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1. Introduction. In the so-called algebraic approach to quantum systems, one of the
basic problems to be solved consists in the rigorous definition of the algebraic dynam-
ics, that is, the time evolution of observables and/or states. For instance, in quantum
statistical mechanics or in quantum field theory, one tries to recover the dynamics by
performing a certain limit of the strictly local dynamics. However, this can be success-
fully done only for few models and under quite strong topological assumptions (see,
e.g., [22] and the references therein). In many physical models, the use of local observ-
ables corresponds, roughly speaking, to the introduction of some cutoff (and to its
successive removal) and this is in a sense a general and frequently used procedure; see
[8, 10, 21, 23] for conservative systems and [1, 9] for dissipative ones.

Introducing a cutoff means that in the description of some physical system, we know
a regularized Hamiltonian H;, where L is a certain parameter closely depending on the
nature of the system under consideration. The role of the commutator [H;,A], A being
an observable of the physical system (in a sense that will be made clearer in the follow-
ing), is crucial in the analysis of the dynamics of the system. We have discussed several
properties of this map in a recent paper, [14], focusing our attention mainly on the ex-
istence of the algebraic dynamics «; given a family of operators H; as above. Here, in a
certain sense, we reverse the point of view. We start with a (generalized) derivation 6 and
we first consider the following problem: under which conditions is the map 6 spatial
(i.e., implemented by a certain operator)? The spatiality of derivations is a very classical
problem when formulated in *-algebras and it has been extensively studied in the liter-
ature in a large variety of situations, mostly depending on the topological structure of
the *-algebras under consideration (C*-algebras, von Neumann algebras, O *-algebras,
etc.; see [2, 3, 15, 22]). In this paper, we consider a more general setup, turning our at-
tention to derivations taking their values in a quasi *-algebra. This choice is motivated
by possible applications to the physical situations described above. Indeed, if sy de-
notes the *-algebra of local observables of the system, in order to perform the so-called
thermodynamical limits of certain local observables, one endows s with a locally con-
vex topology T, conveniently chosen for this aim (the so-called physical topology). The
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completion o of «o[T], where thermodynamical limits mostly live, may fail to be an
algebra, but it is in general a quasi *-algebra [3, 21, 24]. For these reasons, we start with
considering, given a quasi *-algebra (4, %), a derivation ¢ defined in s taking its val-
ues in ¢, and investigate its spatiality. In particular, we consider the case where § is
the limit of a net {6} of spatial derivations of s{(, and give conditions for its spatiality
and for the implementing operator to be the limit, in some sense, of the operators Hy
implementing the {6 }’s.

The paper is organized as follows. In Section 2, we give the essential definitions of
the algebraic structures needed in the sequel. In Section 3, the possibility of extending 6
beyond «, through a notion of T-closability, is investigated. Section 4 is devoted to the
analysis of the spatiality of *-derivations which are induced by *-representations, and
of the spatiality of the limit of a net of spatial *-derivations. We also extend our results
to the situation where the *-representation, instead of living in Hilbert space, takes its
values in a quasi *-algebra of operators in rigged Hilbert space (qu*-representation).

2. The mathematical framework. Let & be a linear space and 4, a *-algebra con-
tained in # as a subspace. We say that « is a quasi *-algebra with distinguished
*-algebra o (or, simply, over ) if

(i) the left multiplication ax and the right multiplication xa of an element a of
s and an element x of g which extend the multiplication of sy are always
defined and bilinear;
(il) x7(x2a) = (x1x2)a and x; (axz) = (x1a)x> for each x1,x> € dy and a € A,
(iii) an involution * which extends the involution of «, is defined in «{ with the
property (ax)* = x*a* and (xa)* = a*x* for each x € g and a € «.
A quasi *-algebra («4,) is said to have a unit [ if there exists an element [ € sy such
that al = la = a, for all a € #. In this paper, we will always assume that the quasi
*-algebra under consideration has an identity.

Let sdo[T] be a locally convex *-algebra. Then the completion sdo[T] of so[T] is a
quasi *-algebra over #y equipped with the following left and right multiplications: for
any x € dp and a € A,

ax = lignxax, xa= lignxxa, (2.1)

where {x} is a net in sy which converges to a with respect to the topology T. Fur-
thermore, the left and right multiplications are separately continuous. A *-invariant
subspace s of sdy[T] containing s is said to be a (quasi-) *-subalgebra of s{o[T] if ax
and xa are in o for any x € sy and a € s. Then we have

x1(x2a) = lig(nxl (x2xx) = lior‘n (x1x2) x4 = (x1x2)a (2.2)
and similarly,

(ax1)x2 = a(x1x2), x1(axz) = (x1a)x>, (2.3)
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for each x1,x» € do and a € «, which implies that « is a quasi *-algebra over «,, and
furthermore, «[T] is a locally convex space containing ${y as dense subspace and the
right and left multiplications are separately continuous. Hence, ¢ is said to be a locally
convex quasi * -algebra over .

If (d[T],4dp) is a locally convex quasi *-algebra, we indicate with {p, « € I} a di-
rected set of seminorms which defines T.

In a series of papers [7, 11, 12, 13], we have considered a special class of quasi *-
algebras, called CQ *-algebras, which arises as completions of C*-algebras. They can
be introduced in the following way.

Let & be a right Banach module over the C*-algebra «, with involution b and C*-
norm || - ||,, and further with isometric involution *, such that #, C . Set «d,; = (s4,)*.
We say that {d, *,4,,b} is a CQ*-algebra if

(i) A, is dense in o with respect to its norm || - |,
(ii) sdo:=, N, is dense in o, with respect to its norm | - |,

(iii) (ab)* =b*a*, for all a,b € Ay,

(V) Iyl = Supgeqy,jaj<1 layll, ¥ € s..

Since * is isometric, the space ¢ is itself, as it is easily seen, a C*-algebra with
respect to the involution x# := (x*)"* and the norm || x|/, := |[x*||,.

A CQ*-algebra is called proper if s, = «,. When also b = #, we indicate a proper
CQ*-algebra with the notation («, *,sg), since * is the only relevant involution and
Ag=y =dA,.

An example of CQ *-algebrais provided by certain subspaces of B (.1, %_1), B(H 1),
and %B(#_1), the spaces of operators acting on a triplet (scale) of Hilbert spaces gen-
erated in a canonical way by an unbounded operator S > 1. For details, see [3, 11, 12].
From a purely algebraic point of view, each CQ*-algebra can be considered as an ex-
ample of partial *-algebra, [3, 4, 5], by which we mean a vector space ¢ with involu-
tion a — a* (i.e., (a+Ab)* = a* + Ab*; a = a**) and a subset T C o x « such that (i)
(a,b) €T implies (b*,a*) €T; (i) (a,b), (a,c) € T imply (a,b + Ac) € T; and (iii) if
(a,b) €T, then there exists an element ab € « and for this multiplication (which is not
supposed to be associative) the following properties hold: if (a,b) €T and (a,c) €T,
then ab+ac =a(b+c) and (ab)* = b*a*.

In the following, we also need the concept of *-representation.

Let @ be a dense domain in Hilbert space #. As usual, we denote with £ (%) the
space of all closable operators A with domain % such that D(A*) > % and both A and
A* leave 9 invariant. As it is known, 9% is a *-algebra with the usual operations A + B,
AA, AB, and the involution AT = A*|5. Now let o be a locally convex quasi *-algebra
over sy and 1, a *-representation of «y, that is, a *-homomorphism from «, into
the *-algebra £ (%), for some dense domain %. In general, extending 71, beyond s
will force us to abandon the invariance of the domain %. That is, for A € #\«d, the
extended representative 1t(A) will only belong to £t (%, %) which is defined as the set
of all closable operators X in 9 such that D(X) =% and D(X*) D> % and it is a partial
*-algebra (called partial O*-algebra on %) with the usual operations X + Y, AX, the
involution X' = X*|9, and the weak product XoY = Xt*Y whenever Y& c D(X*) and
Xtg c D(Y*).
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It is also known that, defining on 9 a suitable (graph) topology, one can build up the
rigged Hilbert space @ C 3 C @', where 9%’ is the dual of % [18] and one has

LHD) Cc L(D,D), (2.4)

where £(9,%") denotes the space of all continuous linear maps from % into %’. More-
over, under additional topological assumptions, the following inclusions hold: £ (%) c
LD, %) C £(9,9"). A more complete definition will be given in Section 4.
Let (#,50) be a quasi *-algebra, %, a dense domain in a certain Hilbert space ¥,
and 17 a linear map from of into £ (¥, %) such that
(d) m(a*) =m(a)! forall a € o{;
(i) if a € A, x € dy, then w(a)o (x) is well defined and T(ax) = mw(a)o T(x).
We say that such a map 17 is a *-representation of «;
(iii) if 17 (sdo) € L1 (D), then 77 is a *-representation of the quasi *-algebra (4, slg).
Let ™ be a *-representation of «. The strong topology T on 1(s4) is the locally
convex topology defined by the following family of seminorms: {pg(-); & € 9}, where
pe(mr(a)) = l(a)éll, where a € A, & € D
For an overview on partial *-algebras and related topics, we refer to [3].

3. *-Derivations and their closability. Let (#, ) be a quasi *-algebra.

DEFINITION 3.1. A *-derivation of o is a map 6 : sy — o with the following prop-
erties:
1) 6(x*)=35(x)* for all x € do;
(ii) 6(oex+By)=xd(x)+B6(y) for all x,y € Ay and for all ,B € C;
(iii) 6(xy)=x06(y)+0d(x)y forall x,y € .

As we see, the *-derivation is originally defined only on #y. Nevertheless, it is clear
that this is not the unique possibility at hand: 6 could also be defined on the whole
4, or in a subset of & containing s, under some continuity or closability assumption.
Since the continuity of § is a rather strong requirement, we consider here a weaker
condition.

DEFINITION 3.2. A *-derivation 6 of s is said to be T-closable if for any net {xy} C
o such that x4 — 0 and &(xy) — b € s, b = 0 results.

If 6 is a T-closable *-derivation, then we define
D) ={acs:3{xs} CcAgst. T flig‘nx(x =a, §(x«) converges in #{}. (3.1)
Now, for any a € D(5), we put
S(a) =T—lior(n(5(xa), (3.2)

and the following lemma holds.

LEMMA 3.3. Ifd(sdy) C g, then D(S) is a quasi * -algebra over .
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PROOEF. First we observe that D(§) is a complex vector space. In particular, it is
closed under involution. In fact, from the definition itself, if a € D(8), then there exists
anet {xy} T-converging to a. But, since the involution is T-continuous, the net {x}} is
T-converging to a* € si. We conclude that whenever a € D(5), a* € D(9).

Next we show that the multiplication of an element a € D(5) and x € o is well
defined. We consider here the product ax. The proof of the existence of xa is similar.

Since a € D(8), then there exists {x} C sip such that x4 L. a. Moreover, the net
0(xy) T-converges to an element b € o : 6(xy) L b=35). Recalling now that the
multiplication is separately continuous and since, by assumptions, 6(x) € sy, we de-
duce that §(xgx) = 5(xXg)X +xa0(x) = 5(a)x +ad(x), which shows that ax belongs
to D(8) and that §(ax) = T —limgy (X X). O

This lemma shows that, under some assumptions, it is possible to extend 6 to a set
larger than iy which, also if it is different from 4, is a quasi *-algebra over s itself.
This result suggests the following rather general definition.

DEFINITION 3.4. Let (#,4o) be a quasi *-algebra and &% a vector subspace of & such
that (2,4) is a quasi *-algebra. A map 6 : 9 — o is called a *-derivation if
(1) o(sdo) C g and 69 = 6|y, is a *-derivation of sdo;
(ii) ¢ is linear;
(iii) 6(ax) =ad(x)+d(a)x =ado(x)+o6(a)x for all a € P and for all x € .

REMARK 3.5. Because of the previous results, if 5, is T-closable, then its closure
is a *-derivation defined on D(J).

Now we look for conditions for a *-derivation 6 to be closable, making use of some
duality result. For that, we first recall that if (A[T], o) is a locally convex quasi *-
algebra and 6 is a *-derivation of #(, we can define the adjoint derivation 6’ acting on a
subspace D(6") of the dual space &’ of <. The derivation ¢’ is first defined, for w € o’
and x € do, by (6’ w)(x) = w(5(x)) and then extended to the domain

D(S8') = {w € A’ : 6" w has a continuous extension to «}. (3.3)

A classical result, [20], states that 6 is T-closable if and only if D(6") is o (A’, «0)-dense
in 4’. We now prove the following result.

PROPOSITION 3.6. Let 6 : g — A be a *-derivation. Assume that there exists w € A’
such that wlg, is a positive linear functional on s, and

(1) w o6 is T-continuous on Ay;

(2) the GNS representation Tty of g is faithful.

Then 6 is T-closable.

PROOF. First we notice that condition (3.1) above implies that w € D(6"). Secondly,
let x,y,z € dy. Since w(x6(y)z) = wW(6(xyz)) —w(O(x)yz)—w(xyd(z)), we have,
as a consequence of the continuity of w o6 and of w itself,

| (x8(1)2)| < Pa(xy2) +pp(8(x)¥Z) + Py (xV5(2)) < Cx2po (V), (3.4)
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where we have also used the continuity of the multiplication. Cy ; is a suitable posi-
tive constant depending on both x and z. We further define a new linear functional
wx 2 () = w(xyz). Of course we have |w(xyz)| < Dy . p«(y) for some seminorm p
and a positive constant Dy .. It follows that wy ; has a continuous extension to s, which
we still denote with the same symbol. Moreover, since (&' wx,z) (V) = wWxz(6(y)) =
w(x6(y)z), we have [(8'wyx,z) (V)| < Cxzpo(y) for every y € . This implies that
wy,z belongs to D(§") or, in other words, that w - has a continuous extension to #. For
this reason, we have D(d") D linear span{wy,: : x,z € #o}, and this set is dense in s{'.
Were it not so, then there would exist a nonzero element y € sy such that wx-(y) =0
for all x,z € . But this is in contrast with the faithfulness of the GNS-representation
T, since we would also have w(xyz) = (1T (V)Aw (2), Aw(x*)) =0 for all x,z € Ay,
which, in turn, would imply that 17, (y) = 0. O

4. Spatiality of *-derivations induced by *-representations. Let (#,y) be a quasi
*-algebra and 6 a *-derivation of s, as defined in Section 3. Let 7t be a *-representation
of (A, ). We always assume that whenever x € g is such that t(x) =0, m(6(x)) =0
as well. Under this assumption, the linear map

S (m(x)) =(8(x)), X € olo, @.1)

is well defined on 11 () with values in 1 (#) and it is a *-derivation of 1 (). We call
O the *-derivation induced by 7.

Given such a representation 7t and its dense domain %, we consider the usual graph
topology t; generated by the seminorms

E€Dr — |AEIl, ALY (Tn). (4.2)

Calling %7, the conjugate dual of 9, we get the usual rigged Hilbert space @ [t+] C
Hr C D [t}], where t. denotes the strong dual topology of %;;. As usual, we denote
with (%, %;,) the space of all continuous linear maps from %[t;] into QD;T[t{L], and
with 1 (%) the *-algebra of all operators A in %, such that both A and its adjoint A*
map % into itself. In this case, £T (@) C L(Dyr, D). Each operator A € LT (%) can
be extended to all of %7, in the following way:

(Ag',n) = (€, ATn) VE €Dy, n€Dn. (4.3)
Therefore, the multiplication of X € £(%,%%) and A € £ (%) can always be defined:
(XoA)E = X(AE), (AoX)E=A(XE) VEEDg. (4.4)

With these definitions, it is known that (£(%5,%.,), %t (%)) is a quasi *-algebra.
We can now prove the following theorem.

THEOREM 4.1. Let (d,5y) be a locally convex quasi * -algebra with identity and 6 a
*-derivation of do. Then the following statements are equivalent.

(i) There exists a (T — Ts)-continuous, ultra-cyclic * -representation 1t of s, with ultra-
cyclic vector &y, such that the *-derivation 6 induced by Tt is spatial, that is, there exists
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H=H'" € £(Wy,9,) such that HE, € ¥, and
On(m(x)) =i{Hom(x)—Tm(x)oH} Vx € do. (4.5)
(ii) There exists a positive linear functional f on sy such that
fx*x) <p(x)?> Vx e, (4.6)

for some continuous seminorm p of T and, denoting with f the continuous extension of
f to A, the following inequality holds:

| F(800)) | < C(Vf (xxx) +4f (xx%)) Vix € sl 4.7)

and for some positive constant C.
(iii) There exists a positive sesquilinear form @ on s X o such that @ is invariant,
that is,

plax,y) =@(x,a*y) Vaesd, x,y € do; (4.8)
@ is T-continuous, that is,
|@(a,b)| <pla)p(b) Va,besd (4.9)

and for some continuous seminorm p of T; and @ satisfies the following inequality:

l@(6(x),1)] < C(\/(p(x,x) +\/(p(x*,x*)) Vx € do (4.10)

and for some positive constant C.

PROOF. First we show that (i) implies (ii).
We recall that the ultra-cyclicity of the vector &y means that @ = (o) &y. Therefore,
the map defined as

S(x) =(m(x)&, &), x e, 4.11)

is a positive linear functional on s4(. Moreover, since f(x*x) = ||1(x) &, (4.6) follows
because of the (T — T;)-continuity of 7r. As for (4.7), it is clear first of all that f has a
unique extension to & defined as

f(a) =(m(a)&,&), acd, (4.12)
due to the (T — 7¢)-continuity of 1r. Therefore, we have, using (4.5),
| F(800))| = [(Hom(x)E0,80) ~ (HE0, 7 (x*) o) |
< ||HE[I({r () &0, T (x) &) * + (11 (x*) &0, (x*) &)%) Y

so that inequality (4.7) follows with C = ||[HE]|.



1084 F. BAGARELLO ET AL.

We now prove that (ii) implies (iii). For that, we define a sesquilinear form ¢ in the
following way: let a,b be in s and let {x}, {)g} be two nets in sy, T-converging,
respectively, to a and b. We put

P(a,b) =1lim f (v x). (4.14)

It is readily checked that @ is well defined. The proofs of (4.8), (4.9), and (4.10) are
easy consequences of definition (4.14) together with the properties of f.

To conclude the proof, we still have to check that (iii) implies (i).

Given @ as in (iii) above, we consider the GNS-construction generated by @.

Let Ny = {a € A; @(a,a) = 0}; then d/Nyp = {Ap(a) = a+ Ny, a € s} is a pre-
Hilbert space with inner product (A (a), Ay (b)) = @(a,b), a,b € Ay (A). We call #,,
the completion of Ay (s4) in the norm || - [, given by this inner product. It is easy to
check that Ay (sd) is [ - |p-dense in #,. In fact, due to the definition of locally convex
quasi *-algebra, given a € #, there exists a net x, C sy such that x4 — a. Therefore,
we have, using the continuity of @,

[|Ap(a) —)\c,,(xo()H?p = H)\q,(a—xa)H(Zp —pla-xaa-x&) <pla-—xq)° —0. (4.15)
We can now define a *-representation 1, with ultra-cyclic vector Ay (1) as follows:
Ty (A)Agp(X) = Ap(ax), aecd, x e dp. (4.16)

In particular, the fact that Ay, (1) is ultra-cyclic follows from the fact that g, (sdg)Ag (1)
= Ay (sdp) is dense in ¥,. Moreover, the representation 1y, is also (T — T,)-continuous;
in fact, taking a €  and x € sy, we have

1T (@) Ae (X)|[5 = [[Ap (ax) | = @(ax,ax) < (p(ax))’ <y (p' (@)%,  (4.17)
The last inequality follows from the continuity of the multiplication. This inequality
shows that whenever T —limy x« = a, then T, —limy Ty (X ) = g (a).

This construction produces a *-representation 1y, with all the properties required
for 7 in (i). As a consequence, we can define a *-derivation 6r, induced by 1Ty, as in
(4.1): 67, (T (x)) = 1Ty (6(x)) for x € . The proof of the spatiality of 55, generalizes
the proof of the analogous statement for C*-algebras (see, e.g., [15]).

Let 3y, be the conjugate space of ¥, with inner product

(Aw(x)'Aqv(y))%: <)\<p(y)y2\m(x)>%q7- (4.18)

From now on, we will indicate with the same symbol (-,-) all the inner products
whenever no possibility of confusion arises.

Let Jly be the subspace of @?Tcp spanned by the vectors {Ag (x),Ap (X*)}, x € .
We define a linear functional Fy, on Jlgy by

Fp({Ap(x),Ap(x*)}) =i@(d(x),1), x € slo. (4.19)
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Inequality (4.10), together with the equality | {Ag (x),Aq (X*) |2 = @ (x,X) + P (x*,x*),
shows that f;, is indeed continuous so that by Riesz’s lemma, there exists a vector
{€1,52} € ¥y @ ¥y such that

Fp({Ap (x), 40 (x™)}) = ({Ag (x),A¢ (x*)}, {1, E2})

(4.20)
= <A(D(X)!§1> + <§2!A(P(X*)>'
Using the invariance of @, we also deduce that
Fp({Ag (x),Aq (x*)}) = i@ (5(x),1) = —ip(5(x*),1), (4.21)
which, together with (4.20), gives
1
;@(5(36),1) = (A (x),n) —(N,Ap (x*)), x € o, (4.22)
where we have introduced the vector n as
I 3 (4.23)
2
Now we define the operator H in the following way:
HAyp(x) = %/\q,(é(x))+ﬁ¢,(x)n, x € do, (4.24)

where 71y, indicates the extension of 1y, defined in the usual way, which we need to
introduce since n belongs to ¥, and not to %, in general.

First of all, we notice from (4.24) that HA, (1) = n € ¥, as stated in (i). Moreover, H
is also well defined and symmetric since for all x,y € ),

(HTtp (X)Ap (1), T (1) Ap (1)) — (1T (X)Agp (1), HTTp (V) Ay (1))
= (H/\w(x),/\w(y)> - (A(P(X):HAW(J/)>
1 . 1 .
= <(;A(I)(6(x)) +7T<p(x)rl>17\cp(Y)> - </\cp(x), (;f\cp((s(y)) +7T<v(y)rl>> (4.25)

= %(qo(é(x),y) +@(x,0(3))) + (Trp (x)N, A0 (1)) = (Ag (x), Tt (V) 1)

= 2@ (5(07%),1) + (1,05 (")) ~ (g (¥*x),1) = 0.



1086 F. BAGARELLO ET AL.

This last equality follows from (4.22). We finally have to prove that H implements the
derivation 6%. For this, let x,y,z € sdp. Then we have

i((H oty (X)Ap (1),A¢(2)) = (T (x) e HA (1),A¢ (1))
=i((HAp(xy),Ap(2)) — <H/\q7(y),/\w(X*y)>)

(/1 -
=L(<;/\¢(5(Xy))+1T<p(XJ’)'77/\cp(Z)> (4.26)

1 N
- <;?\<p(5(y)) +1Tcp(y)n,?\<p(X*Z)>)
=@ (5(x)¥,2) = (T (5(x))Ae (5(1)), A0 (5(2))).
Again, we made use of (4.22). O

REMARK 4.2. If we add to a spatial *-derivation 8¢ a perturbation 6, such that ¢ =
00+ 0p is again a *-derivation, it is reasonable to consider the question as to whether ¢ is
still spatial. The answer is positive under very general (and natural) assumptions: since
0y is spatial, the above proposition states that there exists a positive linear functional
f on sy whose extension f satisfies, among the others, inequality (4.7): \f(éo(x))\ <
C(\/f(x*x) + \/f(xx*)) for all x € dy. If we require that 6, satisfies the inequality
If(ép(x))l < If(éo(x))l for all x € sly, which is exactly what we expect since 6§, is
small compared to 6y, we first deduce that 6, is spatial and, since for all x € sy,
If(é(x))l < 2C(\/f(x*x) +\/f(xx*)), using the same proposition, we deduce that &
is spatial too. If H, Hy, and H, denote the operators that implement, respectively, 6,
8o, and &, we also get the equality i[H,Aly = i[Ho+ H,,Aly for all A € T (%) and
Y € Dy

The problem of the spatiality of a derivation is particularly interesting when dealing
with quantum systems with infinite degrees of freedom. The reason is that for these
systems, we need to introduce a regularizing cutoff in their descriptions and remove
this cutoff only at the very end. Specifically, something like this can happen: the physical
system & is associated to, say, the whole space R3. In order to describe the dynamics of
&, the canonical approach (see [15] and the references therein) consists in considering a
subspace V c R3, the physical system ¥y which naturally lives in this region, and writ-
ing down the so-called local Hamiltonian Hy for ¥y. This Hamiltonian is a selfadjoint
bounded operator which implements the infinitesimal dynamics oy of ¥y. To obtain
information about the dynamics for ¥, we need to compute a limit (in V) to remove
the cutoff. This can be a problem already at this infinitesimal level (see also [14] and
the references therein) and becomes harder and harder, in general, when the interest
is moved to the finite form of the algebraic dynamics, that is, when we try to integrate
the derivation. Among the other things, for instance, it may happen that the net Hy
or the related net 6y (or both) does not converge in any reasonable topology, or that
Oy is not spatial. Another possibility that may occur is the following: Hy converges (in
some topology) to a certain operator H and dy converges (in some other topology) to a
certain *-derivation &, but ¢ is not spatial or, even if it is, H is not the operator which
implements .
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However, under some reasonable conditions, all these possibilities can be controlled.
The situation is governed by the next proposition which is based on the assumption
that there exist a (T — T;)-continuous *-representation 7t in the Hilbert space ¥, which
is ultra-cyclic with ultra-cyclic vector &g, and a family of *-derivations (in the sense of
Definition 3.1) {J,, : n € N} of the *-algebra <, with identity. We define a related family
of *-derivations 61(7") induced by T, defined on 11 (s4(), and with values in 71 (s):

S (1r(x)) =1 (5n(x)), X € slo. 4.27)

PROPOSITION 4.3. Suppose that
(i) {0n(x)} is T-Cauchy for all x € HAy;
(i) for eachn € N, 651") is spatial, that is, there exists an operator H,, such that

H, = H} € $(9r,97%),
(4.28)
Hp& €Hr, SV (m(x)) =i{Hyom(x)—1(x)oHy} Vx € s

(iii) sup, [|Hn&oll =: L < oo.
Then
(a) there exists 6(x) = T —1limd, (x) for all x € Ay, which is a *-derivation of do;
(b) O, the *-derivation induced by T, is well defined and spatial;
(¢) if H is the selfadjoint operator which implements 5, and if {(Hy, —H)&j,&) — 0
for all & € Dy, then H,, converges weakly to H.

PROOF. (a) This first statement is trivial.
(b) For a,b € 4, we put @(a,b) = (1t(a)&, (b)&)). Then @ is an invariant positive
sesquilinear form on % X & since

@(ax,y) = (m(ax)&,m(¥)&) = (m(a)m(x)&, T (¥)&)
(4.29)
= (m(x)&,m(a*)m(¥)&) = p(x,a*y)

forall a € & and x,y € dy. @ is T-continuous: if a,b € A,
|@(a,b)| = [(m(a)Eo, m(b)Eo) | <||m(a)Eoll||rr(D)Eo|| < Pa(a)pu(b), (4.30)

for some continuous seminorm p, on #, because of the (T — 7)-continuity of 7.
From this inequality, we deduce that for x € ),

|®(6(x),1) | = lim [ (6 (x),1) |
=lim | (Hy ot (x)Ep, E0) — (TT(x) 0o Hy o, Eo) |
= hmnsuP | (Hp o1t (x)&0,&0) — (1T (x) 0 Hp &0, E0) | (4.31)

< limsup [|Hn 8ol (||77 () Eol | + [l (x™) oll)

sL(\/(p(x,x) +\/(p(x*,x*)).
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This sesquilinear form ¢ satisfies all the conditions required in Theorem 4.1(iii).
Then, following the same steps as in the proof of Theorem 4.1, (iii)=(i), we construct
the GNS-representation 1y, associated to . We call ¥y, &p, and Hy,, respectively, the
Hilbert space, the ultra-cyclic vector, and the symmetric operator implementing the
derivation associated to 1. Among others, the following equality must be satisfied:

@(a,b) = (rm(a)&,m(b)&) = (TMp(a)Ep,Tp (b)Ey) Va,b € d, (4.32)

which implies that 71y, and 7t are unitarily equivalent, that is, there exists a unitary
operator U : #n — ¥ such that Uy = &, Unt(a)U™! = 1y (a), for all a € 4, and
U is continuous from Dy [t ] into Dy [te ]. We prove here only this last property. Let
X,y € dp; we have

I (U (x) &0l = [[UT ()11 (x) Eollg, = [T () 1T (x) ol (4.33)

which implies that U* can be extended to an operator U* 1Dy, — D We have now
S (Tl (X)) = T, (6(x)) =UT(6(x)) U™ = Ubr(m(x))U T, (4.34)

which implies that 6, (1T(x)) = U’lénq, (1T (x)) U. Since 6, is well defined, this equal-
ity implies that also &, is well defined. Indeed, we have

m(x) =0= Tp(X) = 0= Ony, (T (X)) =0 = 6 (1(x)) = 0. (4.35)
Now we define H = U"'HgUlg,,. Then

S (T1(x)) = U 87y, (T (x)) U

= iU (Hgp o Ty (X) — T (x) 0 He ) U

(4.36)

=i(U 't HpU o Uty (x)U - U 11, (x) U o U™ Hy, U)

=i(Hom(x)-1(x)0°H),

which allows us to conclude.
(c) For x, v,z € sy, we have, using the definition of ¢ and its T-continuity,
@ (Sn(x)y,z) = (85 (1 (x)) 1T (¥) &0, (2) E0)
= i({(Hpom(x))1(y)&0,(2)&0)

(4.37)

— (1 (x) o Hy) () &0, (2)E0))

— @(6(x)y,2).
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Since ((11(x) o Hp) 1 ()&, m(2)E0) = (Hpmt () &0, m(Xx*2)E)), we deduce that, tak-
ing y =1, {(11(x) 0o Hy) &0, T (2)&0) = (Hn&o, T (x*2)E0) — (HEo, m(x*2)Ep) because of
the assumption on H,. Then, since

P (6(x),z) = i{(Hom(x))&,1(2)&0)

—((1(x) o H) &0, (2) &), (4.38)

we get, by (4.37), that ((H,1(x))&0,1(2)&0) — ((HTT(x))&0,1(2) &) for all x,z € sdy.
Then H,, converges weakly to H. 0

EXAMPLE 4.4 (a radiation model). In this example, the representation 7t is just the
identity map. We consider a model of n free bosons, [6], whose dynamics is given by
the Hamiltonian, H = Zf‘zl af a;. Here a; and a;r are, respectively, the annihilation and
creation operators for the ith mode. They satisfy the following CCR:

[aial]=16,;. (4.39)

Let Q; be the projection operator on the subspace of 7 with at most L bosons. This oper-
ator can be written considering the spectral decomposition of H; = a;rai =30 lEl(i).
We have Q; = z?ZIZlLZOE{i). We now define a bounded operator H; in ¥ by H; =
Q1 HQ;. Tt is easy to check that, for any vector &, with M bosons (i.e., an eigen-
state of the number operator N = H = Z{‘:lafai with eigenvalue M), the condition
sup; [[H ®y || < oo is satisfied. In particular, for instance, sup; [|[H.®oll = 0. It may be
worth remarking that all the vectors ®,; are cyclic. Denoting with 6; the derivation
implemented by H; and by 6 the one implemented by H, it is clear that all the assump-
tions of Proposition 4.3 are satisfied so that, in particular, the weak convergence of Hy
to H follows. This is not surprising since it is known that H; converges to H strongly
on a dense domain [6].

EXAMPLE 4.5 (a mean-field spin model). The situation described here is quite dif-
ferent from the one in the previous example. First of all (see [8, 10]) there exists no
Hamiltonian for the whole physical system but only for a finite volume subsystem:
Hy = (1/|V|) 3 jev 0409, where i and j are the indices of the lattice site, o7} is the
third component of the Pauli matrices, V is the volume cutoff, and |V| is the number
of the lattice sites in V. It is convenient to introduce the mean magnetization operator
0'3‘/ =(1/1VD) Diey 0'3i. We indicate with 1; and !; the eigenstates of 0'3i with eigenvalues
+1 and —1, respectively. We define ®; = ®;cy 1;. It is clear that (73‘/% = &, which im-
plies that Hy®; = |V |®;, which in turn implies that supy, ||[Hy®; || = c. This means that
the cyclic vector ®; does not satisfy the main assumption of Proposition 4.3, and for
this reason, nothing can be said about the convergence of Hy. However, it is possible
to consider a different cyclic vector

Pp=---®1;10!;®1j11®!j 20" - (4.40)
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which is again an eigenstate of ¢y . Its eigenvalue depends on the volume V. However,
itis clear that ||03‘,/<I>0H =(1/|V])||®glley, where €y can take only the values 0, 1. Analo-
gously, we have ||[Hy®oll = (1/|V]) Hd)olle%/ — 0. This means that this vector satisfies the
assumptions of Proposition 4.3 so that the derivation 6y (-) = i[Hy, -] converges to a
derivation 6 which is spatial and implemented by H, and that Hy is weakly convergent
to H.

As we see, contrary to Example 4.4, the choice of the cyclic vector which we take as
our starting point is very important in order to be able to prove the existence of 9, its
spatiality, and convergence of Hy to a limit operator. It is also worth remarking that
the same conclusions could also be found replacing ®, with any vector which can be
obtained as a local perturbation of ®, itself.

REMARK 4.6. All the results we have proved above can be specialized to CQ*-
algebras, which can be considered as a particular example of locally convex quasi *-
algebras. The main difference in this case concerns statement (c¢) of Proposition 4.3:
the weak convergence of H, to H, in this case, is replaced by a strong convergence. In
more details, referring to the example of Section 2 and calling Q € ¥ a cyclic vector,
we can prove that if || (H,, —H)QJ|_; — 0, then || (H, —H)AQ]||_; — 0 for all A € B(¥,1).

The following result gives an interplay between the results of this section and of
the previous sections. In particular, we consider now the possibility of extending the
domain of definition of the derivation ¢ (as we did in Section 3) defined as a limit of
a net of derivations 6, (as we have done in this section). For this, we first need the
following definition.

DEFINITION 4.7. Let (A[T],5o) be alocally convex quasi *-algebra. A sequence {6}
of *-derivations is called uniformly T-continuous if for any continuous seminorm p on
d, there exists a continuous seminorm q on « such that

p(6n(x)) <q(x) Vxedy VneN., (4.41)

We can now prove the following.

PROPOSITION 4.8. Let 6 be the T-limit of a uniformly T-continuous sequence {6} of
*-derivations such that the set

G(5) = {xeﬂo:fl'r—liyrln&n(x)} (4.42)

is T-dense in do. Then, § is a * -derivation and, denoting with 8, the continuous extension
of 6 to A, we have {x € A : 31 —-1lim, 6, (x)} = A.

PROOF. The proof that ¢ is a *-derivation is trivial.

Let a be a generic element in #. Since, by assumption, %(d) is T-dense in g, and
therefore in o, there exists a net {x,} C D(J) T-converging to a. This means that for
any continuous seminorms p and for any € > 0, there exists &, such that p(a—xy) <€
for all @ > &pe.
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Take an arbitrary continuous seminorm p on «. Let g be the continuous seminorm
on o satisfying (4.41). Then,

p(Sn(ﬂ) *5m(ﬂ)) = p(gn(afxo()) +p((5n*5m)(x(x)) +p(5m(afxzx))

52@(a_xtx)+p((5n—5m)(xa)) (4.43)

for all fixed & > g4, and n, m large enough. This completes the proof. |

All the results obtained in this section rely on the fact that there exists one under-
lying Hilbert space related to the representation, in the case of locally convex quasi
*-algebras, or to triplets of Hilbert spaces for CQ *-algebras. However, it is known that
in some physically relevant situation like in quantum field theory, the relevant operators
are the quantum fields and these operators belong to £(%,%") for suitable %, instead of
being in some £t (%, %). This motivates our interest for the next result, which extends
in a nontrivial way Proposition 4.3. Before stating the main proposition (Theorem 4.10),
we need to introduce some definitions.

Let (#A,49) be a quasi *-algebra and 11y a *-representation of s{y on the domain
Dy C . This means that 1y maps sy into Pt (Dry) and that 1 is a *-homomor-
phism of *-algebras. As usual, we endow %, with the topology ¢4, the graph topology
generated by £t(%r,). In this way, we get the rigged Hilbert space %y, C #x, C Dirys
where QD;TO is the dual of @r,[t4+]. On ED;TO, we consider the strong dual topology tﬁr
defined by the seminorms

IFllg =sup|(F,&)|, M bounded in Dr,[t+]. (4.44)
3

e

In $(D,, D7, ), we consider the quasi-strong topology T4s defined by the seminorms
LDy Dry) 2 X — IXEll, & € Drry, M bounded in Dy, [t4], (4.45)
and the uniform topology T4 defined by the seminorms

LDy, D) 2 X — [ Xl = sup [(XE,n)|, M bounded in Dr,[t;]. (4.46)
Enea

DEFINITION 4.9. Let (s4,5) and 119 be as above. A linear map 1 : A — £ (D, D}, ) is
called a qu*-representation of s associated with 11y if 7T extends 1y and

m(a*) =m(a)t Vaed;
4.47)
m(ax) =m(a)my(x) Vaed, x €d.

THEOREM 4.10. Let (A, o) be a locally convex quasi * -algebra with identity and with
topology T and 6 a *-derivation of .
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Then the following statements are equivalent.
(i) There exists a (T —Tys)-continuous, ultra-cyclic qu* -representation 1 of (s4,slo),
with ultra-cyclic vector &y such that the *-derivation 6 induced by Tt is spatial,
that is, there exists H = Ht € $(D, D) such that

On(m(x)) =i{Hom(x)—m(x)oH} Vx € . (4.48)

(ii) There exist a positive linear functional f on sy and a sesquilinear positive form
Q on Ay X Ay such that
(@) for some continuous seminorm p on A[t],

flx*x) <p(x)?* Vxed; (4.49)
(b) if f is the continuous extension of f to #, then the inequalities
I F(r*x)| < p(x)Q(y, )% Vx,y € sly, (4.50)

hold for some continuous seminorm p;

| F(v*ax)| < yaQ(x,)'?Q(y,)? Vx,y esly, acsd (4.51)

and for some positive constant y,;
(d)

| F(800) | =C(Qx,0 2 +Q(x*,x*) ) vx €y (4.52)

and for some positive constant C;
(e) for any ultra-cyclic * -representation ©® of ¢, with ultra-cyclic vector &y, sat-
isfying

f(x) =(0(x)&0,E0) (4.53)
for all x € dy, the sesquilinear form on %o X %g, Do = O(Ay)&p, defined by
Po(0(x)&0,0(1)&0) = Q(x,y), (4.54)

is jointly continuous on @g[t+].

PROOF. We prove that (i) implies (ii). For this, let 7 be a (T — T4,)-continuous, ultra-
cyclic qu*-representation of « associated with 11y, with ultra-cyclic vector &y: 1 (o) Eo
= 9. For all x € dy, we define f(x) = (119(x)&p, Eop). Then, since 1T coincides with 11
on sy and since 77 is (T — T4s)-continuous, we have

F(x*x) = (0 (x*x) €0, &) = (T (x*x)E0, &) = || () &|[* < p(x)? (4.55)

for some continuous seminorm p of [7]. In fact, ||t (x)&l is one of the seminorms
defining 4. If f is called the continuous extention of f, it is clear that for any a € 4,
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we have f(a) = (1 (a)&p, &y). Therefore, for x,y € «dy and a € «, we have

f(y*ax) = (m(y*ax)&, &) = (m(ax)&,m () Eo)

(4.56)
= (m(a) 1o (x) &0, 0 () E0),

and since, by assumption, 1t (a) 11 (x)&p is a continuous functional on %[t ], there exist
a positive constant y and a continuous seminorm on %[t ] such that

| f(y*ax)| < y||[Tmo (1) &l (4.57)

where T € $T (%) labels the seminorm. The best value of y can be found considering
the following bounded subset Jt of G [t;]: M = {€ € D : | TE|| = 1}. In this way, we get

|f(y*ax) | < |l (a)mo(x) &l | TT0 () Eol| < px(@)|| TTr0 (1) Eo| - (4.58)

The last inequality follows from the (T — T45)-continuity of 7r. Furthermore, since 11 (a)
belongs to £(%,%~), the following inequality also holds:

[Tt (@) 1m0 (x) ol | < y2l|CTT () ol (4.59)

for a certain positive constant y» and an operator C € £ (J).

Moreover, since f(6(x)) = i{{(mm(x)&y,HEy) — (HEy, m(x*)&)}, and since, as a func-
tional, HE, is continuous, there exist a B € £1(%,) and a positive constant y; such
that

| F(500)) | = y1(||BTt () Eo|| + ||BTr (x*) Eol]). (4.60)

Inequalities (4.57), (4.59), and (4.60) refer to three elements of £1(%,): B, C, and T.
It is always possible to find another element A € £ (%) such that

ARl = 1Bnll, IlAnll=ITnll, IAnlzIlCnll Vn&%x. (4.61)
We now define the positive sesquilinear form Q on sy X #y as
Qx,y) = (A (x) &0, ATT(¥)E0), X,¥ € do. (4.62)

Then, because of (4.61), inequalities (4.49), (4.50), (4.51), and (4.52) easily follow.
As for the joint continuity of @y, we start noticing that since f(x) = (1o (x)&o,&0) =
(O(x)&o,&p), then O is unitarily equivalent to 1y since they are both unitarily equivalent
to the GNS-representation 17y defined by f on s4g because of the essential uniqueness
of the latter. Thus, there exists a unitary operator U : %y — ¥, with & = U&p and
such that O(x) = U 1y (x)U.

By the definition itself,

Py (10 (X) &0, M0 (1) E0) = Qx,y) = (AT (x) &0, ATT0 (V) &), (4.63)
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then @, is jointly continuous on %, [¢;]. Therefore,

Po(0(x)&0,0(¥)&0) = Q(x,¥) = (Ao (x)E0, ATT0 (1) Eo)

(4.64)
= (UTAUO(x)E0, U AUO(y)Ep)
and @y is jointly continuous on %g[t+] too.

We prove now the converse implication, that is, (ii) implies (i).

We assume that there exist f and Q satisfying all the properties we have required in
(ii). We define the following vector space: N = {a € s : f(a*x) =0Vx e dgy}. Itis clear
thatif a € Ny and y € sy, then ya € Nr. We denote with A¢(a), for a € s, the element
of the vector space s¢/N containing a. The subspace Af(sdy) = {Af(x), x € slo} is a
pre-Hilbert space with inner product

Ar(),Ap () = f(¥*x), x,¥ € o, (4.65)
and the form (Af(x),Ar(a)) = f(a*x), x € sdo, a € o, puts A/Ny and Ag(sdp) in sep-
arating duality. Now we can define an ultra-cyclic *-representation 7ty of ¢ in the
following way: its domain %, coincides with Af(sdg), and 1o (x)Ar(y) = Ar(xy) for
x,y € do. The vector Ag(1) is ultra-cyclic and f(x) = (mo(x)Ar(1),Ar(1)), for all
x € slp. Therefore, the sesquilinear form @, (1o (x)A (1), Mo (¥)Af(1)) = Q(x,y) is
jointly continuous in %, [t+].

We now claim that ¢/Ny C QD;TO, the dual space of %r,[t+]. This follows from the
joint continuity of @, which gives the following estimate:

|Q(x, )| < y||A () A (D[ []A 110 () A £ (1) ], (4.66)

which holds for all x, y € sig, for suitable y > 0, and A’ € ¥t (D). Using the extension
of (4.50) to Ay x A and (4.66), we find

(A, Ap(@) ] = | fla*x)| < p@Q(x,x)V? <y 2p(a)||A'mo(x)Af (D), (4.67)

which implies that Ay (a) € 97, .

We can now extend 11 to & in a natural way: for a € s, we put w(a)Ag(x) = Ag(ax)
for all x € #y. For each a € s, w(a) is well defined and maps %, [t+] into EZ)’T,O[t;]
continuously. Moreover, 11 is (T — T4s)-continuous. The induced derivation 6, is well
defined, as is easily checked, and its spatiality can be proven by repeating essentially
the same steps as in Theorem 4.1. |

REMARK 4.11. In the so-called Wightman formulation of quantum field theory (see,
e.g., [19]), the point-like A(x), x € R*, can be a very singular mathematical object such
as a sesquilinear form depending on x and defined on % x %, where % is a dense domain
in Hilbert space %. The smeared field is an operator-valued distribution f € ¥(R*) —
£H(D), $(R*) being the space of Schwartz test functions. If f has support contained in
a bounded region 0 of R*, then A(f) is affiliated with the local von Neumann algebra
s1(0) of all observables in O.
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A reasonable approach [16, 17] consists in considering the point-like field A(x), for
each x € R*, as an element of £(%,%’), once a locally convex topology on % has been
defined. A crucial physical prescription is that the field must be covariant under the
action of a unitary representation U(g) of some transformation group (such as the
Poincaré or Lorentz group) and, as it is known, the infinitesimal generator H of time
translations gives the energy operator of the system which defines in a natural way a
spatial *-derivation of the quasi *-algebra (s, () of observables.

There could be however a different approach. This occurs when a field x — A(x) is
defined on the basis of some heuristic considerations. In order that A(x) represents
a reasonable physical solution of the problem under consideration, covariance under
some Lie algebra of infinitesimal transformation must be imposed. For infinitesimal
time translations, this amounts to find some *-derivation 6 of the quasi *-algebra ob-
tained by taking the weak completion of the *-algebra <, generated by the local von
Neumann algebras s(0), with 0 a bounded region of R%. But, of course, a number of
problems arises.

The first one consists in finding an appropriate domain % for the family of operators
{A(f); f € Y(R*)} and an appropriate topology on & in such a way that A(x) € £(%,%’)
for every x € R*. Once this is done, if the identical representation has the properties
required in Theorem 4.10, then a symmetric operator H implementing 6 can be found
and one expects H to be the energy operator of the system. But, as it is well known, the
problem of integrating ¢ is far to be solved even in much more regular situations than
those considered here. We hope to discuss these problems in a future paper.
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