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We consider a class of quasilinear integrodifferential equations in a reflexive Banach space.
We apply the method of semidiscretization in time to establish the existence, uniqueness,
and continuous dependence on the initial data of strong solutions.
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1. Introduction. Let X and Y be two real reflexive Banach spaces such that the em-
bedding Y - X is dense and continuous. We consider the following quasilinear evolu-
tion equation:

u () +A(u()u(t) = f(t,u),Gu)(t)), 0<t<T,

w(0) = o, (1.1)

where 0 < T < 00, A(u) is a linear operator in X for each u in an open subset W of Y, G
is a nonlinear Volterra operator defined from C([0, T];X) into itself, and the nonlinear
map f is defined from [0,T]x Y XY into Y. By a strong solution to (1.1) on [0,T'],
0 < T’ < T, we mean an absolutely continuous function u from [0, T’] into X such that
u(t) € W for almost every t € [0, T’] and satisfies (1.1) a.e. on [0,T"].

We use the ideas and techniques of Zeidler [10] and the method of semidiscretization
in time to establish existence, uniqueness, and continuous dependence on initial data
of strong solutions to (1.1) on [0,T"] for some 0 < T" < T. For the study of particular
cases of (1.1) in which f(t,u,v) =0 and f(t,u,v) = f(t,u), we refer to Crandall and
Souganidis [2], Kato [6], and references cited therein. The crucial assumption in these
works is that there exists an open subset W of Y such that for each w € W, A(w)
generates a Cp-semigroup in X, A(-) is locally Lipschitz continuous on W from X into
itself, f, defined from W into Y, is bounded and globally Lipschitz continuous from Y
into itself, and there exists an isometric isomorphism S : Y — X such that

SA(w)S™' = A(w) +B(w), (1.2)

where B(w) is in the space B(X) of all bounded linear operators from X into itself. A
generalization to the quasilinear evolution equation,
u' (t) +A(t,u())u(t) = f(t,u()), 0<t=<T,

w(0) = o, (1.3)
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has been considered by Kato [4] under similar conditions on A(t,w) and f(t,w) for
(t,w) e [0, T]xW.

The method of semidiscretization in time is developed and applied to linear as well
as nonlinear evolution equations by Rektorys [9], Kartsatos and Zigler [3], Necas [7],
Bahuguna and Raghavendra [1], and others. This method consists in replacing the time
derivatives in an evolution equation by the corresponding difference quotients giving
rise to a system of time-independent operator equations. With the help of the theory
of semigroups and the theory of monotone operators, these systems are guaranteed to
have unique solutions. An approximate solution to the evolution equation is defined
in terms of the solutions of these time-independent systems. After proving a priori
estimates for the approximate solution, the convergence of the approximate solution
to the unique solution of the evolution equation is established. In these works, either
global Lipschitz conditions or local Lipschitz conditions with some growth conditions
on nonlinear forcing terms have been assumed.

In this paper, we assume only local Lipschitz conditions on the nonlinear maps f and
G. We first prove that the discrete points lie in a ball in X of fixed radius R, where R is
independent of the discretization parameters. Then using the local Lipschitz continuity,
we establish a priori estimates on the difference quotients. With the help of these a
priori estimates, we prove the convergence of a sequence of approximate solutions
defined in terms of the discrete points to a unique solution of the problem.

2. Preliminaries. Let X and Y be as in Section 1. Let ||x||z denote the norm of an
element x belonging to a Banach space Z. For v > 0, let Bz (x,r) denote the open ball
{zeZ:|lz-xllz <r} of radius  and let By (x,r) be its closure. For an interval J
of real numbers, we denote by C(J;Z), WC(J;Z), Lip(J;Z), and ABS(J;Z) the spaces
of all continuous, weakly continuous, Lipschitz continuous, and absolutely continuous
functions from J into Z, respectively.

For a real 8, N(Z,B) represents the set of all densely defined linear operators L in
Z such that if A > 0 and AB < 1, then (I + AL) is one-to-one with a bounded inverse
defined everywhere on Z and

I[(I+AL) gz < (1+AB) 7, (2.1)
where I is the identity operator on Z. The Hille-Yosida (cf. Pazy [8]) theorem states that
L € N(Z,p) if and only if —L is the infinitesimal generator of a strongly continuous
semigroup e 'L, t > 0, on Z satisfying |le |3z < ef, t = 0. A linear operator L on
D(L) < Z into Z is said to be accretive in Z if for every u € D(L),

(Lu,u*) =0 for some u* € F(u), (2.2)

where (z,z*) is the value of z* € Z* at z€ Z and F: Z — 2Z" is the duality map given
by

F(z):{z*eZ*:(z,z*):l\zH%:Hz*H;*}. (2.3)
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Here, 22" denotes the power set of Z*. If L € N(Z, 8), then (L + BI) is m-accretive in Z,
thatis, (L+ BI) is accretive and the range R(L+AI) = Z for some A > B.If Z* is uniformly
convex, then F is single-valued and uniformly continuous on bounded subsets of Z.
(H) We assume in addition that the embedding Y — X is compact and the dual X* is
uniformly convex. Furthermore, we state the following hypotheses:
(H1) there exist an open subset W of Y and 8 = 0 such that uy € W and

A:W — N(X,B); (2.4)

(H2) there exist positive constants 4 and y, such that for all w,w;,w, € W and
vey,

YSD(Aw)), [[(A(wr)—A(wz)) vy < pallwr —wa|[x vy,

lA@)vx < yallvlly;

(H3) there exist a linear isometric isomorphism S:Y — X, amap P: W — B(X), and
positive constants up and yp such that for all w,w;,w, € W,

SA(w) =Aw)S+Pw)S,  [[P(w)ly <yp,
(2.6)
1P (w1) = P(w2)|x < upllwi —wolly;
(H4) the nonlinear map G : C([0,T];X) — C(0,T;X) satisfies
(a) for all u,v e BC([O,T];X) (ﬂo,?’),
[1G(u) = G(W)]lco.rx) < He (M Iw—=vllco,rix),s (2.7)

where ug () is a nonnegative nondecreasing function and ity € C([0,T];X)
is defined by 1o (t) = uo forall t € [0,T],
(b) for all t,s € [0,T] and u € Lip([0, T1; X) N Bc(o,11:x) (Lo, 7 ),

|G(u)(t) = G(w)(9)||x < ye (M) [t=s|(1+ldu/dt| L=o0,11x)), (2.8)
where y;(v) is a nonnegative nondecreasing function,
(c) furthermore that the subspace C([0,T];Y) of space (C[0,T];X) is an invari-
ant subspace of the map G, thatis, G: C([0,T];Y) — C([0,T];Y) which sat-
isfies

[|G(u)(®)|ly <Ac(r) for u € By (uo,r), (2.9)

where As(7) is a nonnegative nondecreasing function.
In particular, we may take operator G as a Volterra operator defined by

t
G(u)(t):L a(t—s)k(s,u(s))ds (2.10)
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in which a is a real-valued continuous function defined on [0,T] and k is defined on
[0,T]xY into Y and || k(t,w)|ly < C for every (t,w) € [0,T] xY, then map G satisfies
hypothesis (c);

(H5) the nonlinear map f:[0,T]xY XY — Y is a bounded function

IIf (t,u,v)|]y <Ap(r) (2.11)

forall (t,u,v) € [0,TIxY xY with lully +lvily <+ where A¢(r) is anonnegative
nondecreasing function. Also, this map satisfies the Lipschitz condition

IIf (tr,un,v1) = f (2, u2,v2) ||

(2.12)
<urM[P(t1) = p(t2) | +[[ur —uzl[x +[lvi —v2llx],
for all t1,t, € [0,T] and all u;,v; € Bx(uo,7¥), i = 1,2, where ¢ is a real-valued
continuous function of bounded variation on [0,T] and ps(7) is a nonnegative
nondecreasing function.
Let R > 0 be such that W = By (ug,R) € W. We set

Ro = §(1 +e20T) 7Y
Ry = max {R,A¢(3R) +||uolly}, (2.13)

M = Af(R+\|uo||+Ag(3R)),

where 0 = S+ ||P|lpx) and V(¢) is the total variation of ¢ on [0, T].
Let zp € Y and let Ty, 0 < Ty < T, be such that

[|Suo - zollx < Ro,

(2.14)
Tolyallzolly + ypllzollx + M] < Ro.
We note that (2.14) implies that
2
(1+e*M)[||Suo —zol| + To{yallzolly + yellzollx + M}] < =3 (2.15)

We have the following main result for the existence, uniqueness, and continuous
dependence on the initial data of the strong solutions to (1.1).

THEOREM 2.1. Let (H), (H1), (H2), (H3), (H4), and (H5) hold. Then there exists a unique
strong solution u to (1.1) on [0,Ty] such that u € Lip([0, Ty]; X). Furthermore, if vy €
By (ug,Rp), then there exists a strong solution v to (1.1) on [0, To] with the initial point
Uuo replaced by vy and

[lu)—v(t)||y < Clluo—volly, te][0,Tol, (2.16)

where C is a positive constant depending only on Ty.
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3. Basic lemmas. We will state and prove several lemmas required to prove Theorem
2.1. A proof of Theorem 2.1 will be given in the next section.

Let wo = Sup. Let h = Tp/n for all positive integers n > N where N is a positive
integer such that 0(Ty/N) < 1/2. For n > N, we set u{ = uo, ity = o, and t}“ = jh for
j=1,2,...,n. We consider the scheme

sut+ A ult = f(tHul G ) ("), j=1.2,...n, (3.1)

where, for j =1,2,...,n,n >N,

(3.2)
J(e—t) -t ), e 6 =120,

u" te [t?,To].

The following result establishes the fact that u?‘ eEWg, j=1,2,....,n,n > N.

LEMMA 3.1. For each n > N, there exist unique uj‘ € Wy, j = 1,2,...,n, satisfying
(3.1).

PROOF. It follows (cf. [2, Lemma 2]) that there exists a unique u} € Y such that
ult + hA(uo)ull = uo+hf (1, uo, G(io) (t1)). (3.3)
Applying S on both sides in (3.3) using (H3) and putting w{" = Suf, we have

(wi' = 20) + hA(uo) (wi' - 2) + hP (uo) (Wi - 2o)

~ (w0~ 20) ~hA(uo) 20+ hP ()20 + hSF (w0, G (o) (67).
The estimates in [2, Lemma 2] imply that
lwi' = zolly = (1 =h0) " [[Jwo — 2ol + h(yallzolly +yrllzol[x + M)]. (3.5)
Since h0 < 1/2, we have
[lwit —zolly = e**"[|lwo — zol|+ h(yallzolly +yrllzolly +M)]. (3.6)

Therefore,

lwi" = wollx < (1+he*®)[[Jwo - zo||+ h(yallzolly + yrllzollx +M)] <R (3.7)
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in view of the estimate (2.15). Hence, u}' € Wg. Now suppose that ul' € Wy for i =
1,2,...,j— 1. Again, [2, Lemma 2] implies that for 2 < j < n there exist unique u}l ey
such that

ult +hA(uj ul =u?  +hf(t7,uf ,G(@r,)(t})). (3.8)

Proceeding as before and putting w;‘ =S u}l, we get the estimate

29h[

lw} —zollx < e*™[|[wj-1—2ollx + h(yallzolly + ypllzollx + M)]. (3.9)

Reiterating the above inequality, we get

2001 lwo — zo|lx + jh(yallzolly +ypllzollx +M)]. (3.10)

llwi —zo|ly <e
Using the fact that jh < Ty, we arrive at

29T)[

[[wi—wolly < (1+e llwo = zollx + To(yallzolly + yrllzollx +M)] <R.  (3.11)

The above estimate and (3.3) and (3.8) give the required result. This completes the
proof. |

LEMMA 3.2. There exists a positive constant C independent of j, h, and n such that
[[6ujlly<C, j=1,2,....n;n=>=N. (3.12)

PROOF. Putting j =1 in(3.1), we get
Suf +hA(uo) (ul') = —A(uo)uo— f(t1', uo, G (i) (¢1')). (3.13)

Using [2, Lemma 2], we have

20T

[[outlly = e*°T[yalluolly + M] := Co. (3.14)

From (3.1), for 2 < j <n, we have

out +hA(u’ ) (6uf)
=ouj; —(A(uj_,) —A(uj_,))uj, (3.15)
P GO (1) F(E0 w0l Gl ,) ().

Using (H2) and [2, Lemma 2], for 2 < j < n, we get

6wty < eZOh[(l +Crh)[[ouf,llx

(3.16)
+ Hf(t?,u;‘,l,G(ﬁ;ﬂl) (t7)) = f (] ulf,, 6T ,) () ||x]
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for some positive constant C; independent of j, h, and n. We note that
|G (@) (t]) = G (af_,) (67 )l
< e BRR|6w) [ly-+ye BRI (1+ max [lsufly).
ILF (7w, G(ag_y) (€]) = f (), ulf,, G ,) (¢71)|lx (3.17)
<y (Ra) [ () = (E) |+ Rl + e BRORISU

+yG(3R)h<1+ max |\6u{‘||x>]
1<i<j-1
Using (3.17) in (3.16), we obtain

max||6u"|| <ezeh(1+czh)[1215)51”5%?”)(+C2|¢(t?)f¢(t?_1)|+C2h], (3.18)

1<i<j

where C» is another positive constant independent of j, h, and n. Reiterating inequality
(3.18) and using (3.14), we get

max ||6u?||y < 2% (1+Cih) [||6ull]|y + C2V () + C2To], (3.19)

1<1<
where V(¢) is the total variation of ¢. Hence,
lloul ||y < e+ ¢y + V() + C2 Ty ] := C. (3.20)

This completes the proof. |

Now we define a sequence of functions {U"} from Jj into Y by
1 .
U"(t)=u}t1+<H)(t—tj,1)(u§‘—u§tl), teth ,th], j=12,...,n (3.21)

Furthermore, we define a sequence of step functions {X"} from (—h, Ty] into Y given
by

X (1) = {”0' € (=h,0], (3.22)

uj, te (t;‘l,t"],j:I,Z,...,n.

REMARK 3.3. We observe that X" (t) € Wi for all t € (=h,Ty] and n > N. Also,
X"(t) — U™(t) — 0 in X uniformly on Jy as n — o and {U"} are in Lip(Jo,X) with
uniform Lipschitz constant C.

For notational convenience, we will denote

S = fEhul L GGl (), te (thth), j=1,2,...,n. (3.23)
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We note that

t t
Jo AX"(s—h))X"(s)ds =uo—U"(t) +J f(s)ds, (3.24)
‘jl; UM (t) + A(X™(E—h)) X" (t) = (). (3.25)

LEMMA 3.4. There exist a subsequence {U™} of {U"} and a function u in Lip(Jo, X)
such that U™ — u in C(Jo,X) (with the supremum norm) as m — oo,

PROOF. Since {X"} is uniformly bounded in Y, the compact embedding of Y implies
that there exist a subsequence {X™} of {X"} and a function u : Jo — X such that
X™M(t) - u(t)in X as m — . The reflexivity of Y implies that u(t) is the weak limit of
X™inY, hence u(t) liesin Y (in factin Wy since X™ (t) is in Wg). Now, X™(t) —U™(t) —
0in X so U™(t) — u(t) as m — oo. The uniform continuity of {U"} on J, implies that
{X™} is an equicontinuous family in C(Jy,X) and the strong convergence of U™ (t) to
u(t) in X implies that {U™} isrelatively compactin X. We use the Ascoli-Arzela theorem
to conclude that U™ — u in C(Jo,X) as m — oo, Since U™ are in Lip(Jo, X) with uniform
Lipschitz constant, u € Lip(Jo, X). This completes the proof of the lemma. O

4. Proof of Theorem 2.1. First we show that A(X"(t —h))X™(t) — A(u(t))u(t) in
X as m — oo, where “—” denotes the weak convergence in X,

AX™(E—h))X™(t) — A(u(t))u(t)

4.1
= (AX™(t=h)) = A(u(D))X™ () + A(w(®)) (X™(t) —u(t)). @1

Now,

[[(A(X™(t—h)) —A(u(®))) X" 42)

< AR+ [[uol[y)[IX™ (¢ =h) —u(®)||y — O '
as m — oo, since X" (t) — u(t) in X uniformly on Jy. Since A(u(t)) € N(X,B), BI+A(u)
is m-accretive in X. We use [5, Lemma 2.5] and the fact that

[JA(u (D) (X™(t) —u(t))||x <2yaR (4.3)

to assert that A(u(t))X™(t) — A(u(t))u(t) in X, and hence A(X™(t — h))X™(t) —
A(u(t))u(t) in X as m — o. To show that A(u(t))u(t) is weakly continuous on Jo,
let {tx} C Jo be a sequence such that ty — t as k — oo, Then u(ty) — u(t) in X as
k — co and we may follow the same arguments as above to prove that A(u(tx))u(tx) —
A(u(t))u(t)in X as k — c. The Bochner integrability of A(u(t))u(t) can be established
in the similar way as in Kato [5, Lemma 4.6]. Now from (3.24), for each x* € X*, we
have

t
(UM (1), x*) = (19, x*) +JO (—AX™(s—)X™(s) + F(s),x*)ds.  (4.4)
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Letting m — oo using bounded convergence theorem and Lemma 3.4, we get
t
(u(t),x*) = (ug,x*) +J (=A(u(s))uls)+f(s,u(s),G(u)(s)),x*)ds. (4.5)
0

The continuity of the integrand implies that (u(t),x*) is continuously differentiable
on Jo. The Bochner integrability of A(u(t))u(t) implies that the strong derivative of
u(t) exists a.e. on Jo and

u' (t)+A(u(t))ut) = f(t,u(t),G(u)(t)), ae.on J. (4.6)

Since u(0) = uo, u is a strong solution to (1.1).
Now, we establish the uniqueness and the continuous dependence on the initial data
of a strong solution to (1.1).

UNIQUENESS. Let v be another strong solution to (1.1) on Jo. Let U = u —v. Then
for a.e. t € Jy,
(L)) + (BI+A@®)UD,FU©)
= BIUMI5 + ((A(u(®) - A(v () v (1), F(U (1)) @.7)
+(f(t,u(t),G(u) (1)) - f(t,v(t),Gw)(t)),F(U(t))).

Using m-accretivity of I+ A(w) and the assumptions on A(w) forw € W and f(t,u,v),
we obtain

|

NU@|1* < CrIUIZ, ), (4.8)

N | —
Q£

t

where J; = [0,t] and Cr = B+ paR + ur(R)[1+pug(R)].
Integrating the above inequality on (0,t) and taking the supremum, we get

1 t
SNUIE g = Ca [ WU, ds. (4.9)

Applying Gronwall’s inequality, we get U = 0 on Jj.

CONTINUOUS DEPENDENCE. Let vy € By (ug,Rp). Then
[|Svo—zollx < [|Svo—Suol|x +||Sto —2ol|x < 2Ro. (4.10)
Hence,

(1+e*N)[||Svo—zol| + To{yallzolly + yr||zolly + M}]

(4.11)

<3(1+e*T)Ry =R.
We may proceed as before to prove the existence of v}‘ € Wr satisfying scheme (1.1)
with uj‘ and ug replaced by v}‘ and vy, respectively. Convergence of v}‘ to v(t) can be
proved in a similar manner. Let U = u — v. Then following the steps used to prove the
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uniqueness, we have for a.e. t € J,

1d .
EE“U(””if CrIUIZ ), x)- 4.12)

Integrating the above inequality on (0,t) and taking the supremum, we get

1 1 !
U0 < §{|U(O)||§( +Cr L U2, xds. (4.13)
Applying Gronwall’s inequality, we get
1Ullcyex) < ClIUWO)]]x, (4.14)

where C is a positive constant. This proves the required result. This completes the proof
of Theorem 2.1.
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