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We define and study a new iterative algorithm inspired by Matsushita and Takahashi (2008).
We establish a strong convergence theorem of the proposed algorithm for asymptotically
nonexpansive in the intermediate sense mappings in uniformly convex and smooth Banach spaces
by using metric projections. This theorem generalizes and refines Matsushita and Takahashi’s
strong convergence theorem which was established for nonexpansive mappings.

1. Introduction and Preliminaries

Let E be a real Banach space, and let C be a nonempty subset of E. A mapping T : C — Ciis
said to be asymptotically nonexpansive if there exists a sequence {k,} in [1, oo) with lim,, ., .k, =
1 such that

IT"x =Tyl < kullx -y (1.1)

forall x,y € Cand eachn > 1.If k, = 1, then T is known as nonexpansive mapping. T is said to
be asymptotically nonexpansive in the intermediate sense [1] provided T is uniformly continuous
and

limsup sup (||T"x - T"y|| - [lx - y||) < 0. (1.2)

n—oo xyeC
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T is said to be Lipschitzian if there exists a constant L > 0 such that

ITx - Tyll < Lix -y (1.3)

forall x,y € C.

It follows from the above definitions that every asymptotically nonexpansive mapping
is asymptotically nonexpansive in the intermediate sense and Lipschitzian mapping but the
converse does not hold such as in the following example.

Example1.1. Let E=R, C = [0,1] and k € (0,1). We define T(0) = 0 and for each x € (0,1]

. 1 1
k(l—an), if x € <m, %:I’

| R (nen). (1.4)
k(2nx—1), if x € (%,2_1’1——1],

T(x)=

We see that T is continuous on the compact interval [0,1] and so it is uniformly continuous.
Consider the function f : [1,00) — [0,1] defined as

2n-x, if x€[2n-1,2n),
ﬂw={ (nen). (15)

x—-2n, if x€[2n2n+1),

Then, T(x) = kxf(1/x) for all x € (0,1] and |T"(x)| < k" — 0 uniformly. On the other hand,
compactness of [0,1] gives that for each n € N there exist x,,, y,, € [0, 1] such that

sup (|T"x=T"y| =[x =y[) = |T"xn = T"yu| = |xn = yn|- (1.6)
x,y€[0,1]

Therefore,

limsup sup (|T"x-T"y| - |x-y|) =limsup(|T"x, = T"yu| — |Xn — Yul|)

n—oo  x,y€l0,1] n— oo

<limsup (|T"xu| + [T"yu|) (1.7)

< limsup2 k™ = 0.

n—oo

Thus, T is asymptotically nonexpansive in the intermediate sense.
It is easy to see that T is differentiable on (1/(n + 1),1/n) and |T'(x)| = 2nk for all
n € N. Let there exist L > 0 such that

|Tx -Ty| <L|x-y

, (1.8)
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for all x,y € [0,1]. Now, choose n € N such that n > L/2k. Then, for each x,y € (1/(n +
1),1/n) with x # y, it follows from (1.8) that

Tx-T
lim— Y
y—oXx x—y

2nk = |T'(x)| =

<L (1.9)

This contradiction shows that T is not Lipschitzian mapping and so it is not asymptotically
nonexpansive mapping. Another example of an asymptotically nonexpansive in the
intermediate sense mapping which is not asymptotically nonexpansive can be found in [2].

It is known [3] that if E is a uniformly convex Banach space and T is asymptotically
nonexpansive in the intermediate sense self-mapping of a bounded closed convex subset C
of E, then F(T) # @, where F(T) denotes the set of all fixed points of T. Let E* be the dual of E.
We denote the value of x* € E* at x € E by (x, x*). When {x,} is a sequence in E, we denote
strong convergence of {x,} to x € E by x, — x and weak convergence by x,, — x. A Banach
space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with ||x|| = ||y|| = 1 and
x #y. A Banach space E is also said to be uniformly convex if lim,, _, »;||x,, — y,|| = 0 for any two
sequences {x,} and {y,} in E such that ||x,|| = ||y.|| = 1 and lim, _. o||x, + yx|| = 2. A Banach
space E is said to have Kadec-Klee property if for every sequence {x,} in E, x, — x and
llxx]| — ||lx|| imply that x, — x. Every uniformly convex Banach space has the Kadec-Klee
property [4]. Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach space E is
said to be smooth if

t—0 t

exists for each x, y € U. The normalized duality mapping J from E to 2F" is defined by

J) = {x" € B x (x,x7) = |l = 1|} (1.11)

for all x € E. It is known that a Banach space E is smooth if and only if the normalized duality
mapping J is single-valued. Some properties of duality mapping have been given in [4-6].
Let C be a closed convex subset of a reflexive, strictly convex and smooth Banach space E.
Then for any x € E there exists a unique point xy € C such that

l|lco — x| =r;1€iglly—xll- (1.12)

The mapping Pc : E — C defined by Pcx = x is called the metric projection from E onto C.
Let x € E and u € C. Then, it is known that u = Pcx if and only if

(u-vy, J(x-u)) >0 (1.13)
forall y € C (see [4, 6, 7]).

Fixed points of nonlinear mappings play an important role in solving systems of
equations and inequalities that often arise in applied sciences. Approximating fixed points of
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asymptotically nonexpansive and nonexpansive mappings with implicit and explicit iterative
schemes has been studied by many authors (see, e.g., [8-14]).

On the other hand, using the metric projection, Nakajo and Takahashi [15] introduced
an iterative algorithm in the framework of Hilbert spaces and gave strong convergence
theorem for nonexpansive mappings. Xu [16] extended Nakajo and Takahashi’s theorem to
Banach spaces by using the generalized projection. Recently, Matsushita and Takahashi [17]
introduced an iterative algorithm for nonexpansive mappings in Banach spaces as follows.

Let C be a nonempty convex bounded subset of a uniformly convex and smooth
Banach space E, and let T be a nonexpansive self-mapping of C. For a given x; = x € C,
compute the sequence {x,} by the iterative algorithm

Cp=co{zeC:|lz-Tz| < tyllxn — Tx,l|},
D,={zeC:{(x,—z J(x—x,)) 20}, (1.14)

Xu+1 = Pc,rp,x, n2>1,

where co D denotes the convex closure of the set D and {t,} is a sequence in (0,1) with
lim, —, t, = 0. They proved that {x,} generated by (1.14) converges strongly to a fixed point
of T.

Inspired and motivated by these facts, we introduce a new iterative algorithm to
find fixed points of asymptotically nonexpansive in the intermediate sense mappings in a
uniformly convex and smooth Banach space. Let x; = x € C,Cy = Dy = C, and compute the
sequence {x,} by the iterative algorithm

Ch=c0{z€Cpu:|lz=T"z| < tullxn — T"x4ll},
Dy={z€Dy1:{xp—2z J(x—x,)) >0}, (1.15)

Xn+l1 = PC,,ﬁan/ n Z ]-/

where {t,} is a sequence in (0, 1) with lim,,_, .t, = 0 and Pc,np, is the metric projection from
E onto C,, N D,,.

In the sequel, the following lemmas are needed to prove our main convergence
theorem.

Lemma 1.2 (see [18, Lemma 1.5]). Let C be a nonempty bounded closed convex subset of a
uniformly convex Banach space Eand T : C — C be a mapping which is asymptotically nonexpansive
in the intermediate sense. For each € > 0, there exist integers K. > 0 and 6, > 0 such that if n > 2 is
any integer, j > K¢, z1,...,zn € Cand if ||z; — z|| = | TV zi = T/ z|| < 6¢ for 1 < i,k < n, then

<e (1.16)

i)‘izji - T] <i/\ix,->
i=1 i=1

for any numbers Ay,..., Ay 2 0with My +---+ 1, = 1.
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Lemma 1.3 (see [18, Lemma 1.6]). Let E be a real uniformly convex Banach space, let C be a
nonempty closed convex subset of E, and let T : C — C be a mapping which is asymptotically
nonexpansive in the intermediate sense. If {x,} is a sequence in C converging weakly to x and

if

lim <lim sup||x, — fon||> =0 (1.17)
j—oo

n—oo

then (I —T) is demiclosed at zero; that is, for each sequence {x,} in C, if x, — x for some x € C and
(I-T)x, — 0, then (I -T)x =0.

2. Main Results

In this section, we study the iterative algorithm (1.15) to find fixed points of asymptotically
nonexpansive in the intermediate sense mappings in a uniformly convex and smooth Banach
space. We first prove that the sequence {x,} generated by (1.15) is well-defined. Then, we
prove that {x,} converges strongly to Pr(r)x, where Pr(r) is the metric projection from E onto
F(T).

Lemma 2.1. Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth
Banach space E, and let T : C — C be a mapping which is asymptotically nonexpansive
in the intermediate sense. If F(T)#@, then the sequence {x,} generated by (1.15) is well-
defined.

Proof. 1t is easy to check that C, N D, is closed and convex and F(T) C C, for each n > 1.
Moreover D; = C and so F(T) C Cy N D;. Suppose F(T) C Ci N Dy. Since Xx+1 = Pe,np,x, it
follows from (1.13) that

(XK1 =y, J(x = xk41)) > 0 (2.1)

for all y € Cx N Dy and so for all y € F(T), that is F(T) C Di41. Thus, F(T) € Cis1 N Dis1.
By mathematical induction, we obtain that F(T) € C, N D,, for all n > 1. Therefore, {x,} is
well-defined. O

In order to prove our main result, the following lemma is needed.

Lemma 2.2. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth
Banach space E, and let T : C — C be a mapping which is asymptotically nonexpansive in the
intermediate sense. If {x,} is the sequence generated by (1.15), then

Hm [[ 2k — T Xpek]| = 0 (2.2)
n—oo

for all integers k > 1.
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Proof. Let k > 1 be fixed, and let n > 1 be arbitrary. We take m = n + k for simplicity. Since
Xm = Pc, ,np,, X, we have x,, € Cp_1 € Cpy—p C -+ C C,. Since t,, > 0, there exist elements
z1,...,zN In C and numbers Aq,..., Ay > 0with Ay +--- + Ay = 1 such that

N
Xm — Z)Lizi <ty (23)
i=1
llzi = T"zil| < tullxn = T"x4ll, (2.4)

foralli=1,2,...,N. We put u = Prr)x, M = sup, ||x, — ul|, and G, = supx,yec(llT"x -T"y| -
|lx — y||). The inequality (2.4) implies that

lzi = T"zil| < tullxcn — T"xpl| < ta(ll2xn — ull + [ T"u = T"x4]|)
<t (2lxn —ul| + Gy) < 2Mty, + Gyty (2.5)
<2Mt, + G,

foralli = 1,2,...,N. Now, let ¢ > 0, and choose an integer K./3 > 0 and 6./3 > 0 with
0e/3 < (€/3) as in Lemma 1.2. Since lim,, . ot, = 0 and limsup, _, G, < 0, we may choose an
integer Ko > K./3 such that for all n > K

tn, Gn <min{%,%,m}. (2.6)
This together with (2.5) implies that
lzi = T"zi|| < 2Mt, + G, <2M<Z;\/;> + 61/3 = 562/3 2.7)
forallm>Kpandalli=1,2,...,N. Thus,
lzi — zjll = IT"zi = Tz}l < llzi = T"zill + [z = T"2j|| < 6es3 (2.8)
and so by Lemma 1.2 we have
N N
%“M"zl —T”<§)lel> <3, (2.9)
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where n > Kj. It follows from (2.3)—(2.9) that

2t = T" x| <

N N
Z)Lizi - Z)LiTnZi
i=1 i=1

N
T" <Z)L,-zi> - T"xm
i=1

ZA T"zi - T" <ZA z,> H

N
Xm — Z)Lizi

i=1

N N
ZJ\,-T"Z,- -T" <Z)Li2i>

i=1 i=1

<t,+ Zz\ llzi = T"z;i|| +

i=1

(2.10)
N
m — Z)Lizi + Gn
i=1
N N
<2ty +2Mty +2G, + || DN Tz = T" <inzi> H
i=1 i=1
€ € €
2(1 — ) +2( = ==
<2( +M)<6(1+M))+ <6>+3 €
for all n > K, that is,
lim [|xpek = T"xpek || = Hm [|oc,, = T"xp|| = 0. (2.11)
n— oo n—oo
This completes the proof. O

Now, we state and prove the strong convergence theorem of the iterative algorithm
(1.15).

Theorem 2.3. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth
Banach space E, let T : C — C be a mapping which is asymptotically nonexpansive in the
intermediate sense and let {x,} be the sequence generated by (1.15). Then {x,} converges strongly to
the element Pr(ryx of F(T).

Proof. Put u = Pr(ryx. Since F(T) € C, N D,, and xy41 = Pc,np,x, we have
[l = x| < [l — ] (2.12)
for all n > 1. On the other hand, we observe that

" Xns2 — TXpi2 (2'13)

|+

and so by uniform continuity of T and Lemma 2.2 we have

n+1
Xni2 = T" xp42

iz = Tl < |

lim [|x, = Toxu|| = 0. (2.14)
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Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — v. It follows
from (2.14) and Lemma 1.3 (demiclosedness of (I —T)) that v € F(T). From the weakly lower
semicontinuity of norm and (2.12), we obtain

lloe = ull < [lx — ol < liminfllx - || < limsup|lx — 2, || <l = w]. (2.15)

1— 0

This together with the uniqueness of Pr(r)x implies that u = v, and hence x,,, — u. This gives
that x,, — u. By using the same argument as in proof of (2.15), we have

lim [[x = x| = [l = ull. (2.16)
n— oo

Since E is uniformly convex, by Kadec-Klee property, we obtain that x—x,, — x—u. It follows
that x, — u. This completes the proof. O

Since every nonexpansive mapping is asymptotically nonexpansive and every
asymptotically nonexpansive mapping is asymptotically nonexpansive in the intermediate
sense, we have the following result which generalizes and refines the strong convergence
theorem of Matsushita and Takahashi [17, Theorem 3.1].

Corollary 2.4. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth
Banach space E, let T be a nonexpansive self-mapping of C, and let {x,} be the sequence generated by
(1.15). Then {x,} converges strongly to the element Pr)x of F(T).
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