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Abstract: In this paper we consider functions F(z) = 2P + apﬂzl:“rl + +++ which are
regular in the unitdisc E = { Z 1| 2| < 1 ) and satisfying the condition
Re { (1-a) (2P [(n+p)(2 1 pn+p- 1)
+ a(ZH AP (e pr1)(2 £ PP ) > .

We obtain a lower bound y(Q, B, N, p) such that
Re { (AP [+ p) L £)*P-1]) > y(q, B, 0, P),

where Disa positive integer, T isany integer greater than —p, B < | and Q is real.
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1. Introduction.
(e 0]

Let A(p) be the class of functions f (2) = 2P + Z akz" , D 8 positive integer,
k=p+1{
which are regular in the unitdisc E. S RUSCHEWEYH (1] defined the class K, consisting of all
f € A(D) ror p = 1 which satisfies

*f(2)
Re {—pr7— ) > 12

for Z € Eand for some 7 € Ny =N U {0}, where

D™P-1 £(z) = [P /(1-2Y*P] * £(2)
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with the operation (*) stands for the Hadamard product, that is, if

© © o
g(z) =Zakz". h(z) = Zb,‘z", then (g*h)(2) =Zakbkzl‘ . equivalently,
k=0 k=0 k=0
PP p(z) = [ 2220 F(2) P21 1/ (n+p- 1)
and showed that

Kpq C K, (1.1)

foralin € NO' Familiar classes ofl(n are KO = 511/2), Kl = K, the starlike functions of order

1/2 and the convex functions, respectively. In H. AL-AMIRI (), H. AL-AMIRI combined two
notions of RUSCHEWEYH and MOCANU (3] to introduce the Ruscheweyh-Mocanu a-convex

functions of order n( denote it as MR, (@) as follow: £ € MR, (@) if
D1 £(2) D2 £(2)
®e (-a) iz + « FE ) > 12
N €N, issatisfied for all Z € E and for some reala. He showed that
MR, (a) C K, (1.2)

for @ Z Oand N € Ny. Note that MR, (0) = K, MR, (1) = K, ,,. In GOEL and SOHI [§). GOEL
and SOHI introduced the class

Kpipey = {f €A(p) : Re(D™*P £(2) /0P 1 £(2)) > 172 )

for n € N0 and D € N and proved the theorem:

Knup C Knapy (1.3)
In SONI (3], SONI had the generalization of R. SINGH and S. SINGH [§ }:
R(n+p) CR(n+p-1) (1.4)

where
R(n+p-1) = { £ € A(p) : Re( D™P £(2) /DM*P~! £(2)) > (n+p-1)/(n+p) ).

In this paper we shall prove that if a function f € A(p) for some p € N and satisfies one of the
conditions

D™P £(2) DHP* £(2)
®e { (1-0) grpFmy + a TPy )} > B

for all Z € E, nis any integer greater than —p, then a lower bound ‘y(a, B, n, p) is obtained

such thatforall Z€E

D™P £(z)
®e { g7z } > v(@, 8.1, D).
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When B = 1/2, our Theorem yields
yla, B, n, p)=1/2 ifaz-(n+p+l)
yla, B, n, p) > 1/2 il a <-(n+p+1).
This implies (1 1) and (1.2) for n € Ny, a = 1 andfor n € Ny, a O respectively by
taking ) =1. On theother hand. leta =1, = 1/2 and p€e N, then
yla, B, n, p)=1/2
which is the resultof (1.3). Moreover, if we take § = (n+p)/(n+p+1), then
vla, B, n, p) > (n+p-1)/(n+p)
for O < « =1, which is (1.4) when a = 1. Thus, our Theorem includes or improves alf the

resultsof (1.1), (1.2), (1.3) and (1.4).

2. Lemmas.

To prove the main result, we need the following lemmas

1. Jack's Lemma: Let w(Z) be regular in the unit disc E, with w(0) = 0. Then if | w |attains
its maximum value on the circle | Z| = r ata point Z,, we can write
zZuw'(z) = kuw(z)

where £ 2 1 (JACK(T))

After some calculations we may obtain:

2. Lemma: For p € N, nisany integer greater than —panda is real,
03 {2(n+p+1-a) + 2p(n+p+1) - 3a -[(2(n+p+1-a) + 2B(n+p+1) - 3a)f

+ 16(a—e(n+p+1))(n+p+1~a)]!£’ }/lan+pr1-a)l 5 1/2
when a/(n+p+1) =B 5 1/2and n+p+i > 20, (2.1)

1/2  {2p(n+p+1) - 3a + [(2B(n+p+1) - 3a)?
1.
+ 8a(n+tp+1-a)]? } /4(n+p1-a)] <

when 1/2 528 < 1and a # nN+p+l, (2.2)
1/2 = 1/(3-28) < 1

when 1/2 2B < {, and (2.3)
2P £(2)) = (n+p) VPP £(2) — n(DVP7! £(2)). (2.4)

3. Main Result.
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TheEI®ED. ! / ¢ Alp) for some p € N and satisfies the condition

D £(z) DUPH £(2)
Re { (1-a) P17z * & T DRPA(Z) }>p

for some N which isany integer greater than —pand  is real. then

D™*P £(2)
Re { W’%)—} > y(a, B, n, p)

where
yla, B, n, p) = (2(n+p+1-a) + 2p(n+p+1) - 3a-[(2(n+p+1-a) + 2p(n+p+1) - 3a)?
+ 16(a-B(n+p+1))(n+p+1-a) ]5 }/ [4(ntp+1-a))
if a/(n+p+1) =B < 1/2and n+p+1 > 2q,
yla, B, n, p) = { 28(n+p+1) - 3a + [ (2B(n+p+1) - 3a)?
+ 8a(n+p+1-a) ]k" } /l4(n+p+1-a))
if 1/23B < land a # n+p+l,and
v, B, n, p) =1/ (3-2p) if1/23B < land a = n+p+i.
Proof: Suppose f satisfies the conditions in the theorem, and let w(Z) be a regular function
such that
D™P £(2) 1~ (2y - Dw(z)
DPPIf(z) T 1 - w(z) , (3.1)

where Y = y(a, B, N, p), then w(0) =0. The Theorem will follow if we can show that

|w(2)] < 1in E. Now by differentiating (3.1) logarithmically and applying (2.4), we get

D**P £(2) DPH £(2)
-(n+p) PRPTf(z) + (ndprt) TEP Ay~

2(1-y)zw'(2)
= (T~w@2)(1-Qy-Nw(z)

D*P £(2) DHPH £(2)
Put X(z) = (1-a) PFPT4(z) + A T pBPf(zy  —B
a 1-(2y - Nw(z)
=7\+—P+T_B+(1_ 71+P"'1 ) 1 — w(z)
2(1-y)a zw'(2)

Y Tniprt (—u@)A-y-Dw(z) .

If i w| £ 1 in E, there exists, by Jack's Lemma, Z € E such that

lwiz,)|= 12 |w2)| foralt| 2| 5|z, | and z,w(z)) = kuw(z,) where £ 2 1.
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Let w(z) = u + iv. After simple computation, we get

zw(z)
Re T=wiz N(-2y-Du(z)

zw(z) w(z,) 1

= Re wiz) - 1-w(z) T 1-Qy-Dw(z,)

ky /[2(2y? - 2y + 1 =2y - Dw)]
Let glw)=1/2y?-2y+1-(2y - Du), (3.2)
gu) =Q2y-1)/2y* -2y + 1 =(2y - 1)uy@ (3.3)
and g(-1) = 1/(2y%), g(1) = 1/ (2(1~yP).
From (2.1), a/(n+p+1) B = 1/2and n+p+1 > 2a implies that
Ozvyla,B,n p =v=51/2, then ¢g'(u)=0.
Therefore we have  g(1) = g(u) = g(-1). (3.4)

Taking the real part of H(Z,) and applying (3.2), (3.3) and (3.4), we obtain

Q a y(i-ylak
Re H(2)= ey B+ U~ Taper )Y - “hrprr 9

a-p(n+p+1) a -y(1-y)ak 1
2 TTneptd + U= et WY Tpaped 2(1-y¥

= -{ 2(n+p+1-a)y? - [2(n+p+1-a) + 2B(n+p+1) - 3aly

- 2(a - B(n+p+ 1))} / [2(n+p+ 1) (1-y)].
Since y(a, B, n, p)isa root of the polynomial
2(n+p+1-a)r? - [2(n+p+1-a) +2B(n+p+1) -3alx - 2(a -B(n+p+1)) =0,
then ®e K(z) =0, which contradictsto ®e H(z) > O forali Z€E. Thus,
| w(z)] < 1, for all Z €E. Therefore Theorem is proved in the case of a/(n+p+1) B < 1/2
and n+p+1 > 2Q. Similarly, the other cases of Theorem can be proved by using (2.2) and

(2.3). Hoace the proof is complated.
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