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The various concepts of open balls in D-metric spaces are studied in the case of certain
D-metric spaces and many results in the literature on such balls are shown to be false.

1. Introduction

Dhage [1, 2, 3] introduced the concept of open balls in a D-metric space in two different
ways and discussed at length the properties of the topologies generated by the family of
all open balls of each kind. Here we observe that many of his results are either false or of
doubtful validity. In some cases we give examples to show that either the results are false
or that the proofs given by him are not valid. With regard to one type of open balls we
observe that some of them may be empty and that the ball with a given center may not
increase as the radius increases. The latter is contrary to a remark made by Dhage based
on which he proves that the family of all open balls forms a base for a topology.

Definition 1.1 [1]. Let X be a nonempty set. A function p: X X X X X — [0, ) is called a
D-metric on X if
(i) p(x, y,2) = 0if and only if x = y = z (coincidence),
(ii) p(x, ,2) = p(p(x, y,2)) for all x, y,z € X and for any permutation p(x, y,z) of x,
¥, z (symmetry),
(iii) p(x, y,2) < p(x, y,a) + p(x,a,z) + p(a, y,z) for all x,y,z,a € X (tetrahedral in-
equality).
If X is a nonempty set and p is a D-metric on X, then the ordered pair (X, p) is called
a D-metric space. When the D-metric p is understood, X itself is called a D-metric space.

Definition 1.2 [1]. A sequence {x,} in a D-metric space (X, p) is said to be convergent (or
p-convergent) if there exists an element x of X with the following property: given & > 0
there exists an N € N such that p(x,,,x,,x) < € for all m,n = N.

In such a case, it is said that {x,} converges to x and x is a limit of {x,} and write
Xp — X.

Definition 1.3 [1]. A sequence {x,} in a D-metric space (X, p) is said to be Cauchy (or p-
Cauchy) if given € > 0 there exists an N € N such that P Xy Xn,Xp) <€ for all m,n,p > N.

Copyright © 2005 Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences 2005:1 (2005) 133—141
DOI: 10.1155/IJ]MMS.2005.133


http://dx.doi.org/10.1155/S0161171204403469

134 On the concepts of balls in a D-metric space

Notation. Let (X,p) be a D-metric space, xo € X, and r € (0, ). Let

B*(xo,r) = {x € X : p(x0,%,x) <1},

B(xo,r) = {x € B*(x0,7) : p(x0,%,y) <r Vy € B*(x0,7)}, (L)

B(x0,7) = {xo} U {x € X :supp(x0,x,y) < r}.
yeX

For a nonempty subset A of X, p(xo,x0,A) = inf {p(xp,x0,x) : x € A}.

Remark 1.4. Dhage referred to B*(xo,r) as well as B(xo,7) as the open ball centered
at xo, and radius r. B*(xo,r) defined above is denoted as B(xp,r) in Dhage [2] and as
B*(x0,7) in Dhage [1, 3]. Dhage defined B(xo,7) in [3] as B(xo,r) = {y € B*(xo,7) :
if y,z € B*(xy,r) are any two points, then p(xo, ,z) < r}. This definition is meaningless.
The definition as given in the notation is the natural refinement of it. Dhage defined
B(xg,r) in [1] as

B(xo,7) = ﬂ {x,yeX:p(xo,x,y) <r}. (1.2)
yeX

Probably due to the fact that the above definition is not meaningful, Ume and Kim [5]
refined it and attributed it to Dhage. Their refined version reduces to the following:

B(xo,7r) = {xo} U {x € X :supp(x0,x,y) < r}. (1.3)
yeX

Here we have denoted it as B(x,7).

TueoreMm 1.5. Let X be a normed linear space and p € [1,00]. Let p, be defined on X X
X %X as

max {llx -y, Iy —zll, llz— x|} if p=+oo,
pp(%,y,2) = vp . (1.4)
[lx=yll?+ 1y —zll? + Iz — x]I#] ifl1<p<+oo
forall x,y,z € X. Then p, is a D-metric on X.
Let xo € X and r € (0,00). Then
{xeX:|lxo—x|| <r} if p=+oo,
B (xo,7) = (1.5)
p Xo {xeX:||x0—x||<21L/p} if1 < p<+oo,
and B,(xo,7) = {xo}, where
B (x0,7) = {x € X : p, (x0,2,%x) <1},
? Pr (1.6)

By (x0,7) = {x € B, (x0,7) : pp (x0,%,y) <1 ¥y € B} (x0,7)}.



S.V.R.Naiduetal. 135

Proof. From Naidu et al. [4, Corollaries 1, 3, and 4], it follows that p, is a D-metric on X.
We have

B (x0,7) = {x € X : pos (x0,%,x) <1} = {x € X :||xo — x|| < 7} (1.7)

Clearly xo € BX (x0,7) and pe(x0,%0, ¥) = llxo — yll < r for all y € BX(xo,7). Hence xy €
Bo (x0,7). Let yo € BX(x0,7) \ {x0}. Then 0 < [lxo — yoll < 7. Hence (r/llxo — yoll) — 1 >
0. Let ty € {r/llxo — yoll = L,+/llxo — yoll}. Let zo = xo + to(x0 — o). Then [z — xoll = to
llxo — yoll <. Hence zy € B (xo,7). We have [[yo — zoll = [(1+to)(x0 — yo)ll = (1 +to)
lxo — yoll > r. Hence yo & Beo(x0,7). Hence B (x0,7) = {x0}.

Let p € [1,00). We have

(xo, ) = {xeX:p,(x0,x,x) <r}
{xeX [0 = x||” + Il = xI1” + ||x — x0[|7] 1/‘D<r}

={xe X :2VP||xo — x|| <}

x€X:||xo— x||<21/p} (1.8)

(.X(), ) {x (X(), ) Pp (x():x’y) <r V)’ € B;: (X(),r)}

{xeB (x0,7) + ||x0 — x||” + llx = ylI? + ||y — x0||” < 7P
whenever y € X and ||xo — y|| < 21%}

Clearly xo € By(xo,7). Let yo € B;,"(xo,r) \ {x0}. Then 0 < |lxo — yoll < r/2P. Hence
r/2YP|xo — yoll > 1. Hence (r/2"P||xo — yoll)? > 1. Hence [(r/2"?||xo — yoll)? — 1] > 0.

We have
r P Ve r
[(zwnxo—yon> - 1} < el — ol (L)

p p
r r
ty € —_— -1 ST (. 1.10
’ {KZV}’HXO_)’OH) ] 21/*"||Xo—)’0||§> (1.10)

Let 2o = xo + to(xo — yo). Then [Izo — xo | = tollxo — yoll < r/2VP. Hence zo € B;f‘ (x0,7).
We have

Let

17+ ILyo = 2ol1” + 120 = xo]1”

I

||xo—)’0
= (1+8) |lxo = yoll” + lyo — zol|”

(1.11)
= [1+85 + (1+10)"]||x0 — yol|?

>2(1+5)||x0 = yol|f > rP.

Hence yo & By (xo,7). Hence B, (xo,7) = {xo}. O
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Remark 1.6. Theorem 1.5 shows that the conclusions about B(xy,r) in [3, Theorems 3.1,
3.2, 3.3, and 3.4] are false.
We now give an example of a D-metric space (X, p) in which

(i) the family {B(x,r) :x € X and r € (0,)} does not form a base for any topology
on X,
(ii) for each x € X, there exists an r, € (0, ) such that B(x,7y) = ¢,
(iii) there exist zo € X and r1,7; € (0,00) such that r; < r, and B(zo,71) € B(zo,72).

Example 1.7 (Naidu et al. [4, Example 1]). Let X = AU B U {0}, where

A:{%ﬂ:neN}, B={2":neN}. (1.12)

Define p: X X X X X — [0, ) as follows:

0 ifx=y=gz

ifx,y,z€ Au{0},0

min { max{x, y},max{y,z}, does not occur more
max{z,x}} than once among x, y, z
and at least two among

X, y, z are distinct,

if 0 and at least one
1 element of B occur among

X, ¥, z or 0 occurs exactly

p(%, ,2) = 1 twice among x, ¥, 2, (1.13)

ifx,y,z € AU B and exactly
min{x, y,z} one element of B occurs

exactly once among x, y,z,
. 11 11 .
min{ maxq—,— r,maxj—,—, ifx,y,z€ AU B and exactly
Xy vy z

11
max { o } } one element of A occurs

exactly once among x, y, z,

1
S+ ==+ === if x,y,z € B.
’ ’ ’ ’ x‘ 1Irx,y,z

Then (X, p) is a D-metric space and p(x, y,z) < 1 forall x, y,z € X.
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Let r € (0,00). We have

Obu{xeA:x<r} ifr<l,
B*(0,r) = 0put s ] (1.14)
ifr>1.
For xy € A, we have
{xo}u{xEA:x<r}U{xeB:x>l} ifr<1,
B*(xo,7) = r (1.15)
X ifr >1.
For xy € B, we have
1 r .
{xeA:x<r}U{xEB: ———‘<—} ifr<1,
B* (x0,7) = xo x| 2 (1.16)
X ifr>1.
We note that for xg € B,
. 1
{xlu{xeA:x<r} 1frs;,
0
1 . 2
B*(xp,r) =1{x€A:x<r}U{x €B:x>xo} 1fx—<r§m1n{1,x—}, (1.17)
0 0
{xGA:x<r}U{x€B:x2@} if£<r5min{1,£}.
2 X0 X0
We have
¢ ifr<l,
B(0,r) = 1.18
0.r) {X ifr>1. ( )
For xy € A, we have
(/5 if}’SXo,
B(xo,r) =4 B*(x0,7) ifxg<r<1, (1.19)
X ifr>1.
For xy € B, we have
(X ifr>1,
¢ ifrsi,
B(x0,7) P 2 (1.20)
x,r = A . . .
0 B*(xo,7) 1ff<r§m1n{l,f},
X0 X0
2 . 3
{xlu{xeA:x<r} 1f—<r§m1n{l,—}
L X0 X0
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We have
((x€eA:x<r
{ J ifneNandl—in<rsl— nlﬂ,
U{x€B:4<x<2m} 22 22
* _ . 1
B (4”’)—*{xeA:x<r}U{xeB:x24} 1fr=5,
AUB if%<rsl,
(X ifr>1,
[ 1
fr<
¢ ifr=<
B*(4,r) ifl<rsl,
4 2
B(4,r) = Ix€Arx<r} ifneNandl—%<rsl—2n%,
U{xeB:4<x <2}
AUB ifr=1,
B¢ ifr>1.
(1.21)
We have
3
B<4,Z> =AU {4},
11 11 1 (1.22)
2l opx(1 2) = . 2 .
B<4,2> B (4,2) {xeA.x<2}U{xeB.x>2}.
Hence
3 11 1
B<4,Z>OB<Z,E>={x€A:x<E}U{4}. (123)
Suppose that there exist zy € X and ry € (0, ) such that 4 € B(zp, ) and
11
B(zo,10) € B(ﬁh%) mB<Z,§>. (1.24)

Then B(zy,r9) N B = {4}.

If xo € AU {0}, s € (0,00) and B(xy,s) # ¢, then B(xo,s) N B is infinite. Hence z, ¢
A U {0}. Hence z, € B. We note that for any xo € B, xo € B(xy,s) if s € (1/xp, ) and
that B(xo,s) = ¢ if s € (0,1/x¢]. Since B(z, o) is nonempty, it follows that ry > 1/zy and
zo € B(zg,19). Thus zy € B(zy,79) N B = {4}. Hence zy = 4 and ry > 1/4. Since B(zy,79) N
B = {4} and zy = {4}, we have B(4,79) "B = {4}. Hence 1/2 < ry < 3/4.
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We have
A={x€A:x<ry} < B(4,r) = B(z0,19). (1.25)

Since B(zy,ro) < B(4,3/4) N B(1/4,1/2), it follows that A € {x € A:x < 1/2}. This is a
contradiction since 1/2 € A. Hence there is no ball of the form B(x,r) containing 4 and
contained in B(4,3/4) N B(1/4,1/2). Hence {B(x,r) : x € X and r € (0,)} does not form
a base for any topology on X.

Let xo € B\ {2}. Then we have

2 2 2
B(xo,*) =B*(x0,—> ={x€A:x<—}U{x€B:x2x0},
X0 X0 X0

3 3 (1.26)
B(xo,—> = {xeA:x< —} U {xo0}.
X0 X0
Hence 2xy € B(x0,2/x0) but 2xq & B(x0,3/x0). Hence B(xo,2/x0) € B(x0,3/x0). Let yo
€ A N B(xy,3/xy). Then B*(yy,s) N B is infinite for any s € (0, o). But B(xy,3/xp) N B =
{x0}. Hence B*(yo,s) € B(x0,3/xo) for any s € (0, ).

Remark 1.8. Dhage asserted in [3, Theorem 4.1] that if (X,p) is a D-metric space, then
{B(x,r):x € X and r € (0,00)} is a base for a topology on X and called it the D-metric
topology on X. Example 1.7 shows that Dhage [3, Theorem 4.1] is false. So we may in-
terpret the D-metric topology on a D-metric space (X,p) as the topology generated by
{B(x,r) :x € X and r € (0,0)}. In [3, Theorem 4.2] it is stated that the topology of D-
metric convergence and the D-metric topology on a D-metric space are equivalent. Naidu
et al. [4] proved that in the D-metric space of Example 1.7, D-metric convergence does
not define a topology. In [3, Theorems 4.3 and 4.4] it is stated that the D-metric function
p(x,y,z) is continuous in one variable and also in all the three variables. Naidu et al. [4]
gave examples to show that the D-metric need not be sequentially continuous even in a
single variable even when D-metric convergence defines a metrizable topology.

Remark 1.9. Dhage stated that if (X,p) is a D-metric space, xo € X, and 0 < r; <1, <
+00, then B(xg,71) S B(xo,72) (see [3, Remark 3.2(ii)]). Example 1.7 shows that Dhage
[3, Remark 3.2(ii)] is false.

Remark 1.10. Dhage asserted in [3, Theorem 3.5] that if (X, p) is a D-metric space, xy € X,
r € (0,00), and yy € B(xy,7), then there exists s € (0,00) such that B(yy,s) < B(xp,7). In
proving this statement he concluded that if yo € B(xo,7), there exists s € (0, %) such that
B*(y0,s) < B(xo,r). Example 1.7 shows that such a conclusion is false. Hence the validity
of Dhage [3, Theorem 3.5] is doubtful.

We now give an example of a D-metric space (X, p) in which

(i) {B(x,7):x € X and r € (0,0)} forms a base for a topology on X which is T, but
not Ty,

(ii) {B*(x,r):x € X and r € (0,0)} forms a base for a topology 7 on X which is T}
but not Hausdorff.
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Example 1.11. Let X = {1/2" :n € N}. Define p: X X X X X — [0, %) as follows:

0 ifx=y=z,

p(x,y,2) = { (1.27)

min { max{x, y},max{y,z},max{z,x}} otherwise.

Then (X, p) is a D-metric space, p(x, y,y) = y for all x,y € X, and p satisfies condition
(v) of Dhage [2] on D-metric, that is, p(x, y, ) < p(x,2,2) + p(z, y,y) forall x, y,z € X.
Let xo € X and r € (0, 0).
We have

B*(x0,7) = {xo}u{xeX :x<r},

B( ) {xeX:x<r} ifr>x,
X0,1) = .
’ ¢ if r < xo, (1.28)

Blxor) = ({{xo} ?fr < X,
{xeX:x<r} ifr>x.
Obviously {B(x,r) :x € X and r € (0,00)} forms a base for a topology, say, 7; on X. If
x1,x2 € X and x; < x, then any neighbourhood of x, contains x;. Hence 7; is not 7. In
particular, it is not Hausdorff. If x;,x, € X and x; < r < x, then x; € B(x;,r) but x; ¢
B(x1,7). Hence 11 is Tj.

Clearly {B(x,r):x € X and r € (0,00)} forms a base for the discrete topology, say, T,
on X. A sequence {x,} in X converges to an element xy of X with respect to 7, if and
only if x,, = xo for all sufficiently large n (since {xo} is a 72-open set). However, {1/2"}
converges to zero with respect to the D-metric p. Thus for sequences in X 1,-convergence
and convergence with respect to the D-metric p are not equivalent.

Evidently, {B*(x,r) :x € X and r € (0,)} forms a base for a topology, say, 7 on X.
A nonempty subset U of X is t-open if and only if U = {x € X : x < r} U S for some
r € (0,00) and for some subset S of X. If x1,x, € X, r1,7, € (0,0), and r3 = min{ri,n,},
then ¢ # {y € X : y <13} < B*(x1,71) N B*(x2,12). Hence 7 is not Hausdorff. A subset
A of X is 7-closed if and only if there exists an r € (0,00) such that A ¢ {x € X : x > r}.
Since each element of X is positive, it follows that {x} is 7-closed for each x in X. Hence
X is Ty. Since 7 is T and not Hausdorff, it is not regular.

For xy € X and a nonempty subset A of X \ {x}, we have p(x,x0,A4) = xo. A sequence
{x,} in X converges to an element x; of X with respect to 7 if and only if given £ >0
there exists n € N such that for any integer n > N either x,, < € or x,, = xo. Hence {1/22"}
converges to 1/2 with respect to 7. It can be seen that {1/22"} converges to 1/2 with
respect to 1) also. Let A be a nonempty subset of X \ ({1/22" : n € N U {1/2}}). Then
{p(1/2%7,1/22", A)} = {1/22"} converges to zero with respect to the usual topology of the
real line. But p(1/2,1/2,A) = 1/2 # 0. Hence the function x — p(x,x,A) is not continuous
when X is equipped with the topology 7 or 7, and the real line with the usual topology.

Since {1/22"} converges to 1/2 with respect to 7 and p(1/22%,1/2,1/2) = 1/2 for all
neN, {p(1/22",1/2,1/2)} does not converge to p(1/2,1/2,1/2) = 0. Hence the D-metric
p is not sequentially continuous with respect to T even in a single variable.



S.V.R. Naiduetal. 141

Remark 1.12. Example 1.11 shows that [2, Lemma 1.2, Theorems 2.1 and 2.2, and Corol-
laries 2.1 and 2.2] are false.
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