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We consider a sequence of positive linear operators which approximates continuous func-
tions having exponential growth at infinity. For these operators, we give a Voronovskaya-
type theorem.
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1. Introduction

Sequences of positive linear operators are often used in approximation theory. Let (L,)y>1
be such a sequence, where the operators L, are defined on a suitable linear subspace E of
C(I), I C R an interval. An important problem is the investigation of the limit

lim n(Lyf - f) (1.1)

in order to obtain information about the rate of convergence and the saturation proper-
ties of the sequence (Ly).

The above formula is called Voronovskaya’s formula for the sequence (Ly)y>1.-

This paper is devoted to establishing a Voronovskaya-type formula for the sequence
of positive linear operators introduced in [1], which approximate continuous functions
of exponential order. To obtain the operators, we consider g(z) = >.;° (a,z", g(1) # 0,
an analytic function in the disk |z| < R, R > 1, and we define the polynomials pj by the
relation

[eY]

g(u)cosh(ux) = z (1.2)

where coshx = > (x?*/(2k)!) is the hyperbolic cosine of x. Therefore, the polynomials
are

T b Dl
pr(x) =v§0m(k_v)! : TR (1.3)

Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2006, Article ID 42368, Pages 1-7

DOI 10.1155/IJ]MMS/2006/42368


http://dx.doi.org/10.1155/S0161171206423681

2 A Voronovskaya-type theorem for a positive linear operator

Let C[0, ) be the set of all real-valued functions continuous on [0, ) and w(x) =
e P*, x =0, p >0, the weight function. We will work in the space of functions C, = { fe
C[0,00) : w, f is uniformly continuous and bounded on [0, %)}, with the norm || f||, =

SUP.e[0,00) wp(x)| f ()]
We define the operator P, : C, — C,, r > p, by the relation

Pu(fsx) = l)cosh(nx ka(nx)f< ) (14)

We consider that a,/g(1) = 0, n = 0,1,..., which implies that the P, operator is positive.
We proved in [1] the following theorem.

Tueorem L.1. If f € Cy, then for each x = 0, lim, .. P,(f;x) = f(x), the convergence
being uniform in each interval [0,a].

Remark 1.2. (1) Ifin (1.2) we consider g(u) = coshu, the operator P, becomes

L(fix) =~ szk (nx) f (2:) (1.5)

cosh1 cosh(nx

where

(14x)%k (1 —x)*

pak(x) = 202K)] , (1.6)
which was studied in [2].
(2) If instead of (1.2) we consider the relation
cosh(ux) = Zpk(x)u , (1.7)
we obtain
2k
pak(x) 2Rl (1.8)
The operator
Li(f; Z () ( ) 1.9
n (f3%) = cosh(nx (2k)! (1.9)

was studied by Le$niewicz and Rempulska [3].

2. Auxiliary results

In order to prove a Voronovskaya-type theorem, we need some auxiliary results.
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LEmMA 2.1. Forx € [0,00) and n € N,
P, (eg;x) =1,
g'(1)
g(1)’ (2.1)

2¢(H+g() 1 g"()+g'(1)
g(1) n? g

P, (e1;x) = xtanh(nx) + % .

P,(exyx) = x* + gtanh(nx)

where ej(x) = x', i € {0,1,2}, and tanhx is the hyperbolic tangent of x.
LEMMA 2.2. Forx € [0,00) and n € N, the following hold:

P,(t — x;x) = —x(1 — tanh(nx)) + % g(l))
P,((t—x)%x) = (l—tanh(mc))[Zx2 f( 2g (1) )] g'()+g (1))
g(1)
P 4, =(1 h 3 xz X 1
L ((t—x)%x) = (1 —tanh(nx)) [ ayx* —a2;+a3 z—a4n3 +a5—2+a6 3+ay e
(2.2)
where a;, i = 1,7, are positive constants:
log'(1) ( 6g’(1)+3g”(1)>
=8, =12+ , =4{1+-2L0 )
ap a g(l) as g(l)
7 rr (3)
a4:1+14g(1)+18g (1) +4g (1)) _3, (2.3)
g(1)
6g"(1)+10g¢'(1) g (1) +7¢" (1) +6g3 (1) +g"(1)
ag =1+ —""——7—"—"-, a; = .
g(1) g(1)

Lemmas 2.1 and 2.2 can be proved by means of successive partial differentiation with
respect to u in the generating relation (1.2), and putting then u = 1.

LemMma 2.3. For every fixed point xo € [0, c0),

lim nP, (£ = x05%0) = () iiggonPn((t—Xo)z;xo) = Xo. (2.4)

Proof. Because 1 — tanh(nx) = 2/(e*"* + 1), by Lemma 2.2 we have

—2nx | g'(1)
e2nxo + 1 g(l)’

Therefore Lemma 2.3 holds. O

nP, (t — xo3x0) =
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LEMMA 2.4. For each fixed point xy € [0, 00), there is a positive constant M,(x), depending
only on xy such that

Pu((t =) 5%0) = My () - (2.6)

foralln e N.
Proof. For x = 0 and r,n € N, we have

21—r
—rl (2.7)

x" (1 - tanh(nx)) <

By Lemma 2.2, it results that

4 273 272 2-1
b, ((t —X()) ;Xo) =a ?4' - azF.’i! +ﬁ?2'
(2.8)
1 X, X 1 1
_.a4;ﬁ-+-a5;% +—a6;%-+-a721 < A41(XQ)ZE.
We proved in [1] the following lemma. 0

LemMa 2.5. Let p>0, letr > p, and let ng be a natural number such that ng > p/(Inr —In p).
Then there exists a positive constant M, , depending only on p and r such that

+1
e (P, (t —x)%efsx) < Mp,,xT (2.9)

forall x = 0 and n = ny.

LEMMA 2.6. Let xo € [0,0) be a fixed point and ¢(-;x9) € C, a function such that

}im ¢(t5x0) = 0. (2.10)
Then
lim P, (¢(t;x0)3%0) = 0. (2.11)

n—oo
Proof. Letr > p > 0. For every fixed xo = 0 and n € N, we have

e—T'XO

Zpk(nxo)q’(S;xo). (2.12)

e P, (9(t;x0)5%0) = g(Dcosh(nx) =

By the properties of function ¢(-;x0), it results that for all ¢ > 0 there exists a positive
constant &(e) such that if [t — xo| < §, then |@(t;x0)| < /2, t = 0. Moreover, there exists a
positive constant M, = M,(p) such that

e Plo(tx)| <My Vi=0. (2.13)
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Now we can write

—TIXo . . e"’xﬂ k
e P, (¢(t;x0)5%0) < (1) cosh (o) ‘k/nix(MPk((nxO)) {‘P(n)xo>
- L (2.14)
+ (1) coshrxg |k/n%|z6pk(nXO) (P(;;Xo) ‘ =81 +S,.
By the above properties of function ¢(-;xy), it follows that
€ eirxo € —TIXo E
$< 2 o) |, 2 P00 <3¢ TR0 <5
e—rxo k
— > —pk/n ,pk/n
® g(1)cosh (nx) |k/n_zmzapk((nx0))'(P<n’x0> e (2.15)
e—rxg
<M,———— nxo ) el
2g(l)coshnxo |k/n§cu|zapk( 0)
But if
S —xo| =0, (2.16)
then
2
1< é(% —x0> , (2.17)
and by Lemma 2.5, we can write
1 e o k 2
S, SM27'7 Z pk(l’lX())(*—xO> epk/n
02 g(1)cosh (nxp) i n (2.18)
e ™o 1 xo+1
< Mz Vpn((t — Xo)zept;X()) < MZﬁMp,r 0

for n = ng, ny > p/(Inr — Inp). It results that for a fixed xo, ¢, § there exists a natural
number ng = ny(xo,¢&,0, Ma, p,r) such that for all n > ny, we have S, < &/2.
Therefore, for all n > ng, we have

e P, (p(t;x0);x0) <& (ie., lime ™P,(¢(tx0);%0) = 0). (2.19)

n—o0o

It results that lim,, .. P, (@(t;x0);x0) = 0. O

3. A Voronovskaya-type theorem

Now we are in the position to state the main result of this paper.
For a fixed p >0, let

C, = {f € Cpsuch that f', f” € C,}. (3.1)
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Tueorem 3.1. If f € Cf,, then

. o X &)
lim n{Py(f3) = fO} =2 f (x)+f(x)g(1) (3.2)

for every fixed x € [0, 00).

Proof. We use the Taylor formula for a fixed point xy € [0,00). For all t € [0, %), we have

() = f(x0) + (t—x0) f' (x0) + %(t—xo)zf”(xo) +g(txo)(t—x0)°,  (3.3)

where g(t;x¢) is the Peano form of the remainder, g(-;x) € Cp, and lim; .., g(;x0) = 0.
Because P, (ep;x) = 1, we can write

Palf530) = (30) = f () Pult = x050) + 3 £ (o) Pa (£ = 30)50)

X (3.4)
+ P, (g (t5x0) (t = x0) 5X0).
By Cauchy’s inequality, we have
P, (g(£5x0) (t = x0) 5%0) < {Pa(g? (£5x0)5%0) } AP (= x0) 5sx0)} 2. (3.5)

The function ¢(t;x0) = g2(£;x0), t > 0, satisfies the conditions of Lemma 2.6; therefore

lim P, (g2 (¢;%0)3%0) = 0. (3.6)

n—oo

Moreover, by Lemma 2.4, we have

2 1/2 1\
nP,(g(t;x0) (t —x0) 3x0) < {Pu(g?(t;%0)5%0) } (nle(xo)ﬁ) ) (3.7)

It results that limy,—.. P, (g(#;0) (f — x9)%;x0) = 0. By the above results and by Lemma
2.3, we obtain

lim (P f5%0) ~ f o)) = f (o) & 20422 17 () (.8
(]
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