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THE CONJUGATION OPERATOR ON A;(G)
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Let g > 2. We prove that the conjugation operator H does not extend to a bounded
operator on the space of integrable functions defined on any compact abelian
group with the Fourier transform in ;.
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Let G be a compact abelian group with dual I'. For 1 < g < oo, the space A,
is defined as

Ag(G)={f:feL'G), fel,)} 1)

with the norm || flla, = Il fllp1 + IIflllq. Then A,;(G) is a commutative semisim-
ple Banach algebra with maximal ideal space T', in which the set of trigonomet-
ric polynomials is dense [4]. The A,-spaces have been studied in [1, 6].

If G is, in addition, a connected group, then its dual can be ordered; there
exists a semigroup P C I' such that Pn—P = {0}, PU—P =T (see [5]), and we say
that y eT'is positiveif y e P.If f = 3 f F(y)y is a trigonometric polynomial,
the conjugation operator H is defined as

Hf => sgn(n)f(y)y, (2)

YeF

where sgn(y) =+1ifyeP,-1if ye —P,and 0 if y = 0.

If 1 <q <2, then A;(G) C L?(G), and it is easy to see that H extends to a
bounded operator on A;(G). It was mentioned in [5] that the corresponding
result for g > 2 is not known. Note that H extends to a bounded operator on
A4(G) if and only if H extends to a bounded operator from A, (G) to L'(G). In
[5], the following theorem was proved.

THEOREM 1. Let G be a compact, connected abelian group and P any fixed
order onT. If q > 2 and ¢ is a Young’s function, then the conjugation operator
H does not extend to a bounded operator from A4(G) to L?(G).

We prove in Theorem 2 that H does not extend to a bounded operator on
A4(G), g > 2, thus answering the problem mentioned in [5]. Also, Theorem 1
follows from our theorem (Theorem 2). Theorem 2 was proved for the circle
group in [2] but for the completeness sake, we give it below.
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THEOREM 2. Let G be a compact, connected abelian group and P any fixed
order on T. If q > 2, then the conjugation operator H does not extend to a
bounded operator on A;(G).

PrROOF. We will show that H does not extend to a bounded operator from
Aq(G) to LY(G). The proof is divided into three steps.

STEP 1. Let G =T, the circle group. Suppose that H extends as a bounded
operator from A, to L. Choose po € M(T), fip € I, such that o is not abso-
lutely continuous. Define T: L' — L! by

Tf =H(f *uo), 3)

where T is well defined as f * po € A; and H maps A, into L' by our assump-
tion on H. Hence, T is a multiplier from L! to L!, and therefore is given by a
measure u € M(T) (see [3]). Hence

sgn(n)fo(n) = fi(n). (4)

Observe that

fio = H0+H+IJ0—IJ_

2 2 (>)

Now, (fip + f1)/2 and (fip — f1)/2 are absolutely continuous by F. and M. Riesz
theorem. Hence, [l is absolutely continuous, which contradicts the choice of
Ho. Hence, H is unbounded on A,, g > 2.

STEP 2. Let I be a closed subgroup of G such that H does not extend as a
bounded operator on A;(G/I). Then H does not extend as a bounded operator
on Ay (G).

PROOF. Let (f,) be a sequence of trigonometric polynomials on G/I such
that

[H fullpigm — o ||fn||Aq(G/1) — 0, asn— oo. (6)

Let g, = fnoq,where q: G — G/I is the quotient map. Then it is easily seen that

Hgn = (Hfn) o q, IHgnll1 ) = 1Hfullign, and | fneaqllage) = Ifnllageim-
Hence

lHgnll 1) — o0 ||g7’l||Aq(G) — 0, asn-— o, @)

and Step 2 follows. O

STEP 3. Since G is connected, I contains an element of infinite order, say
Yo (see [3]). Let S denote the subgroup generated by y, and let I = S*. Then
G/H is isomorphic to the circle group T. Now, the proof of the theorem follows
from Steps 1 and 2. O
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