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A new method for constructing Clifford algebra-valued orthogonal polynomials in the open
unit ball of Euclidean space is presented. In earlier research, we only dealt with scalar-valued
weight functions. Now the class of weight functions involved is enlarged to encompass Clif-
ford algebra-valued functions. The method consists in transforming the orthogonality re-
lation on the open unit ball into an orthogonality relation on the real axis by means of
the so-called Clifford-Heaviside functions. Consequently, appropriate orthogonal polynomi-
als on the real axis give rise to Clifford algebra-valued orthogonal polynomials in the unit
ball. Three specific examples of such orthogonal polynomials in the unit ball are discussed,
namely, the generalized Clifford-Jacobi polynomials, the generalized Clifford-Gegenbauer
polynomials, and the shifted Clifford-Jacobi polynomials.

2000 Mathematics Subject Classification: 12E10, 30G35.

1. Introduction. In a series of papers [4, 5, 6, 8, 9], higher-dimensional wavelets and
their corresponding continuous wavelet transforms have been studied in the frame-
work of Clifford analysis. Clifford analysis, centred around the notion of monogenic
functions, may be regarded as a direct and elegant generalization to higher dimensions
of the theory of holomorphic functions in the complex plane. An essential step in the
construction of these Clifford-wavelets is the introduction of specific polynomials sat-
isfying orthogonality relations with respect to scalar-valued weight functions. These
polynomials originate as a result of a particular Clifford analysis technique, the so-
called Cauchy-Kowalewski extension of a real-analytic function in R to a monogenic
function in R™*!, The Clifford-Hermite polynomials, the Clifford-Gegenbauer polynomi-
als, and the Clifford-Laguerre polynomials constructed this way all give rise to wavelets
in R™, since they all satisfy the necessary admissibility condition. For an account of the
continuous wavelet transform in Clifford analysis and an overview of the generalized
orthogonal polynomials and their corresponding wavelets thus far obtained, we refer
the reader to [3].

In this paper, we develop a different method for constructing Clifford algebra-valued
orthogonal polynomials in the open unit ball of Euclidean space. It should be empha-
sized that the class of weight functions, which up to now always were scalar-valued,
is now enlarged to encompass Clifford algebra-valued real-analytic functions. In order
to make the paper self-contained, a section on definitions and basic properties of Clif-
ford algebra and Clifford analysis is included (see Section 2). In Section 3, the general
method of our approach is presented. It consists, roughly speaking, of transforming
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the orthogonality relation on the open unit ball into an orthogonality relation on the
real axis. Crucial to this transformation are the so-called Clifford-Heaviside functions;
they generalize to higher dimensions the Heaviside step-function on the real axis and
are a typical feature of Clifford analysis. Apparently our construction method is sim-
ple, but it should nevertheless be emphasized that this is entirely due to the power of
Clifford analysis and the existence of these idempotent Clifford-Heaviside functions,
inexistent in complex or harmonic analysis.

The method is then applied to three specific cases; in each of the cases known or-
thogonal polynomials on the interval [-1, 1] or [0, 1] lead to orthogonal Clifford algebra-
valued polynomials in the open unit ball. The obtained generalized Clifford-Jacobi poly-
nomials (see Section 4) and shifted Clifford-Jacobi polynomials (see Section 7) are new;
the generalized Clifford-Gegenbauer polynomials (see Section 6) coincide, up to con-
stants, with the generalized Gegenbauer polynomials which were already introduced in
[10], albeit in a different way. A number of those higher-dimensional orthogonal poly-
nomials are explicitly calculated and in most cases an explicit recurrence relation is
established.

2. Clifford algebra and Clifford analysis. Clifford analysis (see, e.g, [7, 11]) offers
a function theory which is a higher-dimensional analogue of the theory of the holo-
morphic functions of one complex variable. The functions considered are defined in
R™ (m > 1) and take their values in the Clifford algebra R,, or its complexification
Cim =Ry, ®C. If (e1,...,e;,,) is an orthonormal basis of R™, then a basis for the Clifford
algebra R,, is given by (e4 : A C {1,...,m}) where ez = 1 is the identity element. The
noncommutative multiplication in the Clifford algebra is governed by the rules

2 _ L
ej——l, Jj=1,....m, 2.1)
ejextexe;j =0, j#k, jk=1,...,m. '

Conjugation is defined as the anti-involution for which
Ej=—ej, j=1,...,m, (2.2)

with the additional rule i = —i in the case of C,,.
For k =0,1,...,m fixed, we call

ck = { D> ases; as € c} (2.3)

#A=k

the subspace of k-vectors, that is, the space spanned by the products of k different
basis vectors.

The Euclidean space R™ is embedded in the Clifford algebras R,, and C,, by identi-
fying (x1,...,x,) with the vector variable x given by

m
X=> ejxj. (2.4)
i
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The product of two vectors splits up into a scalar part and a 2-vector or a so-called
bivector part:

XY=X-Y+XNY, (2.5)

where

m m (2.6)
XAy =2 D ejer(xyvi—xkyi)-
Jj=1k=j+1
In particular,
x?=—(x,x) = —|x|% (2.7)

In the sequel, the so-called Clifford-Heaviside functions

L x 1y x
P =5 1+L|£| , P =5 1 l‘£| (2.8)

will play an important role; they were introduced independently by Sommen in [13] and
McIntosh in [12].

Introducing spherical coordinates in R™ by
x=rw, v=|x|€[0,+c[, weSs"!, (2.9)

with $™~1 the unit sphere in R™, the Clifford-Heaviside functions can be rewritten as

1 1 ,
P+=§(1+ig), P_=§(1—1Q). (2.10)
They are selfadjoint mutually orthogonal primitive idempotents

P +P =1, PP =P P =0, (P")°=pP", (P )°=P. (2.11)

Furthermore, we have

I+

iwP* = +P* (2.12)
and hence
ixP* = xrP~. (2.13)

The central notion in Clifford analysis is the notion of monogenicity, the higher di-
mensional analogue of holomorphicity.

An R,,- or C,,-valued function F(x1,...,X) is called left monogenic in an open re-
gion of R™ if in that region

d,F = 0. (2.14)
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Here 0y is the Dirac operator in R™:
m
Ox = ). €j0x;, (2.15)
j=1

an elliptic vector differential operator of the first order, splitting the Laplacian
A = —0%. (2.16)

The notion of right monogenicity is defined in a similar way by letting the Dirac operator
act from the right.

Let QO C R™ be open, let C be a compact orientable m-dimensional manifold with
boundary 0C, and define the oriented R,,-valued surface element do, on 0C by

m
doy = > (-1)/e;dx;, (2.17)
j=1
where
d)?j :dx1 VAN /\[de] VAN /\dxm, J = 1,2,...,m. (2.18)

If n(x) stands for the outward pointing unit normal at x € 0C, then
doy =n(x)d(x), (2.19)

dX(x) being the Lebesgue surface measure.
Suppose that f € C;(Q) is right monogenic in Q. Then Cauchy’s theorem states that,
for each C c Q,

J’acf(&)dok =0. (2.20)

An important particular example occurs in the following case: take f = 1 and C =
B(1) = {x € R™; |x| < 1} the closed unit ball in R™. Then 0C = S™~! and at each point
w € S™ ! n(w) = w, whence do, = wdS(w) with dS(w) the Lebesgue measure on
sm-1

Consequently, we have

Ism—l wdS(w) =0, (2.21)

confirming the fact that w is a spherical harmonic.
The above result will be of crucial importance in our general method for constructing
Clifford algebra-valued orthogonal polynomials in the open unit ball of R™.

3. The general construction method. In this section, we exhibit a general method
for constructing Clifford algebra-valued polynomials of the form

n
palix) = X ax(ix)*, axeC k=0,1,2,...,n, 3.1
k=0
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which are orthogonal with respect to a Clifford algebra-valued weight function on the
open unit ball B(1) = {x € R™; |x| < 1}.

Note that the polynomials considered take their values in C9, ® C},, that is, a scalar
plus a vector, sometimes called a paravector.

DEFINITION 3.1. If W(r) = Z;":O bjrj (b; € C, j € N) is real-analytic in the neigh-
bourhood of the origin » = 0, then W (ix) is defined as W (ix) = Z;‘;O bj(i&)j.

PROPOSITION 3.2. If W(r) is real-analytic in |1 — p,p|, then, in %(O,p) ={xeRMm:
Ix| <pt,
(i) W(ix) is real-analytic in the variables (x1,...,Xm);
(i) W(ix)PT* =P*W(ix)=W(r)P*;
(iii) W(ix)P~ =P W(ix) =W(-r)P~;
(iv) W(ix)=W@r)Pt+W(-r)P".

PROOF. (i) Straightforward.
(ii) Applying the properties of P*, we have successively

W(ix)P" = > b;(ix)/P* = > bj(ix)’( => b;(rp)’
Jj=0 j= Jj=0
. (3.2)
Z riP* =W(r)P*.
Moreover,
W(ix)P* =P W(ix). 3.3)
(iii) Similar to (ii).
(iv) The formulae in (ii) and (iii) lead to
W(ix) = W(ix)P*+W(ix)P~ =W @r)P" + W(-¥)P~, (3.4)
where we have used the fact that P* + P~ = 1. O

In what follows we will show how, by means of the above properties, integrals over
the open unit ball B(1) can be rewritten in terms of integrals over the real axis. Conse-
quently, the problem of constructing Clifford algebra-valued polynomials {p, (ix)}n=0
which are orthogonal on B(1) will be reduced to constructing orthogonal polynomials
on the real axis.

Two types of Clifford algebra-valued orthogonal polynomials on B(1) will be distin-
guished.

3.1. Type 1. Orthogonality on B(1) with respect to the weight function W(ix).
First, we consider the construction of Clifford algebra-valued orthogonal polynomials
{pn(ix)}n=0 with respect to a Clifford algebra-valued weight function W (ix) in the unit
ball B(1).
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Let O(ix) denote the space of real-analytic functions in B(1) of type

Ulix) = > ¢cj(ix)!, ¢;€C, (3.5)
j=0
for which
[ Jut Pwxdx < o, (3.6)
B(1)

where the weight function W (ix) € O(ix) is fixed. Here dx stands for the Lebesgue
measure on B(1).
Then for any U (ix),V (ix) € 0(ix), we introduce the inner product

(UGx),V(i0) = | TV oW (ixdx. (3.7)
B(1)
By means of the above-mentioned properties of the idempotents P™ and P, this inner
product is turned into
(U(ix),V(ix))

:J U(i&)v(i&)w(i&)P*d&+J U(ix)V(ix)W(ix)P~dx
B(1) B(1)

= U(V)V(r)W(r)P*d&JrJ U(-r)V(-r)W(-7r)P dx
B(1) B(1)

1
=f U(r)V(r)W(r)rm—ler L1 viw)ds(w)
0 sm-1 2

1
T7 m—1 1 i
+JO U(-r)V(=r)W(=r)r" dr ng—l > (1-iw)dS(w) (3.8)

A 1 1_

=" (J U(T)V(T)W(T)rm’ldT+J U(—T)V(—T)W(—T)TMIdT)
2 0 0
A 1 (U

:mU U(V)V(T)W(r)lrlm’ldr+J U(u)V(u)W(u)lulmldu)
2 0 -1

1
= A—mJ' T)VOW) |r|™ldr
2 Ja

= (U@, V)L, @-

Here A,, denotes the area of the unit sphere S™ ! in R" and du = A,,,/2W (v) | |™ Ldr.
So a function U (ix) € 0(ix) is square integrable with respect to the weight function
W (ix) if and only if U(r) is square integrable with respect to dp.
Now the polynomials {p (ix)},=0 will form an orthogonal system if, for n # n’,

(Pn(ix), py (ix)) =0 (3.9)
or, equivalently,

(Pn(T),Pn' (T))Lz(du) =0. (3.10)
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So we may conclude that the polynomials {p,(ix)},-0 are orthogonal on B(1) with
respect to W(ix) if and only if the polynomials {p;, (+)},=0 are orthogonal on [-1,1]
with respect to the weight function W (r) |r|™ L.

Note that in the special case where the dimension m is odd, the polynomials
{pn(r)}In=0 should be orthogonal on [-1,1] with respect to the weight function
W(r)rm-L,

3.2. Type 2. Orthogonality on B(1) with respect to the weight function W (ix)P"*.
Now we search for Clifford algebra-valued polynomials {p; (ix)},>0 which are orthog-
onal on B(1) with respect to a Clifford algebra-valued weight function of the form
W (ix)P* = W(r)P™, thus satisfying an orthogonality relation with respect to the inner
product

(U(ix),V(ix)) = J U(ix)V (ix)W (ix)P*dx, (3.11)
B(1)
which can be rewritten as

(U(ix), V (ix)) = mer)vw)ww)wdg

1
_ = m-1 l [
- JO TV @Wr)r dTLm,l > (Lriw)dS(w) (3.12)

1
= A—mj Ur)VW@)rmtar
2 Jo

= (UM, V() 1y av)»

where dv = A, /2W (r)r™1dr.

Consequently, the polynomials {p, (ix)},>0 are orthogonal on B(1) with respect to
W (ix)P? if and only if the polynomials {p;, (¥)},>0 are orthogonal on [0, 1] with respect
to the weight function W (r)r™-L,

Note that when considering in B(1) the weight function W(ix)P~ = W(-v)P~, one
has, in a similar way as above,

0

(U(ix),V(ix)) = ATm(—l)m’lj TUr)VW@)r™tdr. (3.13)
-1

In this case, we thus need polynomials {p, (¥) },~0 which are orthogonal on [-1,0] with

respect to the weight function W (r)r™-1.

4. The generalized Clifford-Jacobi polynomials. In this section, we focus on Clif-
ford algebra-valued orthogonal polynomials in B(1) with respect to the specific Clifford
algebra-valued weight function (1 +ix)%*(1—ix)? (x,8 > —1).

According to the general theory exposed in Section 3.1, we aim at orthogonal polyno-
mials {p, (r)}n=0 on [—1,1] with respect to the weight function (1 +#)%(1—7)8|r|m-1
(o, B> —1).
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In [14], Vanlessen considers the generalized Jacobi weight function

no
w(x)=(1-x)%1+x)Phx) ] Ix—x, |, xel-1,1], 4.1)
v=1
where 1 is a fixed number, with
x>-1, B>-1, —l1<x1<xp2<---<Xxp, <1,

(4.2)

f%<2\v<0 or 0<Ay) <400,

and with h real-analytic and strictly positive on [—1,1].

This weight function leads to a sequence of orthogonal polynomials {P;,(x)}y=0,
satisfying a recurrence relation; in [14], the asymptotic behaviour of the coefficients in
this recurrence relation is studied. The generalized Jacobi weight function has been the
subject of many other papers. However, neither an explicit expression, a Rodrigues for-
mula, nor an explicit recurrence relation seems to exist for the polynomials {P,,(x)} >0
associated to this weight function.

Now, putting ng =1, x; =0, 2A; = m—1, h(x) = 1, and switching « and f in (4.1),
we obtain the specific weight function

w*(x)=1+x)%1-x)P|x|m™!, xe[-1,1]. 4.3)

Consequently, the weight function (1 +#)%(1 —¥)#|r|™1 (x,8 > —1) belongs to the
class of generalized Jacobi weight functions, yielding the existence of a sequence of
orthogonal polynomials {p; (¥) },,=0, which may be obtained by a Gram-Schmidt proce-
dure starting from the set {1,7,72,...}.

This eventually leads to a new sequence of Clifford algebra-valued orthogonal poly-
nomials {JT(fX‘B) (ix)}n=o in the unit ball B(1) with respect to the weight function (1 +
ix)*(1-ix)? (x,B> -1).

As aresult of the above-mentioned Gram-Schmidt procedure, we find, for the lower-
degree polynomials,

TP (ix) = 1,
(@B i _ iin  N()
Jp 7 (ix) = (ix) N(O)’
N(3)N(0)=N(1)N(2) N(2) (4.4)

T3P (ix) = (ix)? -

N(2)N(0) = (N(1))* NI
L NBINO) =N(N(2) N(1)

N(2)N(0)— (N(1))* N(0)’

and so forth, where

Nn)=(-1)"B(n+m,x+1)F(-B,n+m,x+n+m+1;-1)

+Bn+m,B+1)F(—x,n+m;f+n+m+1;-1), (4.5)

with B(x,y) the beta function and F(a, b;c;z) the hypergeometric function.
We call these polynomials the generalized Clifford-Jacobi polynomials.
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5. Special case of the generalized Clifford-Jacobi polynomials. For the generalized
Clifford-Jacobi polynomials constructed in the foregoing section, we have neither an
explicit formula nor an explicit recurrence relation.

However, for the special case where 8 = «+ 1, we do obtain an explicit recurrence
relation. Indeed, in [1], Atia explicitly gives the coefficients in the recurrence relation of a
sequence of monic orthogonal polynomials {Py([“’o‘ﬂ) (x,1)}ns0, Re(x) > —-1,0on [—1,1]
with respect to the weight function |x|#(1 + x)*(1 — x)**!, Here u is an arbitrary
parameter with Re(—u) > —1. For u = 0, one obtains the well-known Jacobi polynomial

sequence.
The polynomials {Py(l‘"”"“) (x,U)}nso satisfy a three-term recurrence relation
P e, ) = (3= Bt ) PAETY (6, 1) = Y POHD (2, ),
(o, 0x+1) (¢, 0¢+1) (5.1)
Py (x,u) =1, P77 (x, 1) = x = Bo,
with
_ k-1
Bo = 203’
2HE=2n-20-4)+ (-1 2x+1)
Bn+1 = (—1) ’
2n+20+3 - 22n+2x+5-—u) (5.2)
 (mta+D@n+1-p) '
Yonel = e g 23— )2
2n+2)2n+20+3—-u)
Yon+2 =

An+20+5—u)?

Putting u = 1 — m, we obtain orthogonal polynomials on [—1,1] with respect to the
weight function |x|™ (1 +x)%(1—-x)**!, Re(ox) > —1.

According to Section 3.1, the polynomials {Py(f““”) (x,1—=m)}y>0 lead in a straight-
forward manner to orthogonal Clifford algebra-valued polynomials {fé“‘“”(i&)}nzo
in B(1) with respect to the Clifford-valued weight function (1 +1ix)*(1—ix)*"!; & > —1.

From (5.1), we obtain the recurrence relation they satisfy

TRV (ix) = (ix = Bra1) TS (i) = P i€V (ix), n =0,
JN((x,oHrl)(iX) -1 f((x,vwrl)(ix) _ iX—E (5.3)
0 ) T 1 A ) = LA 0,
with
~ m
Bo = T2a+m+2’
i =(_l)n(m—l)(m+2n+20(+3)+(—1)”“(2(x+1)
nil Cn+20+m+2)2n+20+m+4)
~ 72(n+(x+1)(2n+m) (5.4)
Yonil = S e i+ m+2)2
5 2n+2)2n+20x+m+2)
2n+2 =

An+20+m+4)2
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Using the symbolic software Maple, we get

Jo“* P (ix) = 1,

FPlo,x+1) (- _
Ji (ix) Xt 2’
Mo, x+1) - s 2 2 . _ m
J2 () = () S v arm ™ " 2ararm’ (5.5)
Flo,o+1) /. _ (ia-\3 2+m A2 +m :
3 (ix) = (ix) +2¢x+6+m(l£) 2(x+6+m(l£)

- 2+mym

Rx+4+m)x+6+m)’

and so forth. It can be verified, by a tedious calculation, that indeed the above polynomi-
als coincide with the generalized Clifford-Jacobi polynomials of the foregoing section,
where B =+ 1.

6. The generalized Clifford-Gegenbauer polynomials. In this section, we construct
orthogonal Clifford algebra-valued polynomials in B(1) with respect to the scalar-valued
weight function (1 - |x|%)%, &« > —1. These polynomials apparently are a special case of
the generalized Clifford-Jacobi polynomials of Section 4, where now « = S.

The starting point is the generalized Gegenbauer orthogonal polynomials
{Sif"’y) (x)}ns0 (see [2]) which are orthogonal on [—1, 1] with respect to the weight func-
tion (1-x2)¥|x |21 o,y > —1,y #—1/2.

Applying the general method of Section 3, we finally obtain the monic generalized
Clifford-Gegenbauer polynomials {Gﬁf")(ig)}nzo, which are orthogonal on B(1) with
respect to (1—1]x/2)%, &« > —1.

Note however that already in [10] so-called generalized Gegenbauer polynomials
Ci¥ m (x) were constructed by means of a Rodrigues formula.

Both sequences of Gegenbauer polynomials are related by

Chm () = (=122 (& + 1) (a0 + %) G (ix),
" (6.1)

Crorm (X) = (=D)M22 (o n+ D)y ((x +n+ % + 1) G, (ix),
n

with (a), the Pochhammer symbol.

7. The shifted Clifford-Jacobi polynomials. In order to construct Clifford algebra-
valued orthogonal polynomials in B(1) with respect to the Clifford algebra-valued
weight function (1 —ix)*P*, x > —1, we need orthogonal polynomials on [0,1] with
respect to (1 —7)*r™1 x> —1 (see Section 3.2). These polynomials are obtained by
the change of variables x = 27 — 1 in the Jacobi polynomials {Py(l“‘mfl)(x)}nzo, thus
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satisfying the orthogonality relation

1
J pLem=D 2y — )PV (2 —1)(1—7)%r™ dr
0

(7.1)
INae+n+1)I'(m+n)

T nl(a+n+m)(x+2n+m)

According to the general theory of Section 3, this orthogonality relation leads to

Pr(la’m_l) (2(1‘&) - I)Py(ll/x’mfl) (2(1’5) — 1) (1- ig)"‘P”d&
B(1)
_Ap T(x+n+DI(m+n) (7.2)

T2 nl(x+tn+m)(x+2n+m) v

expressing the orthogonality on B(1) of the polynomials
QW (ix) = Py*™ D (2(ix) —1), neN, (7.3)

which we call the shifted Clifford-Jacobi polynomials.
From the explicit expression for the Jacobi polynomials we obtain an explicit expres-
sion for our shifted Clifford-Jacobi polynomials:

L (n+a)(n+m-1
() (1ar) — - ix)K (ix — 1)k
Q¥ (ix) kZ_()( N )( ek )(wc) (ix-1)
n
_ a+n+1) > n\Iae+m+n+k) (ix -k,
nll(x+m+n) Z\k) Tlx+k+1)

Moreover, the recurrence relation for the Jacobi polynomials leads to the following
three-term recurrence relation for the polynomials Qﬁ{x) (ix):

2n(a+m+n—-1)(a+m+2n-3)Q'¥ (ix)

= ((x+m+2n-3)3ix—1)+ (&> —(m—-1)?) (x+m+2n-2)) (7.5)

inf‘,)l(ig)—2(o<+n—1)(m+n—2)(o<+m+2n— 1)Q§L‘X)2(i§),

withn =2,3,4,....
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