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The existence of coincidence and fixed points for continuous mappings in compact Haus-
dorff spaces is established. Some equivalent conditions of the existence of fixed and
common fixed points for any continuous mapping and a pair of mappings in compact
Hausdorff spaces are given, respectively. Our results extend, improve, and unify the cor-
responding results due to Jungck, Liu, and Singh and Rao.

1. Introduction

Jungck [1, 2, 3] established some fixed and common fixed point theorems for continuous
commuting mappings and gave criterion of the existence of fixed points for Cys in com-
pact metric spaces. Several researchers extended Jungck’s results in various aspects. Park
[9] obtained some fixed point theorems for f-contractive mappings in compact met-
ric spaces. Singh and Rao [10] established fixed point theorems for semigroups of self-
mappings in compact Hausdorff spaces. Leader [4] studied uniformly contractive fixed
points in compact metric spaces. Liu [5, 6, 7, 8] extended a few results due to Jungck,
Singh, and Rao, and showed some fixed and common fixed point theorems in compact
metric spaces and compact Hausdorff spaces, respectively.

Motivated and inspired by the papers in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], in this paper,
we prove coincidence and fixed point theorems for continuous mappings in compact
Hausdorff spaces. Meanwhile, we establish some equivalent conditions of the existence
of fixed and common fixed points for any continuous mapping and a pair of mappings
in compact Hausdorff spaces. Our results extend, improve, and unify the corresponding
results due to Jungck [3], Liu [7, 8], and Singh and Rao [10].

2. Preliminaries

Throughout this paper, we assume that (X, ) is a compact Hausdorff space and F : X X
X — [0, 0) is a continuous and symmetric function such that F(x, y) = 0 ifand only if x =
y. N and I denote the set of positive integers and the identity mapping on X, respectively.
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For any mapping f : X — X and subsets A and B of X, define
Cr=1g:g: X —Xandgf = fg},

Hf={g:g:X—>Xandgﬂf”X£ ﬂf”X},

neN neN
n n (2.1
Af=d4g:g:X—Xandg () f'X=()f"X¢
neN neN

0r(A,B) = sup{F(x,y):x € Aand y € B},
Or(A) = 8r(A,A).

Clearly, Ay U Cf < Hf and {ff:neNjuU{l} c Cy. In order to obtain our results, we
need the following lemma which is due to Liu [8].

LemMa 2.1 [8]. Let f and g: (X,7) — (X,T) be mappings such that fg is continuous. Let
A =Nyen(fQ)"X. Then A is a nonempty compact subset of X, A = fgA, and hA < A for
h € Cgg. Moreover, A = fA = gA provided that f € C,.

3. Main results

Tueorem 3.1. Let f, g, and h: (X,7) — (X, 1) be continuous mappings satisfying f € Agy,
he CynCyand

F(fx,gy) >inf {F(t, pt),F(ht, pt),F(ht, pht),F(hx,hy) : t € {x,y} and p € {f,g}}
(3.1)

forany x,y € X with fx # gy. Then at least one of the following conditions holds:
(1) f has a fixed point in X;
(2) g has a fixed point in X;
(3) f and h have a coincidence point in X;
(4) g and h have a coincidence point in X.

Proof. Let A =(),en(gf)"X.ByLemma 2.1, Aiscompactand A = fA=gA=gfA+ D.
Since f, g, and & are continuous and A is compact, there exist a,b,u,v € A such that

F(a, fa) = inf {F(x, fx) : x € A},
F(b,gb) = inf {F(x,gx): x € A},
F(hu, fu) = inf {F(hx, fx) :x € A},
F(hv,gv) = inf {F(hx,gx) : x € A}.

(
( (3.2)
(
(

We next consider the following cases.

Case 1. Suppose that

F(a, fa) = min {F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)}. (3.3)
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By gA = A, there exists some d € A such that gd = a. Suppose that fgd # gd, that is,
fa +# a.From (3.1) and (3.3), we obtain that

F(fgd,gd) >inf {F(t, pt),F(ht, pt),F(ht, pht),F(hgd,hd) : t € {gd,d} and p € {f,g}}
> inf {F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)}

> F(a, fa),
(3.4)
which implies that
(a,fa) =F(gd, fgd) = F(fgd,gd) >F(a, fa), (3.5)
which is a contradiction. Hence a = fa.
Case 2. Suppose that
F(hu, fu) = min {F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)}. (3.6)

By gA = A, there exists some w € A such that gw = u. Suppose that fgw # ghw. That
is, fu # hu. From (3.1), (3.2), and (3.6), we infer that

F(fgw,ghw) >inf {F(t, pt),F(ht, pt),F(ht, pht),F(hgw,hhw) :
te {gw,hw}and p € {f,g}}

3.7
> inf {F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)} (5:7)
> F(hu, fu),
which means that
F(hu, fu) = F(fgw,hgw) = F(fgw,ghw) > F(hu, fu), (3.8)
which is impossible. That is, hu = fu.
Case 3. Suppose that
F(b,gb) = min {F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)} (3.9)
or
F(hv,gv) = min{F(a, fa),F(b,gb),F(hu, fu),F(hv,gv)}. (3.10)
As in the proof of Case 1 or Case 2, we can conclude that (3) or (4) holds. This com-
pletes the proof. O

Now we provide a few examples to illustrate Theorem 3.1.

Example 3.2. Let X = [0,1] U [3,4] with the usual metric and F : X X X — [0, c0) by

F(x,y) = max{x,y} —min{x,y} Vx,yeX (3.11)
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Define f,g,h: X — X by

x —x2 for x € [0,1],
fx=
x*—6x+12 forx € [3,4],

(3.12)

x(1-x)(1—x+x?) for x € [0,1],
x:
& x* —12x3 +54x> — 108x+ 84 for x € [3,4],

0 forxel0,1],
hx =
4 forx € [3,4].

It is easy to verify that for any x, y € X with fx # gy,

F(fx,gy) >0 = F(hx,hfx) = F(hx, fhx)

— inf {F(t, pt), F(ht, pt),F(ht, pht),F(hx,hy) : t € {x,y} and p € f,g}.
(3.13)

Clearly, the assumptions of Theorem 3.1 are fulfilled, and 0, 3, and 4 are common fixed
points of f and g, and 0, 1, and 4 are common coincidence points of f, g, and h.

Example 3.3. Let X = {1,2,3,4}, 7= {A: Aisasubsetof X}, and F: X X X — [0,00) be
defined by

F(x,x) =0, F(x,y)=F(y,x) Vx,yeX,

F(1,2) = F(2,3) = F(3,4) =1, F(1,3) = F(2,4) =2, F(1,4) = 3. (3.14)
Define f,g,and h: X — X by
f1=2, f2=3, f3=4, fa=3,
gl=3, g2 =4, g3=3, ga=4, (3.15)

hl =4, h2 =3, h3 =4, h4 =3.

Then (X, 7) is a compact Hausdorff space, f, g, and h are continuous self-mappings of X,

Ngfrx=1341=f(gf)X, heCnC,

neN neN

F(fx,gy) >0 = inf {E(t, pt), F(ht, pt), F(ht, pht), F(hx,hy) : (3.16)
te{x,ytand p € {f,g}}
for any x,y € X with fx # gy. Obviously, f has no fixed point, g and h have no coinci-

dence point, f and h have three coincidence points 2, 3, and 4, and g has two fixed points
3 and 4.
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Example 3.4. Let (X,7) be as in Example 3.2. Define f, g,and h: X — X by

f1=4, f2=3, f3=2, fa=1,
gl=2, g2=1, g3 =4, g4 =3, (3.17)
hx=gx VxeX.

Then f, g, and h are continuous self-mappings of (X, 1),

NENHX=X=f @)X, heCrnC,

neN neN

F(fx,gy) >0 = inf {F(t, pt),F(ht, pt), F(ht, pht), F(hx,hy) : (3.18)
te{x,y}and p € {f,g}}

for any x, y € X with fx # gy. Obviously, f and g have no fixed point, respectively, f and
h have no coincidence point, while g and h have four coincidence points 1, 2, 3, and 4.

Remark 3.5. Examples 3.3 and 3.4 show that the conclusions of Theorem 3.1 may not
hold simultaneously.

TueoreM 3.6. Let f, g, and h: (X, 1) — (X, 7) be continuous mappings satisfying f € Agy,
he CrnCy, and

F(fx,gy) >inf {F(t, pt),F(ht,pt):t € {x,y} and p € {f,g}} (3.19)
for any x,y € X with fx # gy. Then at least one of (1)—(4) holds.

Proof. Notice that (3.19) implies (3.1). Thus Theorem 3.6 follows from Theorem 3.1.
This completes the proof. O

TuEOREM 3.7. Let f,g: (X,7) — (X, 7) be continuous mappings satisfying f € Ags and
F(fx,gy) >inf {F(ht, pht),F(hx,hy) :t € {x,y},p € {f,g} andh e CynC,} (3.20)
forany x,y in X with fx # gy. Then at least one of f and g has a fixed point.

The proof of Theorem 3.7 is now essentially the same as the proof of Theorem 3.1 and
therefore is omitted.

Remark 3.8. Jungck [3, Theorem 3.4] and Liu [8, Theorem 3] are special cases of Theorem
3.7.

TaEOREM 3.9. Let f : (X,7) — (X, 7) be a continuous mapping. Then the following state-
ments are equivalent:

(5) f has a fixed point;

(6) for any x,y in X with fx # fy, there exists h € Cy such that

F(fx, fy)>F(hx,hy); (3.21)
(7) for any x,y in X with fx # fy, f satisfies that

F(fx,fy) >inf {F(x, fx),F(y, fy),F(hx,hy) :h € Cs}; (3.22)
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(8) for any x,y in X with fx + fy, f satisfies that
F(fx,fy) >inf {F(hx, fhx),F(hy, fhy),F(hx,hy) :h € C}. (3.23)

Proof. (5)«(6) and (5)«(7) are given in [8]. (7)=(8) is clear. We now suppose that (8)
holds. Taking f = g in Theorem 3.7, we easily get that f has a fixed point. That is, (8)
implies (5). This completes the proof. O

TueoreM 3.10. For a pair of self-mappings f and g of (X, 1), the following conditions are
equivalent:
(9) f and g have a common fixed point;
(10) there exist m,n € N and s,t : X — X such that s,g, f € Ay, tsgf is continuous, and

F(s"x,t"y) <sup {F(cu,bv) :u,v € {x,y} and ¢,b € Hygs} (3.24)

for any x,y € X with s"x # t"y;
(11) there exist myn € Nand h: X — X such that g, f € Ayer,hg f is continuous, and

E(h"x,h"y) < sup {F(tu,sv):u,v € {x,y} and t,s € Hygs} (3.25)

forany x,y € X with h"™x # h"y;
(12) there exist myn € N and s,t : X — X such that f € Asf, g € Ayg,sf and tg are con-
tinuous, and

F(s"x,t"y) <sup{F(cx,by):c € Hys,b € Hy} (3.26)

forany x,y € X with s"x # t"y.

Proof. Suppose that fw = gw = w for some w € X. Define mappings s,t, and h: X — X
by sx = tx = hx = w for all x € X. It is easy to show that (10), (11), and (12) hold. Let (10)
hold. Define B = (,,en(tsg f)"X. By Lemma 2.1, we get that tsg fB = B # &. Note that
sB=gB = fB =B.Then tB = tsg f B= B. We now assert that B is a singleton. Otherwise,
Or(B) > 0. Since B is compact, there exist p,q € B with 6z(B) = F(p,q). From sB = tB =
B, we can find x, y € B such that s"x = p and t"y = q. If p # ¢, then

0r(B) = F(s"x,t"y) < sup {F(cu,bv) :u,v € {x,y} and ¢,b € Hyg¢} < 8r(B), (3.27)

which is a contradiction. Hence §p(B) = 0. This implies that B = {w} for some w € X.
Clearly, w is a common fixed point of f and g. Hence, (10) implies (9). Similarly we
can show that (11) implies (9). We next prove that (12) implies (9). Let (12) hold. De-
fine C = N,en(sf)"X and D = (,,en(tg)"X. It follows from Lemma 2.1 that C and D are
nonempty compact subsets of X, cC < C for ¢ € Hyr, and bD < D for b € H;,. Note that
fC=Cand gD =D. Then sC=5sfC = C and tD = tgD = D. Since C and D are com-
pact and F is continuous, there exist p € C and q € D such that 6r(C,D) = F(p,q). From
sC=CandtD = D, wecanfindx € Cand y € D such that s"x = pand t"y = q. If p # q,
then

0r(C,D) = F(s"x,t"y) <sup {F(cx,by) : c € Hyf,b € Hyy} < 6r(C,D), (3.28)
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which is a contradiction. Therefore p = g. This implies that C = D = {a} for some a € X.
It is easy to see that a = ca = ba for all ¢ € Hyy and b € Hyg; in particular, a = fa = ga.
That is, (9) holds. This completes the proof. O

Remark 3.11. Theorem 3.10 generalizes [7, Theorem 1] and [10, Theorem 7].
From Theorem 3.10, we have the following theorem.

Tueorem 3.12. Let f,g: (X,1) — (X,7) be commuting mappings. Then (9) is equivalent
to each of the following:
(13) there exist m,n € N and s,t : X — X such that s € Cy, s,t € Cy 0 Cy, tsgf is continu-
ous, and

F(s"x,t"y) <sup {F(cu,bv) :u,v € {x,y} and ¢,b € Cyqs} (3.29)

for any x,y € X with s"x + t"y;
(14) there exist m,n € N and h: X — X such that h € Cy 0 Cy, hg f is continuous, and

F(h"x,h"y) < sup {F(tu,sv) :u,v € {x,y} and t,s € Cygs} (3.30)

forany x,y € X with h™x # h"y;
(15) there exist myn € N and s,t : X — X such that s € Cy, t € C,, sf and tg are continu-
ous, and

F(s"x,t"y) <sup {F(cx,by):c € Css,b € Cyg} (3.31)

for any x,y € X with s"x # t"y.

Remark 3.13. The following simple example reveals that Theorem 3.12 extends properly
[3, Theorem 4.2] and that the common fixed point of f and g in Theorem 3.12 may not
be unique.

Example 3.14. Let X = [0,1] with the usual metric d and F = d. Define mappings f,g,
andv:X — X by

1
f IS [0,—],
X or x 5
1 1
e S (al],
2 or x 2

Lets=t=vand m =n=1. Then (9) and (13) hold. Clearly, each w € [0,1/2] is a com-
mon fixed point of f and g. But [3, Theorem 4.2] is not applicable because

1
gx=x, vwx=- VxeX (3.32)

fx= >

d(f0,g1) =1=2084({hz:z € {0,1} and h € Cyy}). (3.33)

TaEOREM 3.15. Let f : (X,7) — (X, T) be a continuous mapping. Then (5) is equivalent to
each of the following statements:
(16) for any x,y € X with x # y, there exists h € Cy satisfying

F(x,y) > F(hx,hy); (3.34)
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(17) for any x,y € X with x + y, f satisfies that
F(x,y) >inf {F(x, fx),F(y, fy),F(hx,hy) :h € Cs}; (3.35)
(18) for any x,y € X with x # y, f satisfies that
F(x,y) >inf {F(hx, fhx),F(hy, fhy),F(hx,hy) :h € Cy}; (3.36)
(19) there exists h € Cy such that
F(hx,hy) < F(x,y) (3.37)

forany x,y € X with x # y;
(20) there exists h € Cy such that

F(hx,hy) <F(fx, fy) (3.38)

for any x,y € X with fx + fy;
(21) there exist m,n € N and h € Cy such that hf is continuous, and

F(h"x,h"y) < sup {F(cu,bv) :u,v € {x,y} and c,b € Hyy} (3.39)

for any x,y € X with h"x # h"y;
(22) there exist m,n € N and h: X — X such that f € Ayy, hf is continuous, and

F(h"x,h"y) < sup {F(cu,bv) :u,v € {x,y} and c,b € Hys} (3.40)

forany x,y € X with h"™x # h"y;
(23) there exist myn € N and s,t € Cy such that sf and tf are continuous, and

F(s"x,t"y) < sup {F(cx,by):c € Hy,b € Hyy} (3.41)

forany x,y € X with s"x # t"y;
(24) there exist myn € N and s,t : X — X such that f € A;sNAyy, sf and tf are continu-
ous, and

F(s"x,t"y) <sup {F(cx,by):c € Hy,b € Hyy} (3.42)

or any x,y € X with s"x # t"y.
y X,y Y

Proof. In view of Theorems 3.9 and 3.10, we conclude easily that (19)=(16)=(17)=(18),
(20)=(6)=(5), (21)=(22)=>(11)=(9)=>(5) with g = I, and (23)=(24)=>(12)=(9)=(5)
with ¢ = f. Let (5) hold and let w be a fixed point of f. Define hx = sx = tx = w for all
x € X. It is easy to see that (19), (20), (21), and (23) hold. In order to finish the proof,
we need to prove that (18)=(5). Now assume that (18) holds. Let A = (), f"X. By
Lemma 2.1, fA = A # & and A is compact. By the continuity of f and the compactness
of A, there exists some a € A such that

F(a, fa) =inf {F(x, fx) : x € A}. (3.43)
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Since fA = A, there exists y € A such that fa = y. Suppose that a # fa. Then
F(a, fa) >inf {F(ha, fha),F(hfa, fhfa),F(ha,hfa):h e Cs} = F(a, fa), (3.44)

which is impossible. Hence a is a fixed point of f and (5) holds. This completes the
proof. O
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