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Abstract: In this paper we consider functions f(7.) zP + G.p+ Zp+ + which are

regular in the unit disc E z z < and satisfying the condition

oe (1-o.)(zafl(n+P)/ [(n+p)(zn-if)(n+;-t)]

+ a(zn+If)(n+p+i)/[(n+p+ l)(zaf)(n+p)] > p.
We obtain lower bound 3/((I, , )2, p) such that

Oe (zn.{)(n+P)/[(n+p)(zn-I/)(n+p-l)] > y(c, , n, p),

where p is positive integer, 71 is ny integer grear thn -p, < and (1 is rel.
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I. Introduction.

Let A(p)be the class of functions ,/" (Z) Zp + clkZt p , positive integer,

t=p+!

which axe regular in the unit disc E. S RUSCHEWEYH [| defined the cls Kn consisting of all

.f" 6 A(p)rot p which sausnes
Dn+ijC(z)
D":(z) > i/2

for Z 6 E and for some n 6 NO N U 0 }, where

Dn+P-1,/’(z) [zP/(t-z)n+p * ./’(z)
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with the operation (*) stands for the lladamard product, that is, if

g(Z) Z, (Z) DZk, then (g*h)(Z) O" equivalently,
=0 =0 =0

and showed that

D+P-lf(z) zP(z-lf(z))(n+p-1) ]/(n+p-1)!

Kn/ C Kn (1.1)

for all 71 e N0. Familiar classes elKn are K0 S I/2), K K, the starlike functions of order

I/2 sad the convex functions, respectively. In H. AL-AMIRI []o H. AL-AMIRI combined two

notions of RUSCIIEWEYII ad MOCANU [|] to introduce the Ruscheweyh-Moctnu a-convex

functions of order n( denote it as MRn (a)) as foiler: ,/’ E MRn (a) if

D+I](z)
e {(l-a)

n NO is satisfied for all Z E E sad for some real a. He showed that

MRn (a) C Kn (1.2)

for a = Osad n ENO. Note that MRn(O)= Kn, MRn(1)-- Kn+ 1. In GOELaad$OH114]. GOEL

sad $OHl introduced the class

Kn+p/ { J" eA(p)" e(Dn+Pf(z) / Dn+p- tot(z)) > i/2

for n E NO sad p a N and proved the theorem:

Kn,p C Kn+p_ 1

In $ONI [ ]. $ONI had the generalization of R. $1NGH sad S. SINGH [| ]:

R (n+p) C R(n+p-i)
whre

R(n+p-i) { J" e A(p) {e(D+Pf(z)/I+P=if(z)) > (n+p-i)/(n+p) }.

In this paper we shall prove that if a fUnction f e A(p) for some p E N sad satisfies one of the

conditions
l+P,f() ++.f()

e{(l-a) D.p-(z) + a ’+PJ’(z) > P
for all Z ( E, 7l is any integer greater than -p, then a lower bound {((I, , 11, p) is obtmned

such theJ, for all Z E

(1.4)

+Pf(z)
e { i.-.(z) } > (a, , n, p).
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When p I/2, our Theorem yields

yCa, [3, , p) 1/,2 ir o. -C+p+ 1)

y(c, , n, p) > 1/2 i[ <-(n+p+ 1).

This mplies (1.1) and (1.2)for fi N0 and for N0 0 respectively by

king [) =I. On the other hand. leta I,:: I/2 and p N, then

V(, , n, p)= i/2

which is the result of (1.5). Moreover, if wee (+p)/(+p+ ), the

y(a, , n, p) >

for 0 < t, which is (1.4) whe a 1. hus, our Theorem ieludes or improves all the

results of 1.1 ), (1.2), (1.5) and (1.4).

2. Lemmas.

To prove the main result, we need the following lemmas

1, Jsck’s Lemms: Let W(Z) be regul in the unit disc E, with w(O) O. Then if[ W [at.rains
its msximum v&lue on the circle 7. r t a point zt, we cn write

z.w’(z gw(z,

where :g 1.(JACK[7])

After some cIculations we my obtain:

. Lemma: For ,D 6 N, n is ny integer greter than -p and c is rcl.

0 (2(n+p+ l-c) + 2(n+p+ 1) 3 -[(2(n+p+ 1-) + 2p(n+p+ 1)

+ 16(a-Cn+p+ 1))(n+p+ l-a)] / [4(n+p+ 1-)]

when /(n+p+ 1) 112 and

1/2 2(n+p+ 1) 3a + [(2(n+p+ 1)- 3a)

+ 8aCn+p+ I-)] /[4(n+p+ l-a)] <
when 1/2 < lmnd +p+l,

12 /(5-2) <

en 1/2 p !,

(2.2)

$. Maim llesilt.
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I1 J -: A(/)/f,)r some p F. N and smtisf,es Ihe conditmn

e (1-) ’lf+p’-./.(z) + D,+p.f(z) > 13

for some r which is any integer greater than -p and cl is real. then

If+RE(z)
(Re (if+p-,,f(z) > 7(o:, , n, p)

whr

y(ct, , n, p) {2(n+p+ l-a) + 2(n+p+ i) 5(1-[(2(n+p+ l-a) + 2p(n+p+ I) 5c)

+ 16(-(n+p+ 1))(n+p+ I-c) ] / [4(n+p+ I-c)]

if c/(n+p+ I) 8 < I/2 d n+p+ >

T(c, 8, n, p) 28(n+p+ I) 5 + (2(n+p+1) 5)

+ 8(n+p+ I-) ] / [4(n+p+ I-)]

if 112 p < d # n+p+ 1, and

T(, p, n, p) 1/(5-2) if 112 < and n+p+l.

Proof: Suppose f sfies e conditions ia the theorem. d let w(Z) be regular function

I)n+P./’(z) (27 1)w(z)
(5. I)D+’-’./’(z) w(z)

where "y 3/((I, p, n, p), then Ig(O) O. The Theorem will follow if we can show that

tu(z) < in E. Now by differenti,ing (,5. I) logaritmically and applying (2.4), we get

Dn+P2"(z) D+P+,2"(z
-(n+p) DR+p-,2-(Z + (n+p+ 1) if+P.t.(z)

2(-y)zu/(z)
-w(z))( 1-(2y- )w(z))

I:P+P2"(z) I+P+,j’(z)
Put H(Z)=(I-C[)D+p-lj’(z) +

a a (2y l)w(z)

n+p+i - +(I- n+p+i i-u(:z)

2(I-7)a z(z)
n+p+ -(23,’- )w(z))

If w K in E, there exists, by Jack’s Lemma, Z e E such that
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Let (7-t) + V. After simple computation, we get

I-w(z ))( I-(2- )w(z, ))

z w’(z w(z)
w(z t-w(z 1-(2y-i)w(z)

3’/[2(2"Y: 2y 1-(2’y-

Let g(/d.) / (2’y2 2’y’ + -(2’y 1)U), (.’.2)

y’(u) (2y-1) /(2y 2y + -(2y 1)uF

and y(- 1) 1/(2). g(1) 1/(2(1-’y)).

From (2.1), l(n+p, I) [3 = l/2d n+p+l > 2c implies that

Oy(a,3, n,p)=y 1/2, en g’(u)O.

Therefore we have g( - g(U) g(- 1).

Taking the reaJ pm.,’t of (Z and applying (5.2), (5.5) and (5.4), we obtmJn

ct c y(1-y)czk

a-p(n+p+ 1) o: -y(1-y)ak- n+p+ + (1 n+p+ )Y + n+p+ 2(1-y)’
=* -{ 2(n+p+ l-c) [2(n+p+ 1-cz) + 2p(n+p+ I) 3a],/

2(a f3(n+p+ I))} / [2(n+p+ l)(l-y)].

Since y(O:, p, n, p) is a root of the polynomitl

2(n+p+ 1-(z)z [2(n+p+ 1-(z) +2t](n+p+ 1) -5(z]z 2((z -I(n+p+ 1)) O,

then Re (Z) =< O, which contradicts to 6e (Z) > 0 for ill Z 6 E. Thus,

w(z) < 1, rot 11 z e E. Therefore Theorem is proved in the cse of ct/Cn+p+ 1) _a < 1/2

aad n+p+ > 2ct. Similarly. Lhe oLher cases of Theorem can be proved by uaiag (2.2) and

(.3). R.o. p-ooi
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