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The existence of a class regular symmetric transversal design STD,[3);3] is equivalent to a
generalized Hadamard matrix of order 3u over GF(3). Let n, be the number of nonisomorphic
STD, [3A;3]’s. Itis known that ny =1, n, =1, n3 =4, n4 =1, n5s = 0, ng > 20, and ny > 5. In this
paper, it is shown that ng > 24.

1. Introduction

A symmetric transversal design STD,[k;u] (STD) is an incidence structure @ = (0,B,I)
satisfying the following three conditions, where k >2, u >2,and A > 1.

(i) Each block contains exactly k points.

(ii) The point set D is partitioned into k point sets Dy, D1, ..., Pi-1 of equal size u such
that any two distinct points are incident with exactly A blocks or no block according
as they are contained in different /J;’s or not. o, D1, ..., Pi-1 are said to be the point
classes of D.

(iii) The dual structure of D also satisfies the above conditions (i) and (ii). The point
classes of the dual structure of @ are said to be the block classes of D.

Let @ = (P, B,I) be an STD with the set of point classes Q and the set of block classes
A. Let G be an automorphism group. Then, by definition of STD, G induces a permutation
group on QU A. If G fixes any element of QU A, then G is said to be an elation group and any
element of G is said to be an elation. In this case, it is known that G acts semiregularly on each
point class and on each block class. Especially, if G is an elation group of order u, then D is
said to be class reqular with respect to G.
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If @ is a class regular STD, [k; u] with respect to a group U of order u, we can construct
a generalized Hadamard matrix H of order k over U (GH(k,U)) from the incidence matrix
of 9, and vice versa.

The existence of an STD, [k;2] (k = 2\) is equivalent to the existence of a Hadamard
matrix of order k. Therefore, in this case k = 0 (mod 4). It is easily showed that the number
of nonisomorphic STD, [k; 2]’s is the same as the number of inequivalent Hadamard matrices
of order k. Thus, the numbers of nonisomorphic STD,[k;2]’s are now known for k’s up
through 28 [1]. We are interested in the numbers of nonisomorphic STD,[k;3]’s (k = 31)
with the next class size. Let n), be the number of nonisomorphic STD, [k;3]’s. Then, n; =
1, no=1, n3=4, ny =1, and ns = 0 [2-4]. We remark that n5 = 0, that is, the nonexistence of
STDs[15;3] is the special case of a theorem proved by Haemers [4]. But, for A > 6 the value
n, is not determined except A with known n) = 0. Recently de Launey informed us that one
of his colleagues showed that ns > 40 using a computer [5]. The combinatorial constructions
of GH(24,GF(3))’s by de Launey [6] and Zhang et al. [7] are known. Therefore, STDg[24; 3]s
exist. It is difficult to know how many nonisomorphic STDg[24; 3]’s were constructed in [7],
because their construction is very indirect. We calculated the full automorphism group of
the STDg[24; 3] corresponding to only one GH(24,GF(3)) constructed in [7]. This STD is
not self-dual. On the other hand, since we were not able to secure de Launey’s Ph.D. thesis
[6], we did not calculate the full automorphism groups of STDg[24; 3]’s corresponding to
GH(24,GF(3))’s constructed by de Launey.

In this paper we construct 22 class regular STDg[24; 3]’s which have a noncyclic
automorphism group of order 9 containing an elation of order 3. Here, G acts semiregularly
on blocks (points), but does not act semiregularly on points (blocks) for any STD of those. We
used orbit theorems [8, 9] of STD’s to determine such action of G on points and blocks. Also
any STDg[24; 3] which we constructed is not isomorphic to anyone of two STD’s constructed
by Zhang et al. stated above. Thus, we have ng > 24.

It is an interesting problem to construct a class regular STDg[8u; u] or GH(8u, GF(u))
for a prime power u with u < 19, because the existence of GH(8u, GF(u))’s is known for a
prime power u with 19 < u < 200 or for a prime u with u > 19. For u € {5,7,11,13,17,19},
this problem is open. We expect that our construction is useful to solve this problem.

For general notation and concepts in design theory, we refer the reader to basic
textbooks in the subject such as [10-12] or [13].

2. Isomorphisms and Automorphisms of STD,[3; 3]s

Let @ = (P,B,I) be an STD, [k; 3], where k = 3\. Let Q = {Po,P1,...,Pr-1} be the set
of point classes of ® and A = By, By,...,Bk-1} the set of block classes of . Let p; =

{P3i, p3is1, - .., P31} and Bj = {Bsj, B3ji1,..., Basy-1} (0<4,j<k-1).

On the other hand let ' = (p', ', I') be an STD, [k;3]. Let Q" = { D}, P}, ..., P;_,} be
the set of point classes of @' and A’ = {B{,B,... ,Bj_,} the set of block classes of @'. Let
Di =P Pyiv1r -+ Pygianyr ) and By = By, By oo By 1} (0<4,j <k -1).

Let A be the set of permutation matrices of degree 3. Let

Loo -+ Lok Ly, - Ly,
L: , L,: . (21)

! !
Li-10 -+ Lik-1 k1 Ly o L a
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be the incidence matrices of ® and ®' corresponding to these numberings of the point sets
and the block sets, where L;;, L; ;€ A (0<1i,j < k-1), respectively. Let E be the identity matrix
of degree 3. Then, we may assume that L; o = L; ;= E (0<i<k-1)and L ; = L; i= E (0<
j < k —1) after interchanging some rows of (3r)th row, (3r + 1)th row, ..., (3(r + 1) — 1)th
row and interchanging some columns of (3s)th column, (3s+1)th column, ..., (3(s+1) —1)th
columnof Land L' for0<r, s<k-1.

Definition 2.1. Let S = {0,1,...,k — 1}. We denote the symmetric group on S by Sym S. Let
f = <f?0) f(ll) féck__ll)> S Sym Sand Xy, X1,..., X1 €A
(i) We define

Xoo -+ Xo k-1
(f, Xo, X1,...,Xx1)) = L : (2.2)
Xk10 0 Xkt k1
by
Xij = i it ]:f(l)' (2.3)
O otherwise,

where O is the 3 x 3 zero matrix.
(ii) We define

Xo

X, Xoo -+ Xo ka1
2 = SO (2.4)
: X, s X 1
X k-1 0 k-1 k-1
by
X; if i= P
X = f (7) (2.5)
O otherwise,

where O is the 3 x 3 zero matrix.
From [14, Lemma 3.2], it follows that an isomorphism from D to @' is given by f, g €
Sym S and Xy, Xy, ..., Xk-1, Y0,Y1,...,Yk1 € A satisfying
Yo

Y,
(f, (Xo,Xl,...,Xk_l))L 8 . = L’. (26)

Y1
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100 010 001
r=3(o10),{oo0o1),(100)}. 2.7)
001 100 010

Lemma 2.2 (see [15, Corollary 3.4]). Let L;j, L,-j' €T for0<i,j<k-1. Then, two STD,[3A, 3]s
D and D' are isomorphic if and only if there exists (f,g) € Sym S x Sym S such that

Set

-1 -1 _
Lf(i) g(O)Lf(i) g(]'>Lf(0) g(j)Lf(O) g(0) = Lii’ (2.8)
for0<i<k-1and1<j<k-—1orthereexists (f,g) € Sym S x Sym S such that
- - -1
Lso) 50 Lrwy sipLro s Lo g0 = Lif (2.9)

for0<i<k-land1<j<k-1

Lemma 2.3 (see [15, Corollary 3.5]). Let L;; € T for 0 <i,j < k — 1. Then, any automorphism of D
is given (f, g,Y) € Sym S x Sym S x I such that

Liw 50 'Lrw sti)Lso si) Lro) g = Lij (2.10)
for0<i<k-1land1<j<k-1or(f,gY)€Sym SxSym S x (A -T) such that
Lsiy 50 'Lio) st)Lso s Loy g0 = Lij" (2.11)

for0<i<k-land1 <j<k-1HereX; =Yy 'Lys 00 0<i<k-1)andY; =
Lso) ¢ ' Lro goYo (1<j<k=1).

Remark 2.4. Let H = (hij); j<k be a generalized Hadamard matrix over GF(3) of order k = 3..

Set
100 010 001
d(0) = <o 1 o), d(1) = <o 0 1>, Q) = <1 0 o>. (2.12)
001 100 010

Then, the incidence matrix of STD,[3\;3] D(H) corresponding to H is given by d(H) =
(d(hif))o<i j<k-1-
3. CLass Regular STD¢[24; 3]'s and GH(24,GF(3))’s

The constructions by de Launey [6] and Zhang et al. [7] are known about GH(24, GF(3))’s.
We give one of GH (24, GF(3))’s constructed by Zhang et al.
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Lemma 3.1 (see [7]). Consider the following:

/1122(1122(2200(2200[0011[0071 1)
1122/1122/0022/0022/1100/1100
2211(2211(2200[(2200[1100[1100
2211[(2211(0022(0022[0011[0011
112222110011/1100(2200/0022
1122/2211/1100/0011/0022/2200
2211(1122(0011[1100[0022[2200
2211(1122(1100[0011(2200[0022
20200101]2020[0101]2020[0101
2020(0101(0202(1010[0202[1010
0202(1010[2020[0101[0202[1010
0202(1010[0202[1010[2020[0101
M= 5707010011 02Z0020T 102002 G-
2020(1010[1001(0220[1001[0220
0202(0101[0110[2002[1001[0220
0202(0101[1001(0220[0110[2002
0110/2002[2020/1010[0110[0220
0110/2002[0202/0101[1001[200 2
1001/0220/2020/1010/1001/200 2
1001/022002020101/0110/0220
0110/022001100220[2020[{1010
0110/0220[1001/2002[0202[0101
1001/2002/0110/0220[0202[0101
\1001[2002/(1001/2002[2020[1010/

is a GH (24, GF(3)) and |[Aut®(H;)| = 32 x 3.

Proof. Let Hy = (hij)o<j<p3 and we normalize H;. That is, set Hy' = (hjj - hoj)o<ij<os =
(hij')ogi jos and then set Hy" = (hij' - hiO,)Ogi,JSZS = (hi]'”)osi,j§23' Then, 9(H;) = ®(H;"). We

calculate the full automorphism group of ®(H;") by Lemma 2.2 using a computer. Then, we
have |9(H,)| = |®(H;")| = 32 x 3. O
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Example 3.2. Let H," be the GH (24, GF(3)) stated in the proof of Lemma 3.1. Then,

Hll/ —

0
0

[e]

0
2

—_

\

O O OO OO OO OO © OO o OO oo O

N N = = NN = = NN = = NDNRPR R OO0 OO0 OO oo
R OO PP OO NNDNDN NNNN PR OO| kR —,OoOOo

NNDNRN DNNNNDN mPRPOO mr R OO Rk OO mek oo
NNNN PR OO PR RPRP R OCONN NNRR OO OO
— R, PR OONDN NMNNRPRP R OOOCOO NDNDNDN ,rPR,rOoO
O ONDN P RPRREPRR OO NMNDNRFP R NMNNDNDN PR OO

= R OO NDNPNDNN OCONDN P RPRERPRRER NDNNRPR OO O

NOOR RONR RONRFR R NNO ONFRO| mNNO

N O RO OFRPDNRFR PNON OFRDNRFR PNON NO~O

ONO R RPORDN NP DNO RPORDN PNON NOR~RO
R OR N ONOR OFRNRF RPNON NP NSO NORO

O RL, DN = N O = O _ O = N N —= N O N = N O N O = O
O N O FPFNON ONOR OFRDNRF OFRDNF NP, DNO

— ONRFR NP ODN PNNO NOOR OFRr P, N ONF~O
ONN RO OFR RPN OFRP RPN NFRPRON ONRFR O m,DNDNO
P NON ONORFR PORDN NOFR O PORDN NP DNO
NP NO NOR O OFRNRFRE ONOR RPORDN N~ DNO

N = ON R ONR ONRFRPR O NFRPRON RPRONRFR ONFO
P NDNO OFR RPN NOOR PNNO RONR ONRFRO
O R PN ONRFRPR O PNNO RPONRFR NOORR P,NNO
R ONRFR NOORFR NRFRPRON OFR, RPN NMNOOR P, DNDNO
O R PN PNNO NFRPRON ONRFRO OFRr P, DN ONFRO
NORFR O NP NO NORO R ORN OFRNRF DN

/

(3.2)

Set Hi" = (wij)os; j<23- H1" is a normalized GH(24, GF(3)). We use the notations used
in Lemma 2.2.Set S = {0,1,2,...,23}. Let

=(0,3)(1,2)(4,5)(6,7)(8,19,10,17)

/01234567 8 9 10
§\675423101110 9

= (8,11)(9,10)(12,14)(13,15)(0,6,1,7)(2,5,3,4) (16,21,17,20)(18,22,19,23) € Sym &.

11 12 13 14 15 16 17 18 19 20 21 22 23
16 20 21 22 23 9 8 11 10 14 15 12 13

(9,18,11,16) (12,20, 14,22)(13,21,15,23),

11 12 13 14 15 16 17 18 19 20 21 22 23
8§ 14 15 12 13 21 20 22 23 16 17 19 18

)
)

(3.3)

Then, it follows that —Wr(i) g0)TWFG) g(G)~WrFO) () TWFO) g(0) = Wij for0<i<23,1< j<23
on GF(3). Therefore, by Lemma 2.2, for any Yy € I'(f, g, Y)) one yields an automorphism of
D(H;"). Here X; = Yo 'd(wrg) g0)) " (0<1<23),Y: =d(wpo) ;) dwre) g0)Yo 1<j<

23).
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In the rest of this section we deal with GH (24, GF(3))’s with the following form, where
for GF(3) ={0,1,2} set0' =1, 1'=2,and 2’ = 0:

a ay a |(4az a4 4as |Ag Ay 4Ag | Ag a4y 4di | a2 413 di4 | ais A 4y | Aig Ay 4 | A1 A a3
a a a |as az a4 (A 4s A4y |app Ay Ao |di4 a2 a3 | Ay Az e | A Aig A9 | A3 A1 A
a a 4ap (as as 4as |ay dg Qe | A 4yl 49 | Az di4 a4z | Al Ay dis (A9 dpo dig | A A3 A2l
bp b1 by |bs by bs |bg b; bs | by big b |bip biz b |bis big by |big big by | b by b
by by by |bs b3 by |bs bs by |biy by by | by bz biz|bi; bis big | by bis bio | by by bxn
by by by by bs b3y |b; by bs |big bix by |biz by bia|big biy bis | big by bis | bn by bx

Chp €1 C2 €3 €4 C5 |Co C7 Cg | Cg Cio C11|Ci2 Ci3 Ci4|C15 Cig Ci17 | €18 C19 Cp0 | €21 C22 €23

C2 c €1 |Cs ¢33 c4|Cg Co C7 |Ci1 €9 Clo|Cia Cl2 C13|Cl7 Ci5 Clg | Co Cis Cl9 | C3 Ca C2
€1 € C [€4 C5 C3 |C7 €8 Ce |Clp Ci1 C9 | C13 Ci4 Ci2|Clp C17 C15 [ Cl9 C20 C18 | C22 C23 C21
dy di dy|ds dy ds|de d; ds |dy dio du|dip diz du|dis dis diy |dis dio da |dan dyp dos
dy dy di|ds ds dy|ds de d7 |[du do dy|du diz diz|diy dis dig |dao dis dio | das dyn dx
dy dy dy|ds ds ds|d; ds ds |dio diu dy |diz dis dia|die diy dis|di dy dis |dn dy dn

€ €1 €2 |e3 e4 €5 e €y eg | €9 ejp €11 | €12 €13 €14 | €15 €16 €17 | €18 €19 €p0 | €21 €22 €23

ey e el |es e; es|es e ey |enn ey e |ewu e e |ey es € |exn els e |exn en exn
el e €y |e4 €5 €3 €7 €3 €6 €10 €11 €9 | €13 €14 €12 | €l €17 €15 | €19 €20 €18 | €2 €23 €21
fo i fo|fs fo fs|fe fr fs | fo fio ful|fiz fiz fuu|fis fie fiz | fis fio fo|fa fo fs
fo fo A fs f3 falfs fo frlfu fo fiol|fie fiz fis| fir fis fie | foo fis fio| fz fa f
fi fo folfa fs fs|fr fs fo|fio fu fol|fis fuiu fo| frie fiz fis | fio foo fis| fo fz fa
g 81 & | & & & |8 &7 &8 | & Lo &1 | 812 L13 L4 | 815 6 K17 | 18 19 820 | 21 822 823
£ S &% & & |8 K L& o Lo |8 812 &3 87 L5 L6 |0 18 19|83 g1 2
1 & 8o | & & LB |87 88 86 |80 S11 9 | 813 L4 12 | 816 17 815 | 819 20 18 | 822 23 {21
ho ho' h"|hi h' m"|hy k' h"|hs hs' hs"|hy hy' hi"| hs hs' hs"| he he he'| h; hi hi"
ko ko' ko"|ki ki' k" |ke h' k" | ks ks’ ks'| ks ki ki"| ks ks’ ks'"|ke he ke'|k; kil k7"
b L LWL L WL L L L L L L L L K KL L

(3.4)

The existence of such generalized Hadamard matrix H is equivalent to the existence of
STDg[24;3] ©(H) with the following automorphism group G.

(i) G is an elementary abelian group of order 9.
(ii) G contains an elation of order 3.
(iii) G acts semiregularly on blocks.
(iv) Ginvaries only one point class.

Theorem 3.3. All matrices H; (i = 2,3,...,12) in the appendix are GH(24,GF(3))’s. Then,
GH(24,GF(3))’s ©(H;)’s (i = 1,2,...,12) are not isomorphic to each other and are not self dual.
Moreover one also has the following table, where Q; and A; are a set of the point classes and a set of
the block class of ©(H;), respectively.

Corollary 3.4. Let ny be the number of nonisomorphic STD, [3A;3]’s. Then, ng > 24.
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Table 1

Sizes of orbits on A;

Sizes of orbits on &;

[Aut D(H;)|

(8,8,8)
(3,3,3,3,6,6)

(4,4,16)
(1,2,3,3,3,6,6)
(1,2,3,3,3,6,6)
(1,2,3,3,3,6,6)
(1,2,3,3,3,6,6)

32x3

6x3
6x3
6x3
6x3
9x3
18 x 3

(3,3,3,3,6,6)
(3,3,3,3,6,6)

(3,3,3,3,6,6)

(3,3,9,9)

(3,3,9,9)

(3,3,9,9)

(3,3,9,9)
(6,9,9)
(8,16)
(8,16)
(8,16)
(8,16)

(6,9,9)

36x3

(24)
(24)

96 x 3

96 x 3

10
11

(24)
(24)

96 x 3

96 x 3

12

Appendix

Consider the following:

(A1)

7

)

/

000/001/001|]001|001|012]020|021
000/100/2100{100f100{201{002|102
000/010/010[010/010|120(200(210
021000/001j112212{001(211|012

(

102{000(100/211|221j100|121|201
210000/010j121j122{010(112120
001|j022(211/j201/122{102|202(111

100(202{121/120(212|210(220(111

010/220(112/012221{021|022(111

001|210(120(002|222(212{101(020
100{021|012/200(222221(110{002
010/102(201(020(222{122{011(200
012010/021(220f101|222{121|112

201|001{102/022/110(222|112(211

120(100(210/202{011|222211|121

020/012{122/111/021|212(212202
0022012121111 02|221(221(1220
2001202211 11(210(1 22122022
020/101|222j210(120/010(101(011

002/110/222{021(012/001j110(101

200/011|222j102(201|100(011j110

012/201(120(201/012{120{012|01 2

021/021(210(021/210(210{021f102
0060/222(111}]222/000/000(1 11222

\

H,
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—ANO OO OCOoAN NN =" N ON|O | O —FANOOOO|(~O AN NODOD OO AN NOAN | O |O
NO = ocooodNoOodN—=AN|"F—NON—|[——O0 OO NO—H oo H oo oNOoO oA |~ O [N~
O N OO O NODO |V AN AN~ N—O|—O— | NOO O N OO O N =T O OANO | NODO NN O | O v [ O v
oNO NN ANANOOD AN "N ANNOINO O | O | — oSN O NI AN NOANOANOOA A" O[O [N
NOO AN dNODAN | —FA AN NODANOQOAN |+ O— |OAN — NOO | ANANOCANANNODO | O | O v [ O v [ O v
oo NN " OCANANANAN—=OCAANONO O —|NO OO AN ANAN—=T  ANANOODOCOAN|H O™ |[Orr O |O
N OO ANANOO—"F OO0 O—AN N~ — |~ O N OO O ANOANODANANAN O NN O O
O AN O = NOAN|[—H—=1 O OO0 ANO |+ A\ |~ O —HOAN O == AN O NODOANANAN [~ O NOAN |
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CO=H|—TOAN|(—TF O =" N—=—  NO = ANANAN A= ANON OO |1 O AN ANAAN T —NO—F AN ANANO NO AN |O
O O OAN O~ | AN O AN AN |~ == OSC—HOOCAN " ANANAN|—FAN " |/ ANONOAN | O AN [N AN~
—H OO |—=O O NN —"OANN OO NN — O OAN |~ O OO |—HOO |~ AN OANAN|—THO = |~ AN —=OOoO AN NN
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OO |ITANOIHOO|(HOO N O OANODODOANO | N—HO OO |V ANO|HOO|[HOO I N1 O|ONOD I OANO|IN—-HO
OO N HOO—H OO =H [T O AN NODOINOO |- O OO O NO 1| OO H OO =H|H O AN NODO NOO |—=HANO
COOO O ANO—=TO|O—=O|OAN—=HOOANOQOAN |OCOO OO OO ANO—H OO O ON—= OO NOQOAN | OOO
N— - N— -

H; =

H, =
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