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(x,u)-MANIFOLDS

K. ARSLAN, R. EZENTAS, C. MURATHAN, AND T. SASAHARA

Received 19 April 2005 and in revised form 11 October 2005

Biharmonic maps between Riemannian manifolds are defined as critical points of
the bienergy and generalized harmonic maps. In this paper, we give necessary and suf-
ficient conditions for nonharmonic Legendre curves and anti-invariant surfaces of 3-
dimensional («, ¢)-manifolds to be biharmonic.

1. Introduction

Let f:(M,g) — (N,h) be a smooth map between two Riemannian manifolds. The bi-
energy E;(f) of f over compact domain Q C M is defined by

Ex(f) = jﬂh(r(fxr(f))dvg, (L.1)

where 7(f) is the tension field of f and dv; is the volume form of M.

It is clear that E;(f |q) = 0 on any compact domain if and only if f is a harmonic
map. Thus E, provides a measure for the extent to which f fails to be harmonic. If f isa
critical point of (1.1) over every compact domain, then f is called a biharmonic map or
2-harmonic maps. Jiang [10] proved that f is biharmonic if and only if

}f(T(f)) =0, (1.2)

here $ is the Jacobi operator of f.

Clearly, any harmonic map is biharmonic. But the converse is not true. Nonharmonic
biharmonic maps are said to be proper. It is well known that proper biharmonic maps
into R, that is, biharmonic functions, play an important role in elasticity and hydrody-
namics.

Proper biharmonic submanifolds in real space forms have been studied by many ge-
ometers during the last two decades. However, in the Euclidean space and the hyperbolic
space, such submanifolds have not been found yet. On the other hand, many proper bi-
harmonic submanifolds exist in the unit sphere.

The unit sphere of odd dimension is the typical example of Sasakian space forms.
Lately, J. Inoguchi and T. Sasahara initiated the study of proper biharmonic submanifolds
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in Sasakian space forms. Inoguchi [9] classified proper biharmonic Legendre curves and
Hopf cylinders (automatically anti-invariant surfaces) in Sasakian 3-space forms. Sasa-
hara [11] classified proper biharmonic Legendre surfaces in Sasakian 5-space forms. Also,
in [1], the authors studied anti-invariant submanifolds in Sasakian 5-space forms.

In [4], Blair et al. introduced a new class of contact metric manifolds (M, ¢, &, , g):
(x, u)-manifolds, which are defined as manifolds whose curvature tensor R satisfies

RX,Y)E = (kI +uh) (n(Y)X - n(X)Y) (1.3)

for any vector fields X and Y, where I is the identity and 24 is the Lie differentiation of ¢
with respect to &, and «, p are constant.

Sasakian manifolds are (x,u)-manifolds with ¥ = 1 and h = 0. Also, the unit tangent
sphere bundle of a Riemannian manifold of constant sectional curvature c satisfies (1.3),
with k¥ = ¢(2 — ¢) and g = —2c. The class of (k,u)-manifolds has been classified at least
locally (see [4, 5]). In particular, in case the dimension is 3, a (x,y)-manifold is either
Sasakian or locally isometric to one of the unimodular Lie groups SU(2), SL(2,R), E(2),
E(1,1) with a left invariant metric.

Proper biharmonic Legendre curves (resp., anti-invariant surfaces) in Sasakian 3-space
forms are completely determined by the curvature (resp., the mean curvature) (cf. [1, 9]).
Since Sasakian 3-space forms are special examples of (k,u)-manifolds, it is natural and
interesting to investigate proper biharmonic Legendre curves and anti-invariant surfaces
in general 3-dimensional (x, y)-manifolds.

In this paper, in terms of the curvature and the torsion, (resp., the mean curvature),
we give necessary and sufficient conditions for nonharmonic Legendre curves (resp., anti-
invariant surfaces) in 3-dimensional (x,4)-manifolds to be biharmonic.

2. (k,p)-manifolds

In this section, we collect some basic facts about contact metric manifolds. We refer to
[3] for a more detailed treatment. A (27 + 1)-dimensional differentiable manifold N2"*! is
called a contact manifold if there exists a globally defined 1-form # such that (dn)" A n # 0.
On a contact manifold there exists a unique global vector field & satisfying

for all X € TN?"1,
Moreover, it is well known that there exist a (1,1)-tensor field ¢ and a Riemannian
metric g which satisfy

¢’ =-I+n®¢,
g(@X,¢Y) =g(X,Y) —n(X)n(Y), g(&X)=n(X), (2.2)
dn(X,Y) = g(X,¢Y),

forall X,Y € TN?"*1,
The structure (¢,&,1,g) is called contact metric structure and the manifold N***! with a
contact metric structure is said to be a contact metric manifold. Following [3], we define
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on N2"*1 the (1,1)-tensor fields h:
1
h= E($E¢)’ (2.3)

where ¥ is the Lie differentiation in the direction of . The tensor field 4 is self-adjoint
and satisfies

hé =0, (2.4)
hé + ¢h =0, (2.5)
Vxé = —¢pX — ¢phX, (2.6)

where V is the Levi-Civita connection of g.
A (x,p)-manifold is defined as a contact metric manifold satisfying

R(X,Y)E = (I +uh) (n(Y)X — n(X)Y), (2.7)

for any vector field X and Y, where «, y are constant. We denote an n-dimensional (x, u)-
manifold by M"(x,u). Due to [4], on M"(x,u) we have the following (cf. [5]):

VxhY —h(VxY) = (1 - x)g(X,9Y) — g(X,phY))&
—n(Y)((1 = %)Y + ¢phX) — un(X)$hY, (2.8)
Vx¢Y —¢(VxY) = (g(X, V) +g(X,hY))E — n(Y)(X + hX).

It is well known that the curvature tensor R of 3-dimensional Riemannian manifolds
satisfy the following:

R(X,Y)Z = g(Y,2)QX — g(X,Z)QY +g(QY,Z)X — g(QX,Z)Y

S (2.9)
- 5 (g(Y7Z)X _g(X>Z)Y))
where Q is the Ricci operator and S is the scalar curvature.
Substituting Y = Z = £ to (2.9) and using (2.7), on M>(k, ) we obtain
1 1
Q=E(S—ZK)I+E(6K—S)T1®f+‘Mh. (2.10)

In general, ¥ < 1 on a (x,u)-manifold. If x = 1, the manifold is Sasakian. If x < 1, the
relation (2.7) determines the curvature of (x,y)-manifold completely (see [5]). The scalar
curvature S of M>(k,u) is equal to

2(k—p). (2.11)

Remark 2.1. A non-Sasakian 3-dimensional (x,y)-manifold is locally isometric to one of
the unimodular Lie groups SU(2), SL(2,R), E(2), E(1,1) with a left invariant metric. (See

[4]).
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3. Biharmonic maps

Let M™ and N" be Riemannian manifolds and f : M™ — N" a smooth map. The tension
field T(f) of f is a section of the vector bundle f*TN" defined by

7(f):= vhﬁ::ﬁ (V5df (e) —df (Vee)}, (3.1)
i=1

where V/, V, and {e;} denote an induced connection, the Levi-Civita connection of M™,
and a local orthonormal frame field of M™, respectively.

A smooth map f is said to be a harmonic map if its tension field vanishes. It is well
known that f is harmonic if and only if f is a critical point of the energy:

7= [ Sontar e e 62)

over every compact domain Q of M™.
Eells and Sampson [8] suggested to study biharmonic maps which are critical points of
the bienergy E:

&UbLﬁmﬂﬂﬂM% (3.3)

The Euler-Lagrange equation of the functional E, was computed by Jiang [10] as fol-
lows:

Fr(t(f)) =0. (3.4)
Here the operator $ is the Jacobi operator defined by
Pr(V):= AfV -Rp(V), Ve T(f*TN"),

Af = z% (Vf vf vfe,-ei)’ (3.5)

_ iRN" (V. df () df (&),

where RN" is the curvature tensor of N™.

4. Biharmonic Legendre curves

A curve C = C(s) : I — M?(x,u) parametrized by arclength parameter is said to be a Le-
gendre curve if n(C’) = 0. In this section, in terms of the curvature and the torsion, we
characterize proper biharmonic Legendre curves in 3-dimensional (x, ¢)-manifolds.

Let C be a Legendre curve in M3 (k,u). Then we can take a Frenet field, F = (T,N,B),
sothat T=C,N = ¢C, and B = £ (see [2]). Frenet-Serret formula of C is given explicitly
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by
T 0 a O||T
Nil=|-a 0 t||[N], (4.1)
B 0 -7 O0||B

where « (resp., 7) is the curvature (resp., the torsion).

ProposITION 4.1. Let C:1 — M?(k,u) be a nongeodesic Legendre curve. Then C is bihar-
monic if and only if C is a helix satisfying o + 1> = (1/2)(C*S — 4x), where C*S is the
pullback of S by C.

Proof. Frenet-Serret formula implies that the mean curvature vector field H is given by
H = VT = aN. By direct computations, we obtain

Fc(H) =3aad' T — (« —a® —ar?)N — (2 7+ a1 )B— Re(H). (4.2)

Using (2.9) and (2.10), we have

Re(H) = QH +(QT, TYH — (QH, T)T — C;SH, (4.3)
QT = %(C*S—ZK)TerhT, (4.4)
QH = %(c*s “2K)H +au{ — (KT, T)ST + (hé T, T)T}. (4.5)
Substituting (4.4) and (4.5) into (4.3), we get
R (H) = %(C*S—4K)0¢N. (4.6)

If y is biharmonic, $¢(H) = 0. Hence it follows from (4.2) and (4.6) that « and 7 are
constant, and moreover, they satisfy a? + 72 = (1/2)(C*S — 4k). Conversely, if C is a helix
with a2 + 1% = (1/2)(C*S — 4x), then $c(H) = 0 on C. Hence C is biharmonic. O

COROLLARY 4.2. There exist no proper biharmonic Legendre curves in M*(x,u) with S < 4x.

CoROLLARY 4.3. Let C:1 — M?3(x,u) be a nongeodesic Legendre curve in 3-dimensional
(x, u)-manifolds. Assume that k < 1. Then C is biharmonic if and only if C is a helix satisfying
o+ 77 = —(k+u).

COROLLARY 4.4. There exist no proper biharmonic Legendre curves in M>(x,p) with x < 1
and k+u = 0.

A contact metric manifold is said to be a Sasakian manifold if it satisfies [, ¢] +2dn ®
& =0on N?""! where [¢, ] is the Nijenhuis torsion of ¢.

The tangent planes in T,N 211 which is invariant under ¢ are called ¢-section (see [3]).
The sectional curvature of ¢-section is called ¢-sectional curvature. If the ¢-sectional
curvature is constant on N2"*1, then N2"*! is said to be of constant ¢-sectional curvature.
Complete and connected Sasakian manifolds of constant ¢-sectional curvature are called
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Sasakian space forms. Denote Sasakian space forms of constant ¢-sectional curvature ¢ by
N2n+l (C)
The curvature tensor R of N2"*1(c) is given by

R, 112 = 24517, 2)X - g2,

+ L On@)Y - n(V(2)X +g(X,2)(Y)E

4
—8(Y,Z)n(X)E+8(Z,¢Y)$X - g(Z,$X)pY +2g(X,$Y)$Z}.
(4.7)

We can easily see that Sasakian space forms are (k,y)-manifold, with x = 1 and h = 0.
Legendre curves in Sasakian space forms satisfy 72 = 1 (see [2]). Therefore, by applying
Proposition 4.1, we have the following (cf. [9]).

COROLLARY 4.5. Let C: 1 — M?(c) be a Legendre curve in Sasakian space forms of constant
¢-sectional curvature c. Then C is proper biharmonic if and only if ¢ > 1 and C is a helix
satisfying a> = ¢ — 1.

5. Biharmonic anti-invariant surfaces

Let M™ be a submanifold tangent to & in a contact metric manifold. If X is normal to
TM™ for any X € TM™, then M™ is called an anti-invariant submanifold (see [12]).

Let f : M?> — M?(k, ) be a nonminimal anti-invariant surface. The formulas of Gauss
and Weingarten are given, respectively, by

VY = VxY+0(X,Y),

~ (5.1)
VxV =-AyX+DxV,

where X,Y € TM™,V € T*M™, g, A, and D are the second fundamental form, the shape
operator, and the normal connection.

Denote by R the Riemann curvature tensor of M2. Then the equations of Gauss and
Codazzi are given, respectively, by

(R(X7 Y)Z> W> = <A0(Y,Z)X> W> - <A¢T(X,Z)Y7 W> + <§(X) Y)Zr W>3 (5-2)
(RX,Y)2)" = (Vxo)(Y,2) - (Vyo)(X,2), (5.3)

where X, Y, Z, W are vectors tangent to M2, (-,-) = g(+,-) and Vo is defined by
(vXO-)(Y)Z) = DXG(Y:Z) - G(VXYJZ) - J(Ya VXZ) (54)

Let {ej,es} be orthonormal frame fields along M? such that e, = £&. We may assume
that H = age;, where « € C*(M) and a > 0. Then from (2.6), we see that the second
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fundamental form o takes the following form:

o(er,er) = 2ade, (5.5)
0‘(62,62) = 0, (56)
0'(61,62) = —ﬁ¢€1, (57)

for some function . Equations (5.5)—(5.7) are equivalent to

Age €1 = 2ae; — fey, (5.8)
Age 2 = —Per. (5.9)

We put y = (he;, pe; ). We need the following lemmas for the later use.

LEMMA 5.1.
Ve = —yes, (5.10)
Ve e = yei, (5.11)
Vezel = V62€2 =0. (5.12)

Proof. From (2.6), we have (5.11) and (5.12). Equation (5.10) is obtained by (5.11). [

LEMMA 5.2.
20000 = —e1 3 — 2wy, (5.13)
e = y(u—2p), (5.14)
—eyy—y* =B +r+uB-1). (5.15)

Proof. First we put X =e,, Y = Z = ¢; in (5.3). Then from (2.9), (2.10), (5.5)—(5.7), and
Lemma 5.1, we obtain

0= DeZa(el,el) — {Dela(ez,el) —O'(VEIEZ,el) — 0'(62,Velel)}

5.16
=2e,ade; + e fe; +2ayde;. (5.16)
This implies (5.13).
Next, we substitute X = e;, Y = Z = e, into (5.3). Similarly, we have
(Qer,per)per = —20(V. ez,2) — De,0(er,€2) (5.17)

=2fByde; +exfde;.
Since (Qey, de1)pey = pyde;, we get (5.14).
Finally, we put X = W =¢; and Y = Z = ¢, in (5.2). Then it follows from (5.5)—(5.7)
and Lemma 5.1 that the left-hand side of (5.2) is

<_v82v€1e2_ vvglezeZ:el> = —ez)/—)/z- (518)
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On the other hand, the right-hand side of (5.2) is

—B*+{Qer,e1) +(Qez,e2) — % =—p+ % (f*S—2x) +u(her,er)
(5.19)
L e L froy_ 7S
+E(f S—2K)+2(6K f*S) 5
By (2.6) and (5.7), we get
B~ 1= (hei,er). (5.20)
Thus, (5.15) is proved. |
LEMMA 5.3.
(B-12B—u) = ey, (5.21)
el = 4ay. (5.22)

Proof. First, we differentiate both sides of y = (hey, ¢e; ). Then it follows from (2.5), (2.8),
(5.7), and (5.12) that

ey = €2<h€1,¢€1>
= <%e2h€1,¢€1> + <h€1,%e2¢€1>

= (h(Veer),per) — (upher,der) + (hei, ¢ (Ver)) (5.23)
= —p{hger,¢er) —p(B-1)+p(B-1)
=B-12B-w.

Next, we differentiate both sides of (5.20). Then from (2.5), (2.8), (5.5), and (5.10), we
get

elﬁ =e <h61,€1>
= <%elhel>el> + <hel’%elel>

= (h(Veer),e) + (hey, Veer) (5.24)
=2a(hder,er) +2alher, per)
= 4ay.

The proof is finished. O

By using the Gauss and Weingarten formulas, we obtain
AfH = tr (VAg) + APH + (tr A3, ) H, (5.25)

where A is the shape operator, AP = — 37 (D, D,, —Dy,.,),and tr(VAp) = P (Ap, meit
Ve (Anei) — Ap(V,ei)). For detailed computation, we refer to [7].
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LEMMA 5.4.

tr (VAy) = (6aeia — 2Bera — aerff — 2aBy) e

— (2Bera+2a’y + ae1 B)es, (5.26)

APH = (—eje1a— eresa — yerat) ey, (5.27)
trAg, H = (4a” +2f%) ade;, (5.28)

9t (H) = apyer + |3 (F*S = 26) (8- 1) fage. (5.29)

Proof. Using (5.8)—(5.12), we obtain the following:

Ap, (apery1 + Ve, (Ager) — A (Veer)

= (e1a) (2ae; — fer) + Ve, (202e1 — afer) — aAge, (— yer)

= (e1a) (2ae; — Per) +4a(era)e; — 2a*ye, — er(af)er — 2aBye;

= {6ae o — 2aBy}ter — {2Bera+2a%y + aei flea, (5.30)
Ap,, (aper)€2+ Ve, (Ager) —Ag(Veer)

= (e2a) (= Per) + Ve, (— afer)

= —{2Be;a+aeyfle;.

Combining them, we get (5.26). Equations (5.27) and (5.28) can be proved easily.
Finally, we will prove (5.29):

Rr(H) = aR(ger,er)er +aR(der,er)er
= OC{Q(pel + <Q€1,€1>¢€1 — (Q(/)el,el)el — g(ﬁel}
+cx5LQ¢el +{Qez,e2) per — (Qer,ex)er — §¢€1}

f*S (5.31)
- “{( 2 ZK)gbel +uhger +pu(her,er) per —[A(hqﬁel,el)(pel}
+alkper +uhde }
*S$—2
- %“ﬁbel +auyer — u(f — ade;.
The proof is completed. O

Using Lemma 5.4, we obtain the following system of partial differential equations.

LEMMA 5.5. M? is biharmonic if and only if

6ae o —2fBe;a — aer§ — 23y — auy = 0, (5.32)
2Bera+2a%y + aeif =0, (5.33)

ereia+erera+ yera — a(4a’ +2B%) —au(f—1)+ %a(f*sf 2k) = 0. (5.34)
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By solving the system of (5.32)—(5.34), we characterize proper biharmonic anti-
invariant surfaces in 3-dimensional (x,y)-manifolds in terms of the mean curvature.

THEOREM 5.6. Let f : M? — M>(x,u) be a nonminimal anti-invariant surface of a 3-
dimensional (k,u)-manifold. Then M? is biharmonic if and only if k = 1; that is, M> (x, ) is
a Sasakian manifold, and moreover, |H|* = (1/8)(f*S — 6) = constant(# 0).

Proof. From (5.13) and (5.22), we get
e a = —3ay. (5.35)
Substituting (5.14) and (5.35) into (5.32), we have
3eja+3By —uy =0. (5.36)
Also, substituting (5.22) into (5.33) gives us
Bera+3a*y = 0. (5.37)

If f = 0 ata point p, (5.37) implies y = 0 at p. We put Wy = {p € M? |  # 0}. Suppose
that W, is not empty. Then combining (5.36) and (5.37) on W), we obtain

y(—9a® +3B% —Pu) = 0. (5.38)

We put W, = {p € W; | y # 0} and assume that W5 has a nonempty interior. On W5, we
have

—9a® + 3% - Pu=0, (5.39)
and hence, differentiating (5.39) by e, we get
—18ae o+ 6fe1 S — pei f = 0. (5.40)
Combining (5.22), (5.37), and (5.40) gives
270 + 123* = 2fu = 0. (5.41)
However, (5.39) and (5.41) imply that & and § must be 0. It is a contradiction. Thus, the
interior of W, is empty. Therefore y = 0 on W;. But we have already seen that y = 0 on

M? — W;. Thus, y = 0 on M2. By (5.21), we have 8 = 1 or /2. Anyway, a? is constant
from (5.13) and (5.32). Assume that § = (4/2)(# 1). Then by (5.34), we get

4o* = —y2+y+%(f*3—2x). (5.42)

Since S = 2(x — p) on M?(x,u) with x # 1 (see (2.11)), by (5.42), we have a? = u> = 0. It
is a contradiction. Therefore 3 # y/2. Thus, f = 1.
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From (5.15) we obtain x = 1, and hence, M>(k, ) is a Sasakian manifold. Furthermore
from (5.34), we find that &? is equal to

f*S—6

3 (5.43)

Conversely, if M3 (k, ) is a Sasakian manifold and a2 = (1/8)(f*S — 6) = constant, we
can easily see that M? satisfy (5.32)—(5.34). Actually, since « is a nonzero constant, it
follows from (5.13) and (5.22) that y = 0 on M. Therefore, (5.14) and (5.22) imply that
B is also a constant, so that (5.32) and (5.33) are trivially satisfied. Moreover, from (5.15)
and (5.21), with y = 0 and « = 1, we conclude that 5 = 1, and (5.34) is also satisfied. This
completes the proof. O

CoROLLARY 5.7. There exist no proper biharmonic anti-invariant surfaces in Sasakian 3-
manifolds with S < 6.

COROLLARY 5.8. Let f : M? — N>(c) be a nonminimal anti-invariant surface of Sasakian
space forms of constant ¢-sectional curvature c. Then M? is biharmonic if and only if ¢ > 1
and |H|?* = (c — 1)/4.

Proof. From (4.7), we see that the scalar curvature of 3-dimensional Sasakian space form
M?3(c) is equal to 4 + 2c. Hence by applying Theorem 5.6, we get Corollary 5.8. O

Remark 5.9. Corollaries 4.5 and 5.8 imply that there are no proper biharmonic Legendre
curves and anti-invariant surfaces in the unit 3-sphere (cf. [6]). However, there are proper
biharmonic Legendre surfaces and anti-invariant submanifolds in the unit 5-sphere (see
[1, 11]). It is an interesting phenomenon.
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