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We prove that the operators in a class of rough fractional integral operators and the re-
lated maximal operators are bounded from L?(v?) to L9(u?) with weight pair (u,v).

1. Introduction and results

Suppose that Q € L5(§""!) (s > 1) is homogeneous of degree zero in R” with zero mean
value on §"°!, then it is well known that the Calder6n-Zygmund singular integral is de-
fined by

Q(x—y)
Tof = pr. | T2 0y, (L1)
Rt |x =yl
In 1967, Bajsanski and Coifman [1] first discussed the boundedness of operators on a
class of singular integral operators T4 which are associated with the commutators of the
Calderén-Zygmund singular integral Tq. The operator T4 is defined by

Rin(A,x,y)
R" |_x — y|n+m—l

TAf(x) = p.v. Q(x - y) f(y)dy, (1.2)
where A(x) is defined on R” and R,,(A;x,y) denotes the mth remainder of the Taylor
series of A at x about y. More precisely,

R(Aix,y) = A(x) — S SDIA(y)(x - y), (1.3)

lyl<m 7*

where D?A € L'(R") (1 <r < o) or DA € BMO(R") for |y| = m — 1 (m = 1). Following
[1], Cohen and Gosselin studied also the boundedness of T4 in [2, 3, 4].

Notice that the fractional integral operator is closely related to the Calderén-Zygmund
singular integral operator, which is defined by

Touf)= | Q=) gy (14)

nlx—y|n-e
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for 0 < a < n. (See [5, 7, 9] for the boundedness of Tq 4.) Therefore, a natural and inter-
esting problem is whether there are similar mapping properties if we replace the kernel
function Q(x)[x|~" by Q(x)|x|~"~% (0 < a < n) in definition (1.2). In this paper, we will
consider the above problem. In a very simple way, which is altogether different from the
method in [3, 4], we will obtain the weighted (L?,L9) boundedness with the weight pair
(u,v) for the rough fractional integral operator T3 ,, which is defined by

Ru(A,x,y)

T yjrmasmt ME =Dy, (1.5)

Thef = |

where 0 < a < n, Q € L5(8"7!) (s > 1) is homogeneous of degree zero in R”, and R,,(A;
x,y) is asin (1.3). As a corollary of the above result, in this paper, we show also that the
same conclusion holds for the fractional maximal operator Mg ,, where

Mé,af(x)=sugwﬁj <r|Rm(A,x,y)| |Q(x—y)f(y)|dy. (1.6)

[x=yl

Before stating our results, we give some definitions. In the following definitions, p’ =
p/(p —1) and Q denotes a cube in R” with its sides parallel to the coordinate axes and the
supremum is taken over all such cubes.

Definition 1.1 (A, (1 < p < 00)). Alocally integrable nonnegative function w(x) is said to
belongto A, (1 < p < o) if there is a constant C > 0 such that

Sup(|Q|J e )dx)(%JQw(x)‘mP‘de)p_lSC. (1.7)

Definition 1.2 (A(p,q) (1 < p,q < )). Alocally integrable nonnegative function w(x) on
R" is said to belong to A(p,q) (1 < p,g < ) if there is a constant C > 0 such that

sup ( Ql J w(x)qu) Uq(ﬁ JQw(x)*P'dx> v <C< o, (1.8)

Definition 1.3 (A} (1 < p < )). A pair (u(x),v(x)) of nonnegative locally integrable
functions is said to belong to A;f (1< p < o) if there is a constant C > 0 such that

lép <|—é| IQ u(x)dx) <|—(12| IQ v(x)_l/(P_l)dx) - <C. (1.9)

Definition 1.4 (A*(p,q) (1 < p,g < )). A pair (u(x),v(x)) of nonnegative locally inte-
grable functions is said to belong to A*(p,q) (1 < p,q < oo) if there is a constant C >0
such that

sup ( Ql J (x)qu> 1/{1(@ J‘Qv(x)_l”dx) v <C< oo, (1.10)
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Now we state the results obtained in this paper as follows.

THEOREM 1.5. Let Q € L(S" 1), 0<a<n, 1< p<n/a, DPAE L (R") (1<r < ), |y| =
m—1,(m=1),and1/q = 1/r+1/p — a/n. Moreover, 1/t = 1/r+1/p and 1/l = 1/p — a/n.
Ifs, I, t, p, q and w satisfy one of the following conditions:

(@) 1 <5 < tand (u/9,v571) € A*(t/s',q/s), and u*/9,v5/9 € A(t/s',q/5);

(b) s>land (v¥s/P uts/Py e A¥(I'/s',p'/s), and v=*/P ,u=ts/P € A(I'/s',p'/s'),
then there is a constant C > 0, independent of f, such that

( jWTé,afu)uwdx)wsc S pa LY(JWIf<x>v<x>|"dx)W. (1.11)

l[yl=m-1

The proof of Theorem 1.5 depends on the following weighted (L?,L7) boundedness
and the weak boundedness of the rough fractional integral operator T 4.

THEOREM 1.6 (see [6]). Suppose that 0 < a<n, 1 <p<n/a, 1/q=1/p—a/n, and Q €
L(S"Y). If s, p, q, and (u,v) satisfy one of the following conditions:

(@) 1 <5 < pand (w,v) € A*(p/s',q/s'), and v ,v* € A(p/s',q/s');

(b)s>qgand (v=,u=) € A*(q'/s,p'/s'), andv=,u= € A(q'/s',p'/s),
then there is a constant C > 0, independent of f, such that

1/

(JW To f(x)u|qu) " c(JW | f(x)v(x)|de) ' (1.12)

2. Some elementary conclusions

We begin by giving some properties of the weight classes A, and A7, which will be applied
in the proof of theorem.
Some elementary properties of A and A} (1 < p < o) are as follows.
(i) Ap, CAp, if 1< py < py<oo.
(ii) If (u,v) € A}, then for any 0 < e < 1, (u%,v) € AJ.
(iii) If (u,v) € A}, then for any r > p, (u,v) € Af.
See [8, 6] for the proofs of (i)—(iii), respectively.
The relations between A(p,q) and A,, A*(p,q) and A; are explained as follows (see
[6]). Suppose that 0 < w < n, 1 < p <n/aand 1/q = 1/p — o/n, then

w(x) € A(p,q) = w(x)1 € Agn-ayn <= w(x) P € Arsprgs (2.1)

(u,v) € A*(p,q) = (ui,v1) € Arayn = (v Puf)e Al g (2.2)

n

The proof of Theorem 1.5 is set up on the conclusions of the following two lemmas.

LEmMMA 2.1. Suppose that 0 < a<n, 1 < p<n/a, 1 <r < o0, 1/q = 1/r+1/p — a/n. More-
over, 1/t =1/r+1/p, 1/l=1/p — a/n.
(@) If1 <§' < tand (u/1,v5/1) € A*(t/s',q/s"), then (u',v*) € A*(p/s,1/s') and (v,
V) e A*(t/s,q/s).
(b) If 1 <5 <t and uF/1,v5/1 € A(t/s',q/s), then u® ,v* € A(p/s',1/s') and u* ,v* €
A(t/s',q/s).
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() If s>1 and (v=1P .u=tP"y € A*(I'/s',p'/s"), then (v ,u™) € A*(q'/s/,t'/s)
and (v=,u=) e A*(I'/s,p'/s).
(d) Ifs>Land v=st/P ,u="t"?" € A(I'/s',p'/s'), thenv=> ,us € A(q'/s',t'/s') and v™*,
u= e Al'/s,p'1s).
Proof. Ifr = co, then we have t = p, [ = q. Obviously, the conclusions (a)—(d) in Lemma 2.1
hold. Hence, we need only to consider the case 1 < r < . Below, we give the proof only
for the conclusion (a), the proofs of conclusions (b)—(d) are similar.
Since s’ < t < p < n/a, we have 0 < as’ < n, 1 <t/s' <n/as’, and 1/(q/s") = 1/(t/s") —
as'/n. By (u7/4,v/5/1) € A*(t/s',q/s") and (2.2), we have
(V') e A* (2.3)

q(n—as')/s'n
Noting that g </, from (2.3) and (iii), we get

1]
(U,v') € AJii—asyion C Alln—asysn (2.4)

Since 0 < as’ < m, 1 < p/s’ <n/as’, and 1/(I/s") = 1/(p/s’) — as'/n, using (2.2) again, we
see that (2.4) is equivalent to (u¥,v*) € A*(p/s',1/5').
Since q/1 < 1, by (2.3) and (ii), we have

(ut,v?) = (1", [17) e A} (2.5)

n—as')/s'n*

Noting that 0 < as’ < n, 1 < t/s' <n/as’,and 1/(q/s") = 1/(t/s") — as’/n, we see that (2.5) is
equivalent to (u*,v*') € A*(t/s',q/s") by (2.2). Thus we finish the proof of the conclusion
(a). O

LEMMA 2.2. Suppose that m = 1 and DYA € Lio(R") for |y| = m — 1. Then for a.e. x,y €
R",

|Ru(Asx,9)| < Clx—y™ 1 > ((D?A)" (x)+ (D?A)" (), (2.6)

[yl=m—1
where f*(x) denotes the Hardy-Littlewood maximal function of f(x).

Proof. Obviously, |R;(A;x,y)| < A*(x) +A*(y) for m = 1. When m > 1, we write

Ri(Asx,y) = Ry—1(Asx, y) — | ‘Z ID)’A(),)(x_y)y_ 2.7)
pl=m—
Hence,
|R;"5A)j|xy;f1)| < |Rr;_i(;4|;rff)| +C‘y|zzm_1 |DYA(y)]. (2.8)
Thus by (2.8), if we can show that
W <C > ((D'A)"(x)+(DA)*(y)), (2.9)

lyl=m-1

then we get (2.6).
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Now we give the proof of (2.9). We take ¢ € Cy(R") with 0 < ¢(x) < 1 such that
d(x) =11if x| <1, ¢(x) =0 if |x| = 2. Let |x — y| = &/2 and ¢.(x) = ¢p(x/¢€). For F €
CJ(R™), by [10] we have F(y) = ¢, [p.(VeF, (y = &)/|y — ") dE, where V¢F = (D;F,
D;F,...,D,F) and D;F = 0F/d&;. Moreover, (-,-) is the notation of the inner product.
Hence,

|Rm—1(A§-xa)’)| _ |Rm—1(A§x>y)¢s(x_y)|
lx — y[m-1 lx — y[m-1

eyt |y (TR (i 06—, |y £|n>d£’
Jo (e s 0. 2= e

< C( !
Jo (R ra52 (Ve - ), 1 W}d&j)

1
[x — y[m-1
=1+II

(2.10)

Because  (Ve(Rp-1(4;%,8)),(y — &) = X1 DYAE) X1 ((x =) I (y = &)1/
(m— j)!), we have

[ {((VeRm-1(A;%,8)) pe(x = &),(y — &) |

< Cxie-gi=20 (§) D [DVA@)[x =" 21y~ &l. @11
[yl=m-1
Hence for I, we get
y _gE|m-2
I < C J | DYA(§) | |x — ¢l i
|x—)/|m_1 lyl=m-1 |x—&|<2e |)/—£|n_l
L D) -
<C J nldf c > (DA (.
i S & Jiy-gi=ae Ly = &l lyl=m-1
To obtain the estimate of I, we need to use an equality in [2],
m—1 , lx—¢] 5 ,
Rpa(Ax8) = > ——((x-§) VJO p" 2D A(x — p(x = §)')dp, (2.13)

lyl=m-1

where y' = y/|yl € §""L. Since for j = 1,2,...,n,

Dj(¢e(x—&)) = (D ¢)(x=&),  supp{(D;p) (x—&} C {&:e<|x—E| <2¢},
(2.14)
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we have |y —&| ~ |x — &] and

c el [ :
II < — = m=2IDYA(x — p(x — dpd
oy € Jesle-gz2e x = &1 Jo prEIDIAGe - ple = 8)') [dpdt
2¢e
<C > st Ip’”lj |DYA(x —pu') |du’ dpdt
e Snfl
v (2.15)
<c Y s—mj j IDYAx = u) | |ul™ " dudt
lyl=m—1 € lul<t
<c S (D) ()—J S " d< S (DA (x).
lyl=m-1 A lyl=m-1
Thus (2.9) follows from (2.12) and (2.15). O
3. Proof of Theorem 1.5
Now we turn to the proof of Theorem 1.5. For m > 1, by (2.6), we get
O
| TAof (1) <CJ S (DA () + (D'A) () ||x a |,,ya' IfO)ldy
lyl=m-1
=C > [(D"A)" (%) - Tiane (/1)) + Tiaa((DYA)" - | f1)(x)].
lyl=m-1
(3.1)

Thus,

1/q

(LR” | T4 o f (x)u(x) | qu)
¢ 2 {(J (DYA)" () Tiara (I f1)u( ]qu)l/q

lyl=m-1

v
+(J[Rﬂ[T\m,a((DVA)*Ifl)(x)u(x)]qu> q}:zc > (I+1D).

[yl=m-1
(3.2)

If r = oo, then t = p, [ = q. From (3.2) and L* boundedness of the Hardy-Littlewood
maximal operator, it is easy to see that neither I nor I is larger than

1/q
104 e [ [Tiara(l D @u001dx) (33)

By Theorem 1.6, we know that when r = co, the conclusion of Theorem 1.5 holds.
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As for the case 1 < r < oo, we first consider the condition (a). Since 1/] = 1/q — 1/r, we
have 1/(r/q) + 1/(I/q) = 1. Using Holder’s inequality, we get

1= ([ [ 04y 0T w0 'ax)
< (J ) (DVA)*(x)q"/qu)(l/q).(q/r)(J [Tiana(1f1) (0)u(x)]* l/qu)

TIQ\,a(|f|)||LI(u1)-

By I/l =1/p —a/n, s’ <t < p, and the conclusions (a) and (b) of Lemma 2.1, we have
(u¥,v) € A*(p/s',l/s") and w',v* € A(p/s’,I/s"). Applying Theorem 1.6 for (s, p,) and
(u,v) and the L"(r > 1) boundedness of Hardy-Littlewood maximal operator, we have

o] 1FGovto | ax) v (3.5)

Now we estimate II. Since 1 > 1/t >1/p,so 1 <t < p<mn/aand 1/q = 1/t —a/n. By s’ < t,
using the conclusions (a) and (b) of Lemma 2.1 again, we have (u*,v*) € A*(t/s',q/s")
and u*,v" € A(t/s',q/s"). Hence by the weighted (L!,L?) boundedness of T, with dif-
ferent weights (Theorem 1.6), the L(r > 1) boundedness of Hardy-Littlewood maximal
operator and using Holder’s inequality for /¢ and p/t, we get

(1/q)-(q/1) (3.4)

= [|(D7A)"

Lr

1/
1= <<[R” [T\QI,(X((D)’A)* |f|)(x)u(x)]qu) 1

o] 1FGovto)fax) v

(3.6)

sC(JRn[(DVA )| Fx) | ]dx)l/t_

From (3.2)—(3.6), we prove that Té’a is a bounded operator from L?(v?) to L9(u4) when
the condition (a) of Theorem 1.5 is satisfied.

Applying the conclusions (c), (d) of Lemma 2.1 and Theorem 1.6 under the condition
(b), respectively, and by the same method as above, we may prove that when the condition
(b) of Theorem 1.5 is satisfied, the operator Té,a is also bounded from L? (v?) to L1(u4).
Here we omit the details.

Remark 3.1. As a corollary of Theorem 1.5, below we will show that the same conclusions
hold also for the multilinear fractional maximal operator M3, (see (1.6) for its defini-
tion). Using the idea of proving [5, Lemma 2], we can obtain the following pointwise
relation between M , and Tfy, .

LEMMA 3.2. LetO<a<n, Q€ LY (S"1). Then
Mé,af(x) < T‘Ama(lfl)(x) for x € R", (3.7)

where

Rm A)’
a0 = [ 2D 100 ) 1y (.8
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From the process proving Theorem 1.5, it is easy to see that the conclusions of
Theorem 1.5 hold still for Ti, ,. Combining this with Lemma 3.2, we can easily obtain
the weighted (L?,L9) boundedness of M§ , for different wights.

Remark 3.3. When D?A € BMO(R"), the weighted boundedness of T3 , with the weight
pair (u,v) will be given in the following paper.
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