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The relationship between solutions of the sinh-Laplace equation and the determination
of various kinds of surfaces of constant Gaussian curvature, both positive and negative,
will be investigated here. It is shown that when the metric is given in a particular set of co-
ordinates, the Gaussian curvature is related to the sinh-Laplace equation in a direct way.
The fundamental equations of surface theory are found to yield a type of geometrically
based Lax pair for the system. Given a particular solution of the sinh-Laplace equation,
this Lax can be integrated to determine the three fundamental vectors related to the sur-
face. These are also used to determine the coordinate vector of the surface. Some specific
examples of this procedure will be given.

The relationship between the solutions of certain types of partial differential equations
and the determination of various kinds of surfaces of constant curvature has generated
many results which have applications to the areas of both pure and applied mathemat-
ics. This includes the determination of surfaces of either constant mean curvature or
Gaussian curvature. It has long been known that there is a connection between surfaces
of negative constant Gaussian curvature in Euclidean R?® and the sine-Gordon equation.
Moreover, a great deal of work has been done recently [1, 3] with regard to the generalized
Weierstrass representation which permits inducing surfaces of constant mean curvature
in R3 as well as in higher-dimensional Euclidean and non-Euclidean spaces. The par-
tial differential equations whose solutions are used to generate surfaces in these types of
spaces are known to have soliton solutions and many examples of these have been given
[2]. From these types of solutions, it is usually possible to construct multisoliton solutions
for the equation. This can often be accomplished in more than one way. For example, an
auto-Backlund transformation can be determined for the differential equation, or a sys-
tem of differential equations, by making use of the transformation itself, or by making
direct use of the theorem of permutability [4].

We introduce here some fundamental concepts and equations pertaining to the theory
of surfaces in three-space, and, in particular, we study a class of sinh-Laplace equation
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which has the form

2 2

%+g—;:isinhu. (1)
Some further results are obtained based on the fundamental equations of surface theory,
and it is shown how specific solutions of the sinh-Laplace equation (1) can be used in
integrating these results to obtain the coordinates of a surface in either Minkowski R>!
or Euclidean R? space [5, 6]. For future reference, S> will be the unit sphere in Euclidean
space R?, H? and S"! are the unit “spheres” in the Minkowski space R>! with curvature
—1 and +1, respectively. It will be noted that there is a close relationship between (1)
and the harmonic maps from R? to $%. From the harmonic maps, the Lax pair with this
integrability condition can be obtained, and conversely, from each solution of (1), the
corresponding harmonic map can be constructed. In fact, harmonic maps have many ap-
plications. The study of Yang-Mills theories has been motivated in part by analogies with
general relativity. Harmonic maps model, in a simplified form, a type of nonlinearity
that occurs in the Einstein equations, but different from that modeled by Yang-Mills the-
ories. Gauge vector fields, or connections in bundles, can be defined by using solutions of
the harmonic mapping equations, instead of the more familiar, inequivalent, Yang-Mills
equations. In any case, producing connections in bundles has applications to both pure
and applied areas of mathematics.

We now begin by introducing some basic ideas from differential geometry of sur-
faces. Let r be the position vector of point P in three-space such that r = r(u',u?) is the
parametrization of a surface, and {P,e;,e,,n} a frame with P as its origin, e, = or/du”
and n the normal vector. It is possible to take linear combinations of the vectors e, e;
to produce an orthonormal set f;, f,. However, the notation will not be altered and the
basis {ej,es,n} is simply referred to as an orthonormal frame for the surface. Writing
the differentials of r, e,;, and n = e; as linear combinations of the vectors in this set, the
fundamental equations of the theory of surfaces are written as

dr = w%e,,
dea = wzeb +C()2n, a)b = 1)2> (2)
dn = wé’eb.

In (2), w}, w] are differential one-forms which depend on u!, u? and satisfy
wf = —wl, wi = w). (3)
The first fundamental form of the surface is
I=dr-dr= gabw“a)b, gab = €4 * € = Lha- (4)

Differentiating the orthonormality condition n - e, = 0, we obtain n - de, +e, - dn = 0.
Upon substituting differentials from (2), this implies that

W] = —gapw$. (5)
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Writing w? = haw?, then from d2r = 0, it follows that hap = hp,. The related form
Il = —dr-dn= —gabwé’w“ = hgpw®w? (6)
is called the second fundamental form of the surface. Now w? can be written in the form
wZ = cmduc, (7)

where w° = du and T%, are the Christoffel symbols. Differentiating dr, we obtain
d’r = b A Wy + w3 A wn. (8)

Since e, and n are independent, this will vanish provided that

b

wl Aw® =0, w) Aw*=0. (9)

Of course, we can take w® = du” and replace this in these equations. Upon differentiating
de,, we obtain

d?e, = (0§ A b +dwt + w5 A wl)e + (W) A wl+dw)n = 0. (10)
The vanishing of this expansion implies that the following equations hold:

dwS + wj A w8+ w§ A 0l =0, (11)

dw’ +wj A wb =0, (12)

Equations (11) and (12) are called the Gauss equation and the Codazzi equation, respec-
tively. Finally, evaluating d*n simply reproduces (12) and (9) once again. Writing (11) in

the form dw$ + wj A w! = w] A w$, the left-hand side is denoted by

1
dwl + wb A @S = ERﬁcdwC N (13)
This serves to introduce the Riemann curvature tensor. Using (5), it will be seen that it
can be related to the components h,;, through the relation

Rabcd = hachhd - hbchad: (14)

where g, b, ¢, d take the values 1, 2. One of the reasons that it is possible to produce con-
nections between surfaces and integrable equations, such as the sine-Gordon equation,
or system (1), is that there is a very straightforward connection between the Riemann
tensor and the Gaussian curvature K of the surface,

R hihy — b,
g1 *g122 g8 *glzz

=K. (15)

A second reason is that a parametrization of the surface can be written down such that
the first fundamental form assumes a particular form in terms of a function which sat-
isfies the sinh-Laplace equation in these specific coordinates. This leads to the following
definition.
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Definition 1. A coordinate system (t,x) of the space-like surface S is called Tschebyscheff
if the metric of S takes the form

I = cosh’ %dl‘2 + sinh? %dxz, (16)
and the second fundamental form is given by
1= cosh%sinhg(dt2+dx2). (17)

THEOREM 2. If a space-like surface S is of constant curvature K = =1 and free of umbilics,
then (i) S can be covered by charts with Tschebyscheff coordinates, (ii) the function a(t,x) in
terms of Tschebyscheff coordinates satisfies the sinh-Laplace equation.

Proof. Let {P,e;} with i =1,2,3 be a field of orthogonal frames of S such that e;, e, are
unit tangent vectors to the lines of curvature and e; is the unit normal vector to the sur-
face. The fundamental equations of the surface are given by (2). Since e, e, are principal
tangent vectors, we can write

w} = Aw', w3 = Cw?. (18)

Using the property that, in this case, the curvature of S is K = —1, it must be that AC = 1.
Choose coordinates such that

w' = ydt, w® = ydx, (19)
and put
w) = —wl =Edt+ndx, (20)

where & and 7 are to be determined. From the integrability condition dw® + wé A w* = 0,
the following equations are obtained:

YE=Xo XM=Y (21)
Using (12), we obtain
d(Aydt)+ (Edt+ndx) A Cydx =0, (22)
which yields the equation
Ay +(A=Cy =0. (23)
Similarly, from
d(Cydx)+Aydt A (§dt+ndx) =0, (24)

it follows that

Ciy+(C— Ay, =0. (25)
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Since the surface is free of umbilics A # +1, hence setting A = tanh(a/2) and C = coth(«
/2), these equations are transformed into

(Iny)x = (lncosh%) . (ny), = (lnsinh%) , (26)

X t

hence y(t) = f(t) cosh(a/2) and y(x) = g(x)sinh(a/2). By means of a reparametrization
of x and t, we can write

o . a
X = cosh > Y = sinh 5 (27)

Hence, from (19), it follows that
w' = cosh %dt, w? = sinh %dx. (28)

This gives the required structure for the fundamental forms. The second part follows
immediately from the Gauss equation, dw} = Kw' A w?. Since

Xe 1 Wi 1

f=;=5ax, 77=—;=—§“t- (29)
The one-forms are given by
w! = cosh gdl‘, w? = sinh gdx, wl = 1 (axdt — adx),
w} = sinh Edt’ w3 = cosh de.

Differentiating w%, it is found that

dwy = &Ecdx ndt+nedt Adx = (& —ni)dx Adt = S (et ay)dx Adt. (31)

N[ =

The right-hand side is w! A w? = —(1/2) sinhadx A dt, thus when K = —1, we obtain the
equation ayy + oy = sinha. The case K = 1 follows similarly.

From these results, it follows that Ay = sinh(a/2) and Cy = cosh(a/2). Now, the equa-
tions for the surface provide a method for constructing a space-like surface of constant
Gaussian curvature K = —1 in R?>! which is based on a solution of the sinh-Laplace equa-
tion. This amounts to using these equations to write down a Lax pair for the system such
that compatibility holds modulo the sinh-Laplace equation and which can be integrated
given a particular solution of the equation. O

THEOREM 3. Let a(t,x) # 0 be a solution of the sinh-Laplace equation (1) on a simply con-
nected region Q) C R2. Then there exists a space-like surface S C R>! of constant Gaussian
curvature K = —1 such that (t,x) are its Tschebyscheff coordinates.

Proof. If a solution for the set of basis vectors {e;,e;,es} can be obtained from the funda-
mental equations, then the equation for dr can be integrated to produce the coordinates
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of a surface. Therefore,

1 . 1
de, = ey dx+eydt = E“tede"f' <smh %63 - Eocxez)dt. (32)

Equating coefficients of dx and dt on both sides of (32), we obtain the pair

1 . 1
el = Eoctez, ey = smh%eg - Eocxez. (33)
From the next equation, it follows that
1 1 fo4
de; = ey dx+ey,dt = E(xxeldt+ - E(xtel + cosh Ee3 dx. (34)
Thus,
e ——l(xe +coshge €= —ye (35)
2x = T %€ e 20 = 5 0x€1
Finally, the last equation gives the pair
€3 = cosh %ez, e3; = sinh gel. (36)

To summarize these results, we introduce the more compact notation e; = n, e, = m, and

es=psuchthatp?=-1,m’=n?=1,p-m=p-n=m-n =0, then this system takes
the form
Px = cosh %m, p: = sinh%n,
1 o 1
m, = —E(xtn+cosh EP’ m; = Eocxn, (37)
n, = loctm, n; = —locxm+sinh gp.
2 2 2

Since system (2) is linear in {e;,e;,e3}, the orthonormal solution of (37) is defined on
all of Q. To obtain the coordinates of the surface, it remains to integrate the expression
for dr, which is also integrable. For a solution of sinh-Laplace equation (1), system (37) is
completely integrable, and the solution is defined on all of 0. Now an initial condition can
be chosen (t,x) = (to,%9) € , and a surface is obtained in the coordinates of Definition 1.

a

Lemma 4. The system (37) satisfies the necessary compatibility conditions provided that
a(t,x) satisfies the sinh-Laplace equation oy + oy, = sinha.

Proof. The pair of equations (px,py) is satisfied trivially with respect to (37). Differenti-
ating m, with respect to f, we obtain my, = —(1/2)aymn — (1/2)am; + (a/2) sinh(a/2)p +
cosh(a/2)ps, and m; with respect to x gives my, = (1/2)axyn + (1/2)an,. Equating the
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derivatives m,; = m;, modulo (37), we obtain

. . 1 1
% sinh %p + cosh % sinh %n = — D+ Z(xxoctm.

1 1 1 L,
——octtn——oct<——(xxm+smh5p)+ 5
(38)

2 2 2

Upon simplifying this expression, it is clear that it holds exactly when « satisfies the pos-
itive sinh-Laplace equation. A similar calculation gives the same result for the (n¢,ny)
pair. |

THEOREM 5. Let a(t,x) # 0 be a solution of the sinh-Laplace equation (1) on a simply con-
nected region. Then there exists a space-like surface S C R? of constant Gaussian curvature
such that (t,x) are the Tschebyscheff coordinates, and the associated Lax pair is given by

o o
= h — ) = sinh = S
Px = cos ;m p: = sin S
1 1
m, = —Eoctn — cosh %p, m; = Eocxn, (39)
n _10611‘1 n ——la m—sinhg
¢ = 5 &, 6= T 5% 2P-

LEMMA 6. The system (39) satisfies the integrability or compatibility condition provided that
a(t,x) satisfies the sinh-Laplace equation &y + &y, = —sinha.

It is worth explaining exactly how (1) is related to the Gaussian curvature K of the
actual surface. From (15), it can be seen that there is a very straightforward relation-
ship between the Riemann tensor Ri,;» and the Gaussian curvature of the correspond-
ing surface. The metric for the cases of interest here is given for « # 0 in Definition 1.
Based on the metrig, it is straightforward to calculate Ry2;2. In terms of «, Ry21, is simply
(1/2) (ot + axx ), hence (15) gives

(0%>a/0t?) + (9*a/0x?)

—sinha

=K. (40)

For the case in which K = +1, the sinh-Laplace equation (1) is obtained. This implies that
if the metric of the unit sphere §? or H?, for example, is written in the form (16), then «
must be a solution of the sinh-Laplace system (1).

Consider the Lax pair given by (39). From the definition of the pair (p;,px), it is clear
that

pi-pi=1,  pc-pi=0, (41)

since m and n are orthonormal. Differentiating p; with respect to t and p, with respect
to x, we obtain

Oy

Pu = % cosh gn +sinh gnt, Paxx )

sinh gm + cosh %mx. (42)
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Therefore, it follows by substituting the known derivatives from (39) that

. 1
pu+pxx+ (P2 +p2)p = % smh%m+coshg ( - Som - cosh %p) + %cosh %n

h &L _sinh & 2@-2%)7
+smh2( om smh2p>+<cosh 2+smh > p=0.

2
(43)
To summarize this result, it has been shown that p(t,x) satisfies the equation
Pit + Px + (7 + )P = 0. (44)

In fact, (44) is exactly the equation for harmonic maps from R? to $*. Consequently,
p(t,x) is a harmonic map from R? to $2. A normalized harmonic map is defined as a
harmonic map which satisfies (41) as well. Given a solution «(t,x) for the negative sinh-
Laplace equation (1) on a simply connected region Q C R?, by solving the Lax pair with
some initial condition (fp,xp) € Q, a normalized harmonic map is obtained. This implies
that a normalized harmonic map can be constructed from a solution of the negative sinh-
Laplace equation (1). This establishes a connection between solutions of the negative
sinh-Laplace equation and harmonic maps.

A surface of constant Gaussian curvature in R*! based on a particular solution of
the sinh-Laplace equation corresponding to the harmonic maps from Q C R? to H? C
R>! will be obtained. Here H? is considered to be the upper component of p> = —1 in
R>!. The corresponding Lax pair that is integrated has been given in (37), and Lemma 4
clearly shows that integrability is satisfied provided that « is a solution of the positive
sinh-Laplace equation. This is rigorously adhered to here. For purposes of presentation,
the t and x labels will be interchanged in (37). A particularly nice form for the surface
coordinates in which sinh# and cosht appear explicitly in terms of ¢ is obtained in this
event, and the Lax takes the form

p: = cosh %m, Px = sinh %n,
m; = — locxn + cosh gp, m, = loctn, (45)
2 2 2
n, = 1ocxm, n,=— loctm +sinh gp.
2 2 2

The following « is a solution of the sinh-Laplace equation provided that y> + A* = 1,

1

A N
a(t,x) = 2sinh (sinh(AtWX)

), At +px > 0. (46)

This implies that

AN a _ cosh(At+px)
sinh 2 sinh(At+px)’ cosh 2 sinh(At+px)’ (47)
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This solution will be substituted into the Lax pair given by (37) and integrated. To this
end, differentiating (47), it follows that the derivatives of « are

oy = —2usinh g, oy = —2Asinh %. (48)
We introduce three new variables a, b, and ¢ which are defined by
a=\Ap+m, b=p+Am+yn, c=-p—-Am+yun. (49)
Differentiating a with respect to x, it follows with respect to the Lax pair that
ax=/1px+mx=Asinhgn—/\sinh%n=0. (50)

Similarly, differentiating b and ¢ with respect to x, then modulo the Lax, we obtain that
a, b, and c satisfy the following system:

a, =0, b, = usinh gb, Cy = —ysinh%c. (51)

This system of differential equations may be integrated to yield

a(x,t) = ao(1), b(x,t) = —by(t) tanh (At;yx>, c(x,t) = —co(t) coth (At;yx)’
(52)

where b and ¢ can be expressed in terms of « as follows:
b(x,t) = —bo(t)(coshg —sinh%), c(x,t) = —co(t)<cosh% +sinh%). (53)

Here a (1), bo(), and ¢ (t) are vector functions which are independent of x. Moreover, p,
m, and n can be determined in terms of a, b, and ¢ as follows:

1 1 1
pzz—‘uz(b—ZAa—c), mzﬁ(2a+)\c—)lb), nzﬁ(b+c). (54)
Next, a system of equations which are satisfied by ag, by, and ¢y will be obtained and
which can be solved. Differentiating a with respect to t and using the Lax as well as (53),
we obtain

at=/\pt+mt=cosh%(km+p)+‘usinh%n=%cosh%(b—c)+%sinhg(b+c)

(55)
__1 L . ZE)_l ( 20 ZE)
= 2b0<cos.h > sinh 5 2c0 sinh > cosh 5 )

which simplifies to

1 1
bo + =cq. 56
Ao = 2 0+2Co (56)
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Similar operations can be performed on b and ¢, and the system which is satisfied by ay,
by, and ¢y is given by

1 1
Ao = —Ebo + EC, bo: = —ao, Cor = Ag. (57)

Differentiating the first equation with respect to ¢, then replacing the last two, we find
that a satisfies ag;, = a, so the general solution of this system is given by

ag(t) = o cosht+ vsinht,
bo(t) = T — osinht — vcosht, (58)
co(t) = T+ osinht+vcosht,

in terms of constant vectors 7, o, and v. Let t = 0 and x — — oo, then from (58), we obtain

29(0) = o, by(0) =7 -, c(0) =1+,

59
a9(0) = Apo — my, by (0) = po +Amyg + pny, co(0) = —po — Amyg + yny. (59)
Eliminating a¢(0), by(0), and ¢y (0), we obtain
o‘=/1p0—m0, T—‘V:po‘f‘/\mo +ung, T+Y= —Po—/lmo + uny. (60)

Adding the second and third equations, we find that T = uny, and then subtracting,
we have

Y= —Po —Amo. (61)

Here, py, mg and ny form an orthonormal set of vectors in H?> C R?!. Substituting z, &
and » into the expression for ay(t), bo(t), and ¢(t), we obtain

a9(t) = (Apo —my) cosht — (po + Amyg) sinht,
bo(£) = ung — (Apo — my) sinh £+ (po +Amy) cosht, (62)
co(t) = png + (Apo — my) sinht — (po +Amy) cosht.

Substituting these results into (54), we obtain that with { = ux + At, and collecting all
terms which multiply py, my, and ny, respectively, we can write p, m, and n explicitly as
follows:

(A S _ o
p= (;42 (sinht —Acosht) + (Asinht — cosh t)coth() Po+ isinh¢
+ ( — [%(/lcosht+sinht) coth{ + ‘%(cosht+/\sinht))mo,

/11’1()
psinh(

m= (l%(l cosht —sinht)sinh{ + ‘l% coth{(Asinht — cosh t))po - (63)

- ({%(COShl‘+Asinh t) — ‘% coth{(Acosht+sinh t))mo,

ne (cosht — Asinht) N (sinht+ Acosht)
- p?sinh{ Po p?sinh(

mg — l COth(l‘lo.
H
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To obtain one variety of surface, it suffices to take dr in the form
o L
dr = cosh Edtm+smh den. (64)

This clearly generates the correct form I = dr - dr. In this form, it is possible to do all
the integration. Integrating r, = sinh(a/2)n with respect to x by taking n from (63), we
obtain

r=ro(t) — %(sinht — Acosht)coth{mg + .#no + i()Lsinht — cosht) coth {py.
7 psinh{ Y2
(65)

To determine the remaining function r((t), differentiate (65) with respect to ¢ and sub-
stitute r; and m into the remaining equation r; = cosh(a/2)m. This function satisfies the
first-order equation

ry(t) = :2 (cosht — Asinht)py + :2 (sinht+ Acosht)m,. (66)
Integrating both sides of this, we finally obtain that
A A .
ro(t) = ‘z? (sinht —Acosht)py + [? (cosht+Asinht)m,. (67)

Substituting (67) into (65), we obtain the final equation for r,

1

r=
2

IS

+

. . no
(A(sinht — Acosht) + (Asinht — cosh t) coth {) po + sinh¢
(A(cosht+Asinht) — (sinht+ A cosht) coth{)my.

1 (68)

w2
This result gives an expression for the coordinates of the surface in this space.
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