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This paper deals with the structure of nicely semiramified valued division algebras. We
prove that any defectless finite-dimensional central division algebra over a Henselian field
E with an inertial maximal subfield and a totally ramified maximal subfield (not neces-
sarily of radical type) (resp., split by inertial and totally ramified field extensions of E) is
nicely semiramified.

1. Introduction

We recall that a nicely semiramified division algebra is defined to be a defectless finite-
dimensional valued central division algebra D over a field E with inertial and totally ram-
ified radical-type (TRRT) maximal subfields [7, Definition, page 149]. Equivalent state-
ments to this definition were given in [7, Theorem 4.4] when the field E is Henselian.
These division algebras, as claimed in (7, page 128], appeared in [10] as examples of di-
vision algebras with nonzero SK;. The main purpose of this paper is to prove that over
a Henselian field E, any central division algebra with inertial and totally ramified max-
imal subfields (resp., split by inertial and totally ramified field extensions of E) is nicely
semiramified.

We precise that all rings considered in this work are assumed to be associative with a
unit and all free modules are assumed to be finite-dimensional. A valued division algebra
D over a field E—we adopt the same valuative definitions as in [7]—is called defectless
(over E) if [D: E] = [D: E](Ip : Tg), where [D: E] (resp., (Ip : T'g)) is the residue degree
(resp., ramification index) of D over E.

We recall that for any valued central division algebra D over a field E, the center Z(D)
of D is a normal field extension of E and the mapping

91) . FD/FE — Gal (Z(D)/E_))

1.1
y+FE~»0D(y+I‘E):Ez»—>dad*1, ( )

where d is an arbitrary element of D such that v(d) = y (v being the valuation of D), is a
surjective group homomorphism [7, Proposition 1.7]. We say that D is tame (over E) if
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it is defectless over E, Z(D) is separable (hence Galois) over E, and the characteristic of E
does not divide the cardinal of the kernel of 8p. A subfield K(2 E) of D is called inertial
over Eif [K: E] = [K : E] and K is separable over E.

Now, let F be an associative ring with a unit, and T' a totally ordered abelian group.
We say that F is a graded ring of type T'if there are subgroups F, (y € I') of F such that
F = @,erFy and F)Fs € Fy4s, for all y,6 € T. In this case, the set Tr = {y € [ | F, # 0}
is called the support of F. If x € F, for some y € I'r, we say that x is a homogeneous
element of F. In particular, if x is a nonzero element of F,, we say that x has grade y and
we write gr(x) = y. We denote by F" (resp., F*) the set of homogeneous (resp., nonzero
homogeneous) elements of F. A graded ring F which is commutative and for which all
nonzero homogeneous elements are invertible is called a graded field.

Let F be a commutative graded ring of type I'. A (left) F-module (resp., F-algebra)
A is called a graded F-module (resp., a graded F-algebra) (of type I') if A = @PgerAs
and F)As € Ay, for all y,6 €T (resp., if A is a graded ring of type I' and F, < A, for
all y €T). In particular, if F is a graded field, then graded F-algebras (resp., commuta-
tive graded F-algebras) for which homogeneous elements are invertible are called graded
division F-algebras (resp., graded field extensions of F).

A graded F-module (resp., a graded F-algebra) is also called a graded module (resp., a
graded algebra) over F.

Let F be a graded field of type T. Since T is totally ordered, then any graded division
algebra A over F is a domain. We may then consider the algebra of central quotients of A
that we denote by Cq(A). Remark that if A is a graded field extension of F, then Cq(A)
coincides with the fraction field Frac(A) of A.

One can easily see that if F is a graded field, then any graded F-module M is free
over F. Indeed, by [1, Theorem 3, page 29] any maximal E-linearly independent subset
of homogeneous elements of M is a basis of M over E.

A graded field extension K of a graded field F is called totally ramified over F if [K :
F] = (Tk : Tg). It is called unramified over F if [K : F] = [Ky : Fy] and Kj is separable over
Fy. Finally, K is called tame over F if Kj is separable over Fy and I'x/T'r has no p-torsion,
where p = char(F).

If F is the center of a graded division algebra D, then D is called a graded central divi-
sion algebra (GCDA) over F. We recall that in the same way as for (ungraded) fields, we
can define the graded Brauer group GBr(F) of F, where GCDAs play the same role as cen-
tral division algebras (CDAs) over (ungraded) fields (see [2, Section 5] or [6, Section 3]).

Let F be a graded field of type I' and D a GCDA over F. Then a natural valuation
v can be defined on Cq(D) by setting v(d) = gr(d) for any d € D* (see [3, Section 4]
or [6, Section 4]). Throughout the rest of the paper, such v will be called the canonical
valuation of Cq(D). We recall that Cq(D), with respect to v, is a tame CDA over Frac(F)
[3, Proposition 4.1(3)].

Conversely, for any defectless valued division algebra D with valuation v over a field E,
wedefine EY = {x € E|v(x) 2 y},E?? = {x € E|v(x) >y},D’ = {x € D | v(x) = y},and
D?? = {x € D | v(x) > y}. Obviously, E*? (resp., D*?) is a subgroup of the additive group
E? (resp., D?). So, we can define the quotient groups GE, = EY/E*Y and GD, = D¥/D>?.
For x € E\ {0} (resp., x € D\ {0}), we denote by X the element x + E>&) of GE,(x)
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(resp., x + D>® of GD,()). One can easily check that the additive group GE = @D, er GE,
endowed with the multiplication law defined by Xy = Xy is a graded field. Analogously,
GD = @,cr GD, is a graded division algebra over GE [2, page 4281]. We recall that D is
tame over E if and only if GD is a GCDA over GE [2, Corollary 4.4(3)] (remark that since
D is defectless over E, then [D: E] = [GD : GE]).

Now, let F be a graded field and let D be a GCDA over F, and denote by H Frac(F)
the Henselization of Frac(F) with respect to the canonical valuation of Frac(F) [4, Sec-
tion 16], and let H Cq(D) = Cq(D) ®pracr) H Frac(F). Then, D is graded isomorphic to
GH Cq(D) by means of the mapping x — X, where x is an arbitrary homogeneous element
of D. Indeed, we have Dy = (GH Cq(D))o and I'p = ['gycq(p). We write D =, GH Cq(D).
We also have F =, GH Frac(F).

We recall that if E is Henselian, then the tame part TBr(E) of the Brauer group Br(E)
of E (i.e., TBr(E) = {[D] € Br(E) | D is a tame CDA over E}) is isomorphic to GBr(GE)
[6, Theorem 5.3]. Also, for any graded field F, GBr(F) is isomorphic to TBr(H Frac(F))
[6, Theorem 5.1]. These isomorphisms are index-preserving. We call them the canonical
isomorphisms.

2. Nicely semiramified division algebras over Henselian fields

Let F be a graded field and K a finite-dimensional graded field extension of F. For an
arbitrary abelian group A—namely for A = T'x/Tr—and a family a;,as,...,a, of elements
of A, we say that a;,4a,,...,a, are independent if the subgroup (a;,as,...,a,) of A, gener-
ated by ay,a,...,a,, equals @;_, (a;). We recall that K is called totally ramified of radical
type (TRRT) over F if there are homogeneous elements t,...,t, € F* and nonnegative
integers ny,...,#, such that the following conditions are satisfied:

(1) K = F[t}/™,..t/",

(2) gr(til/"") +Tr (1 <i<r) are independent elements of T'x/Tr, with order n;, re-

spectively.

One can see that in the same way as for TRRT valued field extensions (see [7, Lemma
4.1]), a totally ramified finite-dimensional graded field extension K of F is TRRT over F
if and only if there is a subgroup G of K*/F* such that the mapping G — I'x/Tk, defined
by xF* — gr(x) + I'r, is a group isomorphism.

LemMA 2.1. Let F be a graded field and K a totally ramified finite-dimensional graded field
extension of F. Then, K is TRRT over F.

Proof. Let (x;);_; be a family of nonzero homogeneous elements of K such that (gr(x;) +
[r)l_, is a basis of Tx/TF (i.e., [x/Tr = @D;_, (gr(xi) + [r)). Let n; be the order of gr(x;) +
I'e(l1<i<r)andsetl = {m= (my,....,m,) EN"|0<m;<n;foralll <i<r}. Let Gbe
the subgroup of K*/F*, generated by the elements x;F* (1 <i < r). For m=(my,...,m,) €
I, let x™ = x]" - - - x". Since K/F is totally ramified, then for any 1 <i <r, x" € F* (in-
deed, we have Ky = Fy and gr(x;") € T'r). Clearly, the elements x™ (i € I) are pairwise
distinct. Hence, G = {x"F* | m € I} and the map ¢ : G — ['x/Tf, xX"F* — gr(x™) + T, is
a group isomorphism. |

Let F be a graded field and D a GCDA over F. We recall that in the same way as for
valued central division algebras, D is called nicely semiramified (NSR) (over F) if it has
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unramified and totally ramified radical-type maximal graded subfields. We recall also that
D is NSR (over F) if and only if Cq(D) is NSR (over Frac(F)) (see [3, Proposition 6.4]).
Moreover, Cq(D) is NSR (over Frac(F)) if and only if H Cq(D) is NSR (over H Frac(F)).
Indeed, assume that Cq(D) is NSR and let K (resp., L) be an inertial (resp., a TRRT)
maximal subfield of Cq(D). Then, by [8, Theorem 1], HK (= K ®gac(r) H Frac(F)) (resp.,
HL (= L ®prac(ry H Frac(F))) is an inertial (resp., a TRRT) maximal subfield of H Cq(D).
Conversely, if H Cq(D) is NSR, then it has an inertial (resp., a TRRT) maximal subfield K’
(resp., L"). So GK' (resp., GL") is an unramified (resp., a totally ramified) maximal graded
subfield of D (£, GH Cq(D)). Hence D is NSR. Therefore, by the above, Cq(D) is NSR.

The following lemma is analogous to [7, Theorem 4.4]. It gives equivalent statements
for a GCDA over a graded field to be NSR. In condition (3)(i) of this lemma, the graded
field extensions L") are said to be linearly disjoint if the graded ring LV ® - - - @ L® is
a graded field.

LEmMA 2.2. Let F be a graded field and D a GCDA over F. Then the following statements
are equivalent:
(1) Dis NSR;
(2) D is split by unramified and totally ramified graded field extensions of F;
(3) D =, (LYW/F,01,t1) ®F - - - ® (L®/F, 01, 1), where LY, g, and t; satisfy the follow-
ing conditions:
(i) LY are linearly disjoint cyclic unramified graded field extensions of F with dimen-
sion [LY : F] = n; and with Galois group generated by o; (1 < i <k),
(i) t; are nonzero homogeneous elements of F such that gr(t; /M) & nTr are indepen-
dent elements of T'p/nTk, with order n; (1 < i < k), respectively.

Proof. (1)=(2). Obvious.
(2)=(3). Let K (resp., K’) be an unramified (resp., a totally ramified—hence TRRT)
graded field extension of F splitting D. It follows from the commutative diagrams

GBr(F) —— 2~ GBr(K)

TBr (H Frac(F)) 2 TBr (H Frac(K))
(2.1)

Ext

GBr(F) —————— GBr(K')

TBr (H Frac(F)) — 2 TBr (H Frac(K"))

where the horizontal maps are scalar extension homomorphisms and the vertical ones
are canonical isomorphisms (see [6, Remark 5.10]), that H Frac(K) (resp., H Frac(K")
(= K’ ®prac(r) HFrac(F))) is an inertial (resp., a TRRT) field extension of H Frac(F) split-
ting H Cq(D). So, by [7, Theorem 4.4] HCq(D) is NSR and we can write HCq(D) =
(MW/H Frac(F),71,51) ® HErac(F) * * * ®HFrac(r) (M®/H Frac(F), 7y, sx ), where MY, 7;, and
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s; satisfy the following conditions:

(i) M are linearly disjoint cyclic inertial field extensions of H Frac(F) with dimen-
sion n; and with Galois group generated by t;, respectively (1 <i < k),

(ii) s; (1 =i < k) are elements of H Frac(F)* such that, if we denote by v the canon-
ical valuation of H Frac(F), then (n/n;)v(s;) + nI'r are independent elements of
['r/nTE, with order n;, respectively.

Therefore,
D=, GHCq(D)

=, (GMW/GH Frac(F),71,51) ® GHErac(F) * * * ®GHFrac(r) (GM'Y/GH Frac(F), 1, 5k).-
(2.2)

Indeed, let D; = (M%/H Frac(F), 1;,s;) = GB;-”:IM(")x{, where x;" = s; and x;a = 7;(a)x; for
alla e MY (1 <i<k). Since M)/H Frac(F) is cyclic inertial, then by [5, Remark 3.1]
the unramified graded field extension GMY/GH Frac(F) is cyclic and, up to a group iso-
morphism, Gal(GMY/GH Frac(F)) = (1;). Moreover, it is clear that for any d € MO we
have oNcitiNJNci_l = ‘;,Ei/) = T,-(dN). Thus, GD; = (GM%/GH Frac(F), 1;,5;). It follows from the
canonical isomorphism TBr(H Frac(F)) = GBr(GH Frac(F)) that

D ( Eg GHCq(D)) ;g GDI ®GHFrac(F) et ®GHFrac(F) GDk

= (GMYW/GH Frac(F),11,%1) ®GHEFrac(F) * * * ®GHFrac(r) (GMY/GH Frac(F), 14, 5).
(2.3)

The conditions of (3) in this lemma are then satisfied.

(3)=(1). By [5, Theorem 3.11(b)] Frac(L")/Frac(F) are cyclic with Gal(Frac(L")/
Frac(F)) = (0;). Thus, applying [8, Theorem 1], one can easily see that H Frac(L"))/
H Frac(F) are cyclic with Gal(H Frac(L'?)/H Frac(F)) = Gal(Frac(L"”?)/Frac(F)). More-
over, since HFrac(L®)) = L(()i), THFracy = Lo, HFrac(F) = Fy, and Trpracr) = I'p, it
follows that HCq(D) (= D ®¢ H Frac(F) = (H Frac(LV)/H Frac(F),01,t1) ® HFrac(F) * * *
®Frac(r) (H Frac(LW)/H Frac(F), ok, ;) is NSR (by [7, Theorem 4.4]). So, by the argu-
ments preceding this lemma, D is NSR. O

LeEMMA 2.3. Let E be a Henselian valued field and D a defectless CDA over E. Then the
following statements are equivalent:

(1) D is NSR;

(2) GD is NSR.

Proof. (1)=(2). Since D is nicely semiramified—hence tame—over E, then GD is a
graded central division algebra over GE (see [2, Corollary 4.4(3)]—remark that since
D is defectless over E, then [D: E] = [GD : GE]). Let L (resp., M) be an inertial (resp.,
a TRRT) maximal subfield of D. Then, GL (resp., GM) is an unramified (resp., a totally
ramified) maximal graded subfield of GD. Hence, GD is nicely semiramified.

(2)=(1). Since GD is nicely semiramified over GE, then by Lemma 2.2, GD = g(L(l)/ GE,
o1,t1) ®GE + - - ®ge (LX/GE, 0, ), where LY/GE, o;, and t; satisfy the conditions of
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Lemma 2.2(3). Since L)/GE are unramified, then by [5, Theorem 5.2 (see the proof)],
there are inertial cyclic field extensions K of E such that—up to a graded iso-
morphism—L? = GK with Gal(L'?/GE) = Gal(K"/E). Let DY = (LY/GE,0;,t;). It
follows from the canonical isomorphism TBr(E)g GBr(GE) that there is a unique—up to
an algebra isomorphism—central division algebra Dy; over E such that D) =, GD;). By
(6, Corollary 5.8], K splits Dy;). Hence, up to an isomorphism, K is a maximal subfield
of D(; (see [9, Corollary, page 241]). Write D;) = (K/E, 0;,s;). Then, (L%/GE,0;,t;) =
D(i) Eg GD(i) = (GK(i)/GE, O',',?,') Eg (L(i)/GE, O‘i,’SVi). ACCOI‘diIlgly, (L(i)/GE, O‘i,t,‘) RGE
H Frac(GE) = (LY/GE, 0,,5;) ® e H Frac(GE) or, equivalently, (H Frac(L"”)/H Frac(GE),
0;,ti) = (H Frac(L")/H Frac(GE), 0;,5;). Therefore, by [9, Lemma, page 278], there is a; €
HFrac(L?9) such that t; = (I}, o/ (a;))5;. Let v be the canonical valuation of
H Frac(L"). Since v is Henselian, then gr(t;) (= v(t;)) = niv(a;) +v(s;). So, (n/n;) gr(t;) +
nlg = (n/n;)v(s;) + nlg (since Ly pracr) = Tg). We have [D] = a~}([GD]), therefore D =
(KW/E,01,51) ®F - - - ® (KW/E, 0y, s ). Hence, by [7, Example 4.3], D is NSR. O

THEOREM 2.4. Let E be a Henselian valued field and D a defectless CDA over E. Then the
following statements are equivalent:

(1) D is NSR;

(2) D has inertial and totally ramified maximal subfields;

(3) D is split by inertial and by totally ramified field extensions of E.

Proof. (1)=(2). Obvious.

(2)=(3). Obvious.

(3)=(1). Since D is split by an inertial field extension of E, then D is tame over E (see
[6, page 99]). Hence, GD is a GCDA over GE. Now, let K (resp., K’) be an inertial (resp.,
a totally ramified) field extension of E splitting D. Then GK (resp., GK') is an unramified
(resp., a totally ramified) graded field extension of GE that splits GD. So, by Lemmas 2.2
and 2.3, D is NSR. O
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