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ABSTRACT. L,-approximation by the Hermite interpolation based on the zeros of the
Tchebycheff polynomials of the first kind is considered. The corresponding result of Varma and
Prasad [1] is generalized and perfected.
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1. INTRODUCTION.

Let —1<z,<z,_;<:--<1 be the zeros of Tp(r)=cosnb,(cosf = z), the nth degree
Tchebycheff polynomial of the first kind.

If feCl[—1,1], then it is known that a Hermite interpolation H%(f,z) of degree <2n—1

which satisfies the conditions

Hy(f,zp) = f(z}) and HY'(f,2) = f'(z)  k=1,---,n

is given by
Hilf9)= 3 fehula)+ 3. Flagoa) (1)
where - 9 -
hy(z) = (1 - zz;) (%A_(%) >0, kilhk(x) =1 (12)
7)== eile),  hlo) = Al (13

Concerning the polynomial H}(f,z), Varma and Prasad [1] proved the following:
THEOREM A. Let f € C1[—1,1], then we have
) 1/2
2
(| mta-@i'e)  <enEp_ys), 14)
-1+~
where E,,, _ o(f')is the best approximation to f(x) by polynomials of degree at most 2n — 2 and c is
a positive absolute constant.
Naturally, one raises the problem that if there is similar result of (1.4) in Lp(p > 0) norm.
Here we give an affirmative answer for the above problem, we shall prove the following:
THEOREM 1. Let f € C][—1,1], then we have
1 » 1/p
{ g i) 60 tz)  <enlEg_yf) (1.5)

=1
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Therefore the corresponding result of [1] is generalized and perfected.
2. LEMMAS AND THE PROOF OF THEOREM 1.
At first, we state and prove several lemmas.

LEMMA 1 (Féjer [2]). K

n
L-zlli(z) <2, (21)
therefore it follows that -

w r
kzl Ili(z)l <c r= 3’4’ trt . (22)

LEMMA 2. Let k be even and yy,ys, - - -,y be distinct integers between 1 and n, then we
have (k = 2m)

1
L5, ()0, (z) -0y (z)dz=0 23
_1131—_7 7 @y () oy (2) (23)
PROOF. Since
cosi™~1ng = ;2"23 ! (4’.")003 (4m—25—1)nd
2@m=1) 2 \'j
(4m—1)n (4m—-1)n
= Y peosif= Y pu;T(z) (24)
and i>n i>n
Ty(2) -
(z— a:.,l) S (- z-,k) =9~ 2m(%) 29)

where g, _5,,,() is a polynomial of degree <n—2m.
On using these ideas together with orthogonality of Tchebycheff polynomials, we obtain

1
I ]i—l-_zz a,rl(z)a.,z(z)- . -a.,k(x)dz

-1
(4m—-1)n 1

= 1 L7z dz =
Tiler ) Toter )P L, | g e aneiz =0

This proves Lemma 2.

To prove Theorem 1 in the general case, we again follow the method of Erdés and Feldheim
[3], it is enough to prove for even values of p only. To illustrate the method we limit for the case
p=4. For arbitrary fixed even p the proof is similar. Let sy, _(z) be the polynomial of best
approximation to f(z) by the polynomials of degree <2n—1. One can easily see that for
-1<z<1:

Hy(f,2) - f(z) = Ha(f — 83 _1,%) + 895 _1(2) — f(2) (26)

One notes that
la+b|P<c(p)(lalP+|b|P) (27)

where ¢(p) is a constant of dependent of p only.
1

1 H* z)— 4d
_Jlml 5(f2)— f(@) | 4dz

1 1
<qf | gt - oo n@)e + _[1 20 - 1(0) — fa)s

-1
Sc(Iy+1y) (2.8)
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From the definition of sy, _ () we have
| s9n —1(2) = f(2) | < B9 _((f) (29)

where Ey, _ 1(f) is the best approximation of f(z).
From (2.9) we have

I, <nE3, _\(f) (2.10)

On using (1.1) and (2.7) we have
4

1 n
ned | e Lgl (F(@) - l(zk»hk(z)] dx

-1
1 4

e |, 0w do
= c(I3+1,) 2.11)

Now from (1.2) and (2.9) it follows that
1 4

I3< J ]'1‘_=I= [Z (F(z) — sgn — 1(T))h(z ]

< B4 _(f) (2.12)

Let Ak=fl(xk)-s’2n—l(1k) k=1, c,n
One notes that

[ gj: A kak(:c)] = g Mof(a)+ 3 )> A3A (@)od(e)o =)
+¥ Z Z Ag 2 AjA ok(a:)aj(:t {z)+ Z Z Z Yo, A ;DA g0 (3)o j(z)oi(x)os(x)

k£j# Fitits
+ Zkéj ' A} A% (2)0%(2) = Ly(z) + Ly(=) + Ly(z) + Ly(z) + Ls(=) (2.13)
J

One notes also that
[To(z)| <1 (2.14)
o 1-2}| A, | S40E,, _o(f) (See[4)) (2.15)

1 .

L[ (2)l(z)d ={ 0 k#i 2.16

Therefore from (1.3), (2.2) and (2.14)-(2.16) we have
1

1
Z)ar = z 41 T
| o2, mks | g rierion
n E4 G
<% 3 (I=eia4) JlHi—zi’z(w)dzst"ﬁz(—f—) (217)

nt n
One notes that

L2(1)=(k2::1 Adoda )( Z Ak"k(”) Ly(=)

Using (1.3), (2.2), (2.14-(2.17) and the Cauchy inequality we have
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<J : Z(Jl— IET) rtrIeY

\1—z2 =4
n —1k-1f _ 42 ,
I (-1) \ﬁll Ay Tn(z)l,,(x)ldz+cEgﬂ;2(f)
k=1 i
< o B3 alf)
< =

1 n ,

I 1 = 1Y (-1F! 1—32Aklk(z‘)|dz+cEg”—42(f)

21 -2z k=1 n

n n

1/2
E3n- fl 1 n _ E4"_ !
<5 42( )(J1 1112,[’:;(_1)1: 1-2F A,,z,,(z)]zdx) +c=2 4:».(f)

< Fhnoslf)

nt

1
From (1.3), (2.1), (2.15) and the estimation of 1 Lo(z) | dz, we note that
-2 7

L3($)=( i Aloi(= )[( E Akak(z)) zn: AZf’2( )] — Ly(z)

J_.

Thus we have also that

1 E4 ”
| g Lot o < =gl
21 ]1 z n
Using Lemma 2 we have .
Ly(z)dz =
| e

One notes that
2

( E Ak”k(”')) —Ly(2)

and similar to estimation of J T-== | Ly(x) | dz we have
1-2?

J J—|L5z)|dz<cEg” =2(f)

From (2.17) - (2.21) we have

Ey, _ f’)
I,<e 2n 2(
Comblmng (211), (212) and (222) we obtain

1

[ gt Hatr.0)- fo) e < Ehnl)
-z

This proves Theorem 1.

3. REMARKS.

(2.18)

(219)

(2.20)

(2.21)

(2.22)

(2.23)

1. Concerning quasi-Hermite interpolation [5] based on the zeros of Tchebycheff polynomial of

the second kind, there is similar result in Theorem 1.
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2. For almost-Hermite interpolation [6] based on the zeros of (l-z)Js,l/ %-1 2)(1‘) (or
(1+:1:)J$,'1/ 21/ 2)(x)) (where Jg,"’ﬂ )(m) be the Jacobi polynomial), there is similar result of
Theorem 1 also.

Here we omit the details.
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