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We prove that an implicit iterative process with errors converges weakly and strongly to a
common fixed point of a finite family of asymptotically quasi-nonexpansive mappings on
unbounded sets in a uniformly convex Banach space. Our results generalize and improve
upon, among others, the corresponding recent results of Sun (2003) in the following two
different directions: (i) domain of the mappings is unbounded, (ii) the iterative sequence
contains an error term.

1. Introduction

In 1967, Browder [1] studied the iterative construction for fixed points of nonexpansive
mappings on closed and convex subsets of a Hilbert space (see also [2]). The Ishikawa
iteration process in the context of nonexpansive mappings on bounded closed convex
subsets of a Banach space has been considered by a number of authors (see, e.g., Tan and
Xu [16] and the references therein).

Ghosh and Debnath [4], in 1997, established a necessary and sufficient condition (in
Theorem 3.1) for convergence of the Ishikawa iterates of a quasi-nonexpansive mapping
on a closed convex subset C of a Banach space. Qihou [11] has extended this result (in
Theorem 1) for Ishikawa iterates with errors, in the sense of Liu [10], of an asymptotically
quasi-nonexpansive mapping on C.

Fixed point results for asymptotically nonexpansive mappings have been obtained by
Kirk and Ray [9] on unbounded sets in a Banach space. Recently, Hussain and Khan [7]
have constructed (in Theorem 3.8) approximating sequences to fixed points of a class
of mappings, containing nonexpansive mappings as a subclass, on closed convex un-
bounded subsets of a Hilbert space (see [13, 14] as well).

Sun [15] has recently extended an implicit iteration process for a finite family of
nonexpansive mappings due to Xu and Ori [20] to the case of asymptotically quasi-
nonexpansive mappings.

The aim of this paper is to prove the weak convergence and strong convergence of
an implicit iterative process with errors, in the sense of Xu [19], for a finite family of
asymptotically quasi-nonexpansive mappings on a closed convex unbounded set in a real
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uniformly convex Banach space. Our results unify, improve, and generalize the corre-
sponding results of Sun [15], Wittmann [17], and Xu and Ori [20].

2. Preliminaries and lemmas

In 1967, Diaz and Metcalf [2] introduced the notion of a quasi-nonexpansive mapping
and Goebel and Kirk [5] introduced, in 1972, the concept of an asymptotically nonex-
pansive mapping.

Let C be a nonempty subset of a normed space E and T': C — C a given mapping.
We assume that the set of fixed points of T, F(T) = {x € C: T(x) = x} is nonempty.
The mapping T is said to be (1) nonexpansive provided [|Tx — Ty|| < [[x — y|| for all
X,y € C; (2) quasi-nonexpansive if ||Tx — pll < |lx — pll for all x € C, p € F(T); (3)
asymptotically nonexpansive if there is a sequence {u,} C [0, ) with lim,_ 1, = 0 such
that || T"x — T"yll < (1+u,)llx — yll for all x,y € C and for all n = 1; (4) asymptotically
quasi-nonexpansive if there is a sequence {u,} C [0,c0) with lim,_c 1, = 0 such that
IT"x — pll < (1 +uy)llx— pll forallx € C, p € F(T) and for all n > 1, and (5) uniformly
L-Lipschitzian if for some L >0, [|T"x — T"y|| < L|lx — y|| holds for all x, y € C and for
alln > 1.

Denote the indexing set {1,2,3,... N} by I. We say that a finite family {T;:i €I} of N
self-mappings on C is

(i) asymptotically nonexpansive if it satisfies

|| T"x — T"yil| < (1+wi)||x—y|| Vx,y€C,Vn=>1, (2.1)
(ii) asymptotically quasi-nonexpansive provided
[|T"x; — qil| < (W +uin)||x—qil| Vx€C, qi€F(Ti), V=1, (2.2)

where {u;,} is the sequence of reals as in (3) and i € I.

It is obvious, in view of these definitions, that a nonexpansive mapping is asymptot-
ically nonexpansive, nonexpansive mapping with the nonempty fixed point set is quasi-
nonexpansive, and an asymptotically nonexpansive mapping is uniformly L—Lipschitzian
with L = sup{1+u,:n > 1}. However, the converses of these claims are not true in gen-
eral.

The Mann and Ishikawa iteration processes have been used by a number of authors
to approximate the fixed points of nonexpansive mappings, asymptotically nonexpansive
mappings, and quasi-nonexpansive mappings on Banach spaces (see, e.g., [4, 8, 10, 12,
14, 19]).

For a nonempty subset C of a normed space E and T': C — E, Liu [10] introduced in
1995 the concept of Ishikawa iteration process with errors by the iterative sequence {x,}
defined as follows:

x1=x€C,

Xn+l = (1 - (Xn)xn +(XnTnyn + Uy, (23)
Y= 1=Bu)xp+BuT "xn+vy, n=1,
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where {a,}, {.} are real sequences in [0,1] satisfying appropriate conditions and
St lunll < 00, 30 [lvyll < 00, If B, = 0, v, = 0 for all n > 1, then this process becomes
the Mann iteration process with errors.

The above definitions of Liu depend on the convergence of the error terms u, and v,.
The occurrence of errors is random and so the conditions imposed on the error terms
are unreasonable. Moreover, there is no assurance that the iterates defined by Liu will fall
within the domain under consideration.

In 1998, Xu [19] gave the following new definitions in place of these noncompatible
ones.

For a nonempty convex subset C of a normed space E and T : C — C, the Ishikawa
iteration process with errors is the iterative sequence {x,} defined by

x1=x€C,
Xn+1 = OCpXp +ﬁn Tnyn + Ynln, (24)
Vi = nXn + PuT %+ Yuvy, nz=1,

with {u,}, {v,} bounded sequences in C and {«,}, {Bu}, {yn}> (&, ), {B,}> Ly} are se-
quences in [0,1] such thata, + 3, +y, = 1 = a, + B, +y, forall n = 1.

It reduces to the Mann iteration process with errors when f;, = 0 = y;, forall n > 1.

Clearly, the normal Ishikawa and Mann iteration processes are special cases of the
Ishikawa iteration process with errors.

Huang [6] has computed fixed points of asymptotically nonexpansive mappings while
Fukhar and Khan [3] have approximated common fixed points of two asymptotically
nonexpansive mappings, using iteration process with errors in the sense of Liu [10] (see
also [12]).

Let {T;:i €I} be a finite family of asymptotically quasi-nonexpansive self-mappings
on a convex subset C of a normed space E. The implicit iterative process of Sun [15]
with an error term, in the sense of Xu [19], and with an initial value xy € C, is defined as
follows:

x1 = arxo + i Tixy +yup,
X3 = X1 + aTaxs + yaus,
XN = anxn-1 + BN TNxN + YNUN,
XN+1 = a1 XN + BN+ TEXN+1 + PN+ 1UN+1, (2:5)
XN = oonXan—1 + Pan Thxan + yantian,
XaN+1 = 0N+1X2N + Ban+1 T13X2N+1 + V2aN+1U2N+15
where {u,} is a bounded sequence in C and {«,}, {#,}, {y.} are sequences in [0, 1] such

that a, + B, + 9, = 1.
The above table in compact form is

Xn = OpXp—1+ P Tikxn + Ynlin (2.6)

withn>1landn=(k—1)N+i,iel.
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In the sequel, we assume that the sequence {x,}, defined by the implicit iteration pro-
cess with errors (2.6), exists and the set F = ﬂf\il F(T}), i€ I, is nonempty.

The distance between a point x and a set C and closed ball with centre zero and radius
r in E are, respectively, defined by

d(x,C) = ilggllx—yll, B,(0)={x€E: x|l <r}. (2.7)
y

Definition 2.1 (see [15]). Let C be a closed subset of a normed space E andlet T : C — Cbe
amapping. Then T is said to be semicompact if for any bounded sequence {x,} in C with
%, — Txull — 0 as n — oo, there is a subsequence {x,,} of {x,} such that x,, — x* € Cas
n;i — 0.

Definition 2.2 (see [8]). A normed space E is said to satisfy the Opial condition if for
any sequence {x,} in E, x, converging weakly to x implies that limsup,_ . llx, — x| <
limsup,, ., llx, — yll for all y € E with y # x.

LemMma 2.3 (see [3]). Let {r,}, {su}, {tn} be three nonnegative sequences satisfying the
following condition:

fur1 < (L4s)rp+t, Vn=>1. (2.8)

If Y su< o0, > | t, < oo, then lim,_ 1, exists.

LemMa 2.4 (see [18]). Let p > 1 and r > 0 be two fixed real numbers. Then a Banach space
E is uniformly convex if and only if there is a continuous strictly increasing convex function
g:[0,00) — [0,00) with g(0) = 0 and

x4+ (1 =Dyl < Mixll?+ (1= Dyll? = w,(Wg (lx = yll) (2.9)
forall x,y € B-(0) where0 <A < L and wy(A) = AP(1 = 1) +A(1 = A)P.

LEMMA 2.5 (see [8]). Let E be a uniformly convex Banach space satisfying the Opial condi-
tion and let C be a nonempty closed convex subset of E. Let T be an asymptotically nonex-
pansive mapping of C into itself. Then I — T is demiclosed at 0 (i.e., for any sequence {x,} in
C, the conditions x, converge weakly to xo and x, — Tx, — 0 imply xo — Txo = 0).

3. An implicit iterative process with errors

We begin with a necessary and sufficient condition for convergence of {x,} generated
by the implicit iteration process with errors in (2.6) to a point of F; for this we follow
the arguments of Sun (see [15, Theorem 3.1]) and use Lemma 2.3 to prove the following
general result.

TaeoreM 3.1. Let C be a nonempty closed convex subset of a Banach space E. Let {T; :
i € I} be N asymptotically quasi-nonexpansive mappings of C, with >.7° | ui, < o for all
i € I. Suppose that xy € C,{uy} is a bounded sequence in C, and {an}, {n}, {yn} are real
sequences in [0,1] such that o, + B+ yn = 1, {an} C (5,1 —5) for somes € (0,1), >.7° | yu <
co. Then the iterative sequence {x,} generated by (2.6) converges to a point in F if and only
ifliminf,_ . d(x,,F) = 0.
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Proof. The necessity is obvious. We prove the sufficiency of the conditions. Let p € F.
Using x, = oy Xn—1 + Bn T,-kx,, + ynun,where n = (k — 1)N +1, it follows that

[l = pll = llanxn—1 + BuTf %0 + yutin = pl|
= |l (a1 = p) +Bu(TF x5 = p) +yu (1t = p)|
< -1 = pll+Bu (1 +uit) |[x0 = plI + yul [un — pl] (3.1)
< a1 = pll+ (1= @) (14 uie) [ = pl| +pullen — pl]

< tnllxn—1 — pl|+ (1 = & +uix) |[x0 — pl| + yullan = pll.
This implies that
anl|xn = pll < anllxn-1 = pll + wik| [0 = plI + yul|lun — pll. (3.2)

Now using the information that 0 < s < &, < 1 — 5 < 1, we have that

(5= Yl = o1 < Ut = pll+ 22— pl (3.3)
That is,
[, = pl| < (1 + Si‘ﬂ;ik)llxnl -pll+ s—yizt,-k”u" - pll. (3.4)

Since >;”; uik < o for all i € I, therefore limk_ uj = 0 for all i € I. This gives that
there exists a natural number ng(as k > (n9/N) + 1) such that s — u;z >0 and u;; < s/2 for
all n > ny.

Now the above inequality, with M = sup,,., |lu, — pll, becomes

2 M

b= pll = (1 2 ) ooy = pll + 22y (3.5)
This further implies that

d(x,,F) < <1+%uik>d(xn_1,F)+¥yn. (3.6)

Applying Lemma 2.3 to the inequalities (3.5) and (3.6), we conclude that both
lim, o llx, — pll and lim,_.d(x,,F) exist. Since liminf, .. d(x,,F) = 0, therefore
limy,—« d(x,, F) = 0. Hereafter, we show that {x,} is a Cauchy sequence. Note that when
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x>0, 1+x < e, and hence by (3.4), we have

[[%nm — pll
< exp [éé (Si‘_il’:ik)}nxn —pll+ %MeXP [il

<Qllxn—pl|+R Vm=1,n>1,

S| S er

k=1 \S T Uik

where

(3.8)

Let € >0. As lim,,—.« [, — pll exists, therefore for € > R, there exists a natural number
ny such that [|x, — pll < (e = R)/(1+ Q) for all n = n;. Now it follows from the above
inequality that

[%ntm = %nl| < [[%nsm — pll +|1%2 = pl|
< Qlxn = pl[ + R+||xx — pl| (3.9)

=(1+Q)||x,—pl|+R<e Vm=1,n=n.

This proves that {x,} is a Cauchy sequence in E and so it must converge. Let
lim,—.c X, = q (say). As lim,_. d(x,, F) = 0, therefore d(g, F) = 0. This implies that there
exists p € F such that ||g — pll = 0. That is, g = p. Hence, g is a common fixed point of T;
for all i € I. This completes the proof of the theorem. O

The above theorem can be restated as follows.

CoROLLARY 3.2. Suppose that all the conditions of Theorem 3.1 hold. Then the implicit
iterative sequence {x,} with errors converges to a point p € F if and only if {x,} has an
infinite subsequence {xnj} with limit p.

We prove a lemma which plays an important role in establishing weak and strong
convergence of the implicit iteration process with errors in a uniformly convex Banach
space.

LemMa 3.3. Let C be a closed convex subset of a real uniformly convex Banach space E. Let
{T;:iel} be N uniformly L—Lipschitzian asymptotically quasi-nonexpansive mappings of
C with 3., uiy < o for all i € I. Suppose that xo € C, {u,} is a sequence in C, and {a,},
{Bu}> {yn} are real sequences in [0,1] such that e, + B, +yn = 1, {a,} C (5,1 —s) for some
s€(0,1), X yn < 0. Then limy—.co |x, — Tixy|l = 0 foralll € I.

Proof. Set 0, = | T*x, — x,_1ll, n = (k — 1)N +1i, i € I. As in the proof of Theorem 3.1,
lim, .o llx, — qll exists for all g € F, so {x, — g, Tl-kxn — g} is a bounded set. Hence, we
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can obtain a closed ball B,(0) D {x, — ¢, Tikxn — g} for some r > 0. By Lemma 2.4 and the
scheme (2.6), we get

||xn_Q||2:||“n(xn71_) +(1- “n)(Tikxn_Q)+Yn(un_Tikxn)||2
(

< |lan (-1 —q) + (1 - oc,,)(Tikxy,—q)H2+ynM for some M >0
< aulfon- 1_‘1” +(1- “n)HTzkxn_‘IHZ

— Wa(an)g(ou) +yaM (3.10)

< a1 = qlI” + (1= o) (1 + 1) || 2w — gl
-W, (an)g(an) +)/nM
< 01 _‘1||2+ (1 = a +vie) | |0 — QHZ

-W; (“H)g(an) +ynM

where vir = 2uy + ufk. Hence, >;_, vik < o for all i € I. Thus from the above inequality
and s < a, < 1 — s, we have that

Vik |

b= all” < It = qll + v~ gl — (1 - aglon) + 22m @)

Therefore, as in Theorem 3.1, it can be shown that lim,,_« ||x, — glI* = d exists. From
(3.11), it follows that

2 2 Vik 2 n
(1= )g (o) = a1 = all” = beu = qll* + e, = gl + 22
, (3.12)
<|Jxn-1 = ql|" = ||xn — q|| +viQ e M for some Q' > 0.
From (1 — a,) > s, we have
2 2 ; Yn
sg(0n) < ||xu-1—q||" = l|xn — q|I" + v Q" + ?M (3.13)
Let m be a positive integer such that m > n. Then
m 1 m
> g(0,) < —2||x0—fJ|| +—Z"rk+ > ¥n (3.14)
n=1 k=1

When m — oo in (3.14), we have that lim,_. g(0,) = 0. Since g is strictly increasing
and continuous with g(0) = 0, it follows that lim,_ 0, = 0. Hence,

(% = X1 | SﬁnHT,}:xn—xn_1||+yn||u,,—xn_1||
< (1-a,)||T5x, — x,1]| + yuR for some R >0 (3.15)

<(1-9)||T*x, — x,-1|| +yuR  for some R >0,
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which proves that lim,,_. [|x, — x,—1 | = 0. That is, lim,,—« llx, — x,411l = 0 for all [ < 2N.
For n > N, we have

%01 = TuXnl] < ||%0-1 — T || + | TExn — T < 0+ L|| T 5, — x|
<oy +L[||T£,‘_1xn — T N+ TE —x(n_N)_1||] (3.16)

+L||x(n-n)-1 = x|
By n = (n— N)(mod,N), we get T,, = T,,_n. Now the above inequality becomes
[|%n-1 = Txn|| < 00+ L?||xn — xn-n|| + LOn-n + L||X(n-N)—1 — Xn]|> (3.17)
which yields that lim,, . [|x,-1 — Tyl = 0. Since
[0 — Txnl| < |20 — X1 || + | X0-1 — Tuxal|s (3.18)
so we have that
lim [[x, — Txa|| = 0. (3.19)
Hence, foralll € I,

||xn - Tn+lxn|| = ||xn - xn+l|| + ||xn+l - Tn+lxn+l|| + ||Tn+lxn+l - Tn+lxn||

(3.20)
< (14 L)|xn — x| + || %041 = Tixnst]]>
which implies that
%ij{)lOHXn*Tmzan =0 Vel (3.21)
Thus
lim [[xy = Tixa|| =0 VIEL (3.22)
(]

Now we are in a position to prove our convergence theorems.

THEOREM 3.4. Let C be a closed convex subset of a real uniformly convex Banach space E
satisfying the Opial condition. Let {T; : i € 1} be N uniformly L—Lipschitzian asymptotically
quasi-nonexpansive mappings of C with >, uiy, < o for all i € 1. Suppose that xo € C,
{un} is a sequence in C, and {a,}, {Bn}, {yn} are real sequences in [0,1] such that «, +
Bn+yn =1 {an} C(s,1 —5) for some s € (0,1), 220:1 yn < 0o. If for every member T in
{T;:ieI},I—T is demiclosed at 0, then the iterative sequence {x,} generated by (2.6)
converges weakly to a point in F.

Proof. Let p € F. The sequence {|lx, — pll} is convergent as proved in Lemma 3.3. This
gives that {x,} is a bounded sequence and it converges weakly to a point in C. We prove
that {x,} has a unique weak subsequential limit in F. In fact, suppose that u and v are
weak limits of the subsequences {x,} and {x,} of {x,}, respectively. By Lemma 3.3,
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lim,— ||x, — Tix,|l = 0 for all [ € I. Also, I — T; is demiclosed at 0 for all [ € I. There-
fore, we obtain that Tju = u for all [ € I. Similarly, we can prove that Tjv = v forall I € I.
That is, u,v € F. For the uniqueness, assume that # and v are distinct. Then by the Opial
condition,

lim ||x, — u|| = lim ||x,, — u]|

n—o ni—oco
< lim [l
= lim ||x, —v/| (3.23)
< Jim 1,

~ lim [, ~ u],

a contradiction. Hence, the proof. O

With the help of Lemma 2.5, the following corollary is an immediate consequence of
the above theorem; this result includes, as a special case, Theorem 2 of Xu and Ori [20].

CoRroLLARY 3.5. Let C be a closed convex subset of a real uniformly convex Banach space E
satisfying the Opial condition. Let {T;:i € I} be N uniformly asymptotically nonexpansive
mappings of C with X" i, < oo for all i € 1. Suppose that xo € C,{u,} is a sequence in C
and {ay}, {Bn}, {yn} are real sequences in [0,1] such that o, + B, + 7y, = 1, {a,} C (5,1 —
s) for some s € (0,1), Zf;l yn < 0. Then the iterative sequence {x,} generated by (2.6)
converges weakly to a point in F.

Next, we prove strong convergence theorems.

THEOREM 3.6. Let C be a closed convex subset of a real uniformly convex Banach space E. Let
{T;:iel} be N uniformly L—Lipschitzian asymptotically quasi-nonexpansive mappings of
C with 3., ujy < o for all i € I. Suppose that xo € C, {u,} is a sequence in C, and {a,},
1B}, {yn} are real sequences in [0,1] such that e, + B+ yn = 1, {an} C (5,1 —s) for some
s€(0,1), 2:10:1 yn < 00, If at least one member T in {T;:i € I} is semicompact, then the
implicitly defined iterative sequence {x,} in (2.6) converges strongly to a point in F.

Proof. By Lemma 3.3, it follows that

lim [|x: — Tixu|| =0 VIEL (3.24)

Without any loss of generality, assume that T} is semicompact. Therefore, by (3.24),
it follows that lim,,—.. [|x, — T1x,1l = 0. Since T} is semicompact, therefore there exists a
subsequence {x;, } of {x,} such that xn; — x* € C. Now consider

[[x* — Tix*|| = lim %0, = Tixy; || =0 VIEL (3.25)
j— 00

This proves that x* € F. Aslim, . ||x, — gl exists for all g € F, therefore x,, converges
to x* € F, and hence the result. O
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Remark 3.7. If we take y, = 0, for all n > 1, then the above theorem becomes Theorem
3.3 due to Sun [15] without the boundedness of C which in turn generalizes Theorem 2
by Wittmann [17] from Hilbert spaces to uniformly convex Banach spaces.

An asymptotically nonexpansive mapping is both uniformly L-Lipschitzian and
asymptotically quasi-nonexpansive. Hence, the following generalization of [15, Theorem
3.4] is an immediate consequence of Theorem 3.6.

TaeoreM 3.8. Let C be a closed convex subset of a real uniformly convex Banach space E.
Let {T;:i € I} be N asymptotically nonexpansive mappings of C with >.7° | uj, < oo for all
i € I. Suppose that xy € C, {u,} is a sequence in C, and {a,}, {fn}, {yn} are real sequences
in [0,1] such that a, + By +yn = 1, {an} C (s,1 =) for some s € (0,1), > yn < 0. If
at least one member T in {T;:i € I} is semicompact, then the implicitly defined iterative
sequence {x,} generated by (2.6) strongly converges to a point in F.

Definition 3.9 (condition ()). The family {T;:i € I} of N-self-mappings on a subset C
of a normed space E satisfies condition () if there exists a nondecreasing function f :
[0,00) — [0,00) with f(0) =0, f(r) >0 for all € (0,00) such that 1/ani1 llx — Tix|| >
f(d(x,F)) for all x € C where d(x,F) = inf{|lx — pl| : p € F}.

Note that condition () defined above reduces to the [16, condition (A)] if we choose
T; =T (say) foralli € I.

Finally, an application of the convergence criteria established in Theorem 3.1 is given
below to obtain yet another strong convergence result in our setting.

THEOREM 3.10. Let C be a closed convex subset of a real uniformly convex Banach space E.
Let {T;:i €I} be N uniformly L—Lipschitzian asymptotically quasi-nonexpansive mappings
of Cwith 3 | uiy < o for all i € I and satisfy the condition (* ). Suppose that xo € C, {u,}
is a sequence in C and {an}, {Bn}, {yn} arereal sequences in [0, 1] such that oy + B+ y, = 1,
{au} C (5,1 =5) forsomes € (0,1), >, yn < 00. Then the iterative sequence {x,} generated
by (2.6) strongly converges to a point in F.

Proof. As in the proof of Theorems 3.6, (3.24) holds. Taking liminf on both sides of
condition (*) and using (3.24), we have that liminf, .. f(d(x,,F)) = 0. Since f is a
nondecreasing function with f(0) =0 and f(r) >0 for all r € (0,), it follows that
liminf,_ d(x,,F) = 0. Now by Theorem 3.1, x, — p € F. O
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