1I - V)] 2o, x — 25) >0, Vx € Fix(T). (3.2)
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Proof. First, let us show that the VI (3.2) has a unique solution. Indeed, it is sufficient to show
that the operator (uF —yf) + I(I — V) is strongly monotone. Observe that

pn 27 = pn 21 -\/1 - p(2n - px?)

= \1-p@n-pr?) 21 -pn
= 1-2un+p*x* > 1-2un + p*n?
Y &
—=SKr>1, (3.3)
([(WF =y f) +1T -V)]x = [(uWF =y f) +1T - V)]y, x - y)
=((WF =yf)x = (WF =yfly,x-y) + I -V)x - (I-V)y,x - y)
> ((UF =yf)x = (uF =yf)y,x - y)
> (un-yp)llx - yl?, ¥x,yeC.

Since
O0<yp<y<tT<puy, (3.4)

it follows that (uF —yf) + I(I — V) is strongly monotone with constant un — yp > 0. So the
variational inequality (3.2) has only one solution. Below we use z,, € Fix(T) to denote the
unique solution of VI (3.2).

The remainder of the proof is divided into two steps.

The first step is to prove that the net {xs, };¢(,1) is bounded. Indeed, set

ysrts = SYf(xS/ts) + (I - SAMF>Wtsxsrts/ (35)

where W =1,V + (1 —t5)T. Take a fixed p € Fix(T) arbitrarily, then from (3.1) we obtain that
Xst, = Pcys, and

Yst, =P =8y f(xsr,) + (I = suF)Wixgs, —p
= s(yf(xst,) = uFWip) + (I = suF)Wi xsp, = (I = suF)Wy.p + Wip - p
=sy(f(xsr) = f(p)) +s(yf(p) — uFWip) + (I = suF) Wy xey, — (I = spF)Wip
+t,(V -I)p.

(3.6)

Since Pc is the metric projection from H onto C, utilizing Lemma 2.1, we have

<PC]/s,ts — Yster PC]/s,ts - P> <0. (37)
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Thus, utilizing Lemma 2.5, we get

”xs,ts - P”2 = (PcYsp, = Yst PcYst, = P) + (Yst, =P, Xst, = P)
< (Yst, =P, Xst. —P)
= 5y(f (est.) = £ (p) ot = p) + 5(rf () = HFWp, o1, = p)
+ ((I = spF)Wixos, = (I = suF)Wip, x5, = p) +£:((V = D)p, X5, = )
< syl f(xse) = F(P)Ixse, = pll + sy f (p) = WHFWi.p, X5, = P)
+ (I = spF)Wixsr, = (I = suF)Wyplllxss, —pll + ts((V = D)p, xs1, = p)
< sypllxss, = pIP +s(y () = KEWi.p, %oz, = p) + (1= s7) || x5, — p||”
+t((V=1)p,xss, — p)
= (1= s(m=yp)) lxsr, =PI +5(rf () ~ HFWep, ss, ~ )

+ ts<(V - I)P, xs,ts - p>/
(3.8)

which hence implies that

s, =PI < = (17 ) = WP Wop =) + 2V = Dp =) 59)
In particular,
ot = pll € ——— |17 (p) = FWopl + 20V = Dp]| (3.10)
T—yp s
Note that
[Wep = pll = t[l(V = Dpll < [[(V = Dpl|. (3.11)
Hence, we have
Wepll < llpll + 1V = Dpll. (3.12)

Since t; = O(s), as s — 0, (3.10) implies the boundedness of {xs;, }, and the first step is
proved.
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The second step is to prove that the net xs;, — z,, € Fix(T), as s — 0, where z, is the
unique solution of the VI (3.2). Indeed, observe that

s, = Txop, Il < SYIf G+ (T = SUF) Wi s, = T |
< SYILf Ces )l + spll EWe x| + [[We X, = Tl (3.13)
= SYILf Ces )l + spll EWexsp, || + £V s b, = Toxs i |-

From (3.11), it follows that

IFWi xst, — Fpll = [FWixsr, — FWp + FW p - Fp|
<k (llxsp, = pll + [Wip - pll) (3.14)
< k(llxs, — pll + 1V = Dpll).

Since {xs: } is bounded when s — 0, (3.14) implies the boundedness of {FW; x,; }.
Consequently, noticing that {x } and { FW; x; } are bounded when s — 0 (hence t;, — 0),
we conclude from (3.13) that

lIxs,t, = Txs, || — 0. (3.15)

We now claim that {xs, } (1) is relatively compact as s — 0 in the norm topology. To
see this, assume {s,} is a null sequence in (0, 1). Without loss of generality, we may assume
that x,,; — X which implies from (3.15) and Lemma 2.2 that X € Fix(T). It is clear that
FW; x =F(t;,Vx+ (1 -t;,)X) — Fxasn — oo. This implies thatasn — oo,

| <Yf(£) - /’lFWtSn f’ KXo boy — 5C\>|
= [(yf(X) = uFX, xs,1,, = %) + (UFX = uFWy, X, X, 1, = X)| (3.16)
< Ky f(®) = pFX, xs,1,, — X)| + pllFX = FW, X||l|xs, 1, — XI| — O.

We thus immediately get from (3.9) that x,,;, — X.
We next further claim that X = z, the unique solution of the VI (3.2), which then
completes the proof. Indeed, observe that

1 1
(WF =y f)xst, = E(Pcys,ts ~Yst,) — E(I = Wi)xst, + u(Fxsp, — FWi xs4,). (3.17)
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Hence, utilizing Lemma 2.1, we deduce from the monotonicity of uF —y f and I — W;_that for
any fixed p € Fix(T),

((HF =), xst, = p) < ((WF = Y f) X, X5, = P)

_1

1
=3 (PcYst, = Yst Pcyse, —p) = g((I ~ Wi )Xt Xsp, = P)

+ u(Fxsp, — FWi Xt Xst, = P)
1
<L =W =) + WP~ FWy 00,301, )
1 1
= = {(T = Wi)xs, = (I = Wi)p, x5, = p) = Z{(I = Wi.)p, X5, = p)
+ pu(Fxsp, — FWy X4, Xgp, — P)

1
< —g<(I - Wi)p, Xst, — P> + .”<Fxs,ts - FWi x5, Xst, — P>

ts
S

((V=Dp,xsp, — p) + p(Fxsp, = FWi Xs1,, Xs1, = P)-
(3.18)

Now, since xs, 1, — X, we have
Fxs i —FW; xg4 =Fxg . —Flts,Vxs, s +(1—t5)Txs, | — FX—Fx=0. (3.19)
So, putting s = s, and t = t5, in (3.18) and letting n — oo, we immediately conclude that
((F =yf)p, X =p) <I{(V-Dp,x-p), VpeFix(T), (3.20)
that is,
([(MF=yf)+1I-V)]p,x-p) <0, VpeFix(T). (3.21)

Upon replacing the p in the last inequality with X + a(g — X) € Fix(T), where a« € (0,1) and
q € Fix(T), we get

([((WF =y f) +1T-V)] (X +a(g-%)), X -q) <O. (3.22)
Letting « — 0, we obtain the VI
([(MF=yf)+1I-V)]x,x-q) <0, VqeFix(T). (3.23)

We immediately see that X satisfies the VI (3.2) and therefore we must have X = z, since z,
is the unique solution of (3.2). O
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Remark 3.2. (i) If ts = o(s) (i.e.,, I = 0), then the above argument shows that the net {x,,}
actually converges in norm to the unique solution of the variational inequality of finding
X € Fix(T) such that

((MF =y f)Xe,p = x0) 20, Vp € Fix(T), (3.24)

which is also the unique fixed-point of the contraction Prixry(I — uF +yf), Xoo = Prixcry (I —
UF +7f)xe. In particular, if y =1, F =1,y = 7 = 1 and f is a p-contractive self-mapping on
C, then this is Theorem 3.2 in Xu [23].

(ii) The net {xs+} (1) does not converge, in general, as (s,t) — (0,0) jointly, to the
unique solution x,, € S of the VI (b) in Section 1. As a matter of fact, if {xs+} (1) converges
to x, jointly as (s,t) — (0,0), then (by (3.24) we would have the relation and the VI (b))

Xoo = Ps(I = uF +yf)xoo = Prixer) (I — uF + 7 f) X (3.25)

for all p-contraction f. In particular, if p =1, F = I and y = 7 = 1, then xo, = Psf(x) =
Prix() f (xo) for all p-contraction f. This implies that S = Fix(T) which is not true, in general.

(iii) Consider the case of I > 0. If x,, the unique solution of (3.24), belongs to S, then,
clearly, xo = zo. If x50 € S, the following example shows that there are, in general, no links
among z., S and x,. Take

C=1[0,1], u=1, F=1I, y=r=1, T=I,

X (3.26)
f(x)zE, Vx=1-x, [=1,

then Fix(T) = [0, 1]. Moreover, the unique solution x, of the variational inequality of finding
X € [0,1] such that

((MF =yf)xe,z2—x) >0, Yz € [0,1],

(3.27)
(ie, ((I-f)xew,z-x) >0, Vz€[0,1])
is x4 = 0; the unique solution z, of the variational inequality of finding z, € [0, 1] such that

([(MF=yf) +1II-V)]zew,z2-25) >0, Vz € [0,1],

(3.28)
(e, ([U-f)+T-V)]ze,2-20) 20, Vz € [0,1])

is zo, = 2/5, and the set S of solutions to the variational inequality of finding x € [0, 1] such
that

(I-V)x,z-x) >0, Vzel0,1], (3.29)

is the singleton {1/2}.
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Remark 3.3. Compared with Theorem 2.1 of Cianciaruso et al. [24], our Theorem 3.1 improves
and extends their Theorem 2.1 [24] in the following aspects.

(i) The (self) contraction f : C — C in [24, Theorem 2.1] is extended to the case of
(possibly nonself) contraction f : C — H on a nonempty closed convex subset C
of H.

(ii) The convex combination of (self) contraction f and nonexpansive mapping W;, in
the implicit scheme (2.1) of Theorem 2.1 [24] is extended to the linear combination
of (possibly nonself) contraction f and hybrid steepest descent method involving
Wi..

s

(iii) In order to guarantee that the net {x,;, } generated by the implicit scheme still lies
in C, the implicit scheme (2.1) in [24, Theorem 2.1] is extended to develop our new
implicit scheme (3.1) by virtue of the projection method.

(iv) The new technique of argument is applied to deriving our Theorem 3.1. For
instance, the characteristic properties (Lemma 2.4) of the metric projection play
a key role in proving the strong convergence of the net {xst }s 1) in our
Theorem 3.1.

(v)f weputu=1,F =1,andy =7 =1, and let f be a contractive self-mapping on C
with coefficient p € [0, 1), then our Theorem 3.1 reduces to Theorem 2.1 [24]. Thus,
our Theorem 3.1 covers Theorem 2.1 [24] as a special case.

4. The Case of | = oo

In this section we examine the convergence of the net {xs,}, (1) along the curve where
ts/s — o,ass — 0. We will prove that the net converges strongly to a point x,, € S which
is the unique solution of the VI (b) in Section 1.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Assume that
F : C — H is a x-Lipschitzian and n-strongly monotone operator with constants x,n > 0, V, T :
C — C are nonexpansive mappings with Fix(T) #@, and f : C — H is a p-contraction with
coefficient p € [0,1). Assume there holds the condition (A2) in Section 1. Let 0 < y < 2n/x* and

0 <y <7 wheret = 1-4/1—pu2n - ux?). Let t, = t(s) satisfy lim,_ots/s = oo, then the net
{xs,ts }56(0,1) deﬁi’lEd by

xsp, = Pe[syf(xsp,) + (I — suF)Wi xoy. ], 4.1)

where Wy, =tV + (1 —t,)T, strongly converges to x,, € S which is the unique solution of the VI (b).

Proof. The proof is divided into three steps, the first of which is to prove the boundedness of
{Xst, }se0,1)- Indeed, let z € S. By condition (A2), there exists ps € Fix(W;) such thatp; — z
as s — 0. Now, set

ysrts = SYf(xS/ts) + (I - SAMF>Wtsxsrts/ (42)
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where Wy, =t,V + (1 — t,)T, then from (4.1) we obtain that x; = Pcys;, and

ys/ts - Pts = SYf(xS/ts) + (I - S#F)Wtsxs/ts - pts
= sy(f(xst,) = f(p.)) +s(vf = uE)pr, + (I = suF)Wixsy, — (I - spF)Wy.py,.

(4.3)
Since Pc is the metric projection from H onto C, utilizing Lemma 2.1, we have
<PC]/s,ts — Ystys PC]/s,ts - Pts> <0. (44)
Thus, utilizing Lemma 2.5, we get
”xs/ts - pts ? = <PCysrts - ysrts’ PCys/ts - Pts> + <ysrts - pts’ xs/ts - Pts>
<(Yst, = Pr., Xsp, — Pr.)
= sY(f(xst,) = f(pr.), Xsp. = pr.) + 8((y f = HF)pr,, Xst, = Pr.)
+ ((I = suF YWy xsy, — (I — suF )Wy py, X4, — Pr.)
(4.5)
< syl f(esn) = £ (pe) Mlxse, = pell + sC(y f = #F)pr., Xs, = pr.)
+ || (I = suF)Wixsr, = (I = suF)Wype ||| x5, = pe,
<sypllxss, = pe |l + s((vf = uF)pr,, xor, = pr.) + (1= 57)||xer, = pr.||°
= (1=s(r =yp) %o, = pe||* + s((yf = HF)pr., Xsp, = p1.)-
It follows that
xot, = el € ——((rf = kF)pr,, Xor, ~p.) (4.6)
S,ts pts = - YP Y Au Pts’ S,ts pts . .
This implies immediately that
lvor, ~pell € == | (vf ~ kE)p| @)
sts TPl S T—Yyp Y HE )Pt |- .

From (4.7), the boundedness of {xs, }¢(1) follows since {ps} is bounded.

The second step is to prove that the set of weak cluster points of {xs+, }se(,1), Ww(Xst,),
is a subset of S; moreover, wy, (x5, ) = ws(xs,,). First observe that the boundedness of {x;, },
(3.15), and Lemma 2.2 imply that wy, (xss,) C Fix(T).

Now, let w € wy(xss,) and assume that x, := x5, — w, where s, — 0. For
convenience, we write t, = t; for all n; thus, t,/s, — oo asn — oo. Now, take a fixed
x € Fix(T) arbitrarily and set

Yn = SuY f (xn) + (I = spptF)Wy, X, (4.8)
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where Wy, =t,V + (1 -t,)T, then from (4.1) we obtain that x, = Pcy, and

Y= % = 5y (F () = @) + (rf(R) ~ kFW, B) + (1 - suuF) Wi, x,

(4.9)
— (I = $ypF)Wp, X + t,(V — I)X.
Since Pc is the metric projection from H onto C, utilizing Lemma 2.1, we have
(Pcyn = Yn, Pcyn = X) <0. (4.10)

Thus, utilizing Lemma 2.5, we obtain that for a constant M > sup, {[|(y f —puFW;,)X||||x, - X||},

% = X = (Pcyn — Yn, Pcyin = X) + (Yn — X, X — X)
< (Yn — X, X, — X)
= Suy (f (n) = F(X), 2% = X) + 5u((y f = pFW1,) %, X = %)
+ (I = syuF )Wy, x = (I = suuF )Wy X, xp = X) + £ ((V = )X, x5, — X)
< su¥llf (en) = F ) llxn = X|| + sull (v f = pEW, ) X[l — X
+I(T = supF )W, xn = (I = supF) Wy, X [lxn = ZI| + ta ((V = D)X, x = X)
< Suypllen = X|* + 5, M + (1 = 5,7) 120 = X||* + £ ((V = D)X, X, — X)

= (1=sn(7=7p)) |20 — X||* + tu{((V = )X, x, — X) + 5, M.

(4.11)
It follows that
(1-V)% 3%, - %) < 220 o, (4.12)
n
as s,/t, — 0.But x, — w, and we derive
(I-V)x,w-x)<0, VxeFix(T). (4.13)

Upon replacing the x in (4.13) with w + a(X — w) € Fix(T), where a € (0,1) and X € Fix(T),
we get

(I-V)(w+a(Xx-w)),w-X)<0. (4.14)

Letting « — 0, we obtain the VI

(I-V)yw,w-%)<0, V&% eFix(T). (4.15)

Therefore, w € S.
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Next using condition (A2) again, we have a sequence p;, € Fix(W;,) such that p;, —
w. Then in relation (4.6), we replace z and p;, with w and p; , respectively, to derive

2 1
T—Yp

l|¢n =, ((rf = uF)pr,, Xn = p1,)- (4.16)

Now since (yf — uF)p;, — (yf — pF)w and x, — p;, — 0, taking the limit in (4.16), we
immediately get x, — w. Hence w € ws(xs,).

The third and final step is to prove that the net {x,; } converges in norm to x,, =
Ps(I — puf +yf)xs. It suffices to prove that each norm limit point w € ws(xsy,) solves the VI
(b) in Section 1. We still use the same subsequence {x,} of the net {x,, } such that x, — w
as shown in the second step. On the other hand, for every p € S, by condition (A2), we have,
for each n, ]Etn € Fix(W,,), such that Etn — pasn — oo. Observe that

1 1
(UF =y f)x, = s_(PCy" —Yn) - S—(I - Wi,)xn + u(Fxy, — FWi xp), (4.17)
n n

where y, = suyf(xn) + (I = supF)Wy,x, and x, = Pcy,. Utilizing Lemmas 2.1 and 2.5, we
deduce from the monotonicity of I — W, that

((WE =Y f)xwx0~P,,)
(Peyu~yu Peyn P, ) - i((r = Wi, %0 = B, ) + { Fotn = FWi, %, %~ B, )

n

= %<Pcyn = Yn, Pcyn _ﬁt"> - %<(I - Wi)xn — (I - th);_jtn’x" _ﬁt">

+ ‘I/l<Fxn — FWy,xy, xp _]Zt,,>

< ‘u<Fxn - FWy xp, Xn _F_’t,, >
(4.18)

Note that Fx, - FW; x, = Fx, — F[t,Vx, + (1 -t,)Tx,] — Fw - Fw =0asn — oo. Passing
to the limit as n — oo in the last inequality, we conclude that

((UF -yf)w,w-p) <0, VpeS. (4.19)

This implies that w satisfies the VI (b) in Section 1. Hence w = x,, as required. O

Remark 4.2. Compared with Theorem 3.1 of Cianciaruso et al. [24], our Theorem 4.1 improves
and extends their Theorem 3.1 [24] in the following aspects.

(i) The (self) contraction f : C — C in [24, Theorem 3.1] is extended to the case of
(possibly nonself) contraction f : C — H on a nonempty closed convex subset C
of H.
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(ii) The convex combination of (self) contraction f and nonexpansive mapping Wi, in
the implicit scheme (3.1) of Theorem 3.1 [24] is extended to the linear combination
of (possibly nonself) contraction f and hybrid steepest descent method involving
Wi,

B

(iii) In order to guarantee that the net {x,;, } generated by the implicit scheme still lies
in C, the implicit scheme (3.1) in [24, Theorem 3.1] is extended to develop our new
implicit scheme (4.1) by virtue of the projection method.

(iv) The new technique of argument is applied to deriving our Theorem 4.1. For
instance, the characteristic properties (Lemma 2.4) of the metric projection play
a key role in proving the strong convergence of the net {xst }s 1) in our
Theorem 4.1.

(v)f weputpu=1,F =1,and y = 7 = 1, and let f be a contractive self-mapping on C
with coefficient p € [0, 1), then our Theorem 4.1 reduces to Theorem 3.1 [24]. Thus,
our Theorem 4.1 covers Theorem 3.1 [24] as a special case.
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