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We consider hexagonal systems embedded into the 3-dimensional space R?. We define the
fundamental group 7, (G) of such a system G and show that in case G is a finite hexagonal
system with boundary, then 7;(G) is a (non-Abelian) free group. In this case, the rank
of m,(G) equals m(G) — h(G) — n(G) + 1, where n(G) (resp., m(G), h(G)) denotes the
number of vertices (resp., edges, hexagons) in G.
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1. Introduction

A hexagonal system is a finite-connected graph with all edges lying in regular hexagons.
Hexagonal systems have been extensively studied, as the natural representations of hydro-
carbon molecules, analyzing various physicochemical properties of the molecules repre-
sented. Spectral graph theory is often employed for this purpose because the algebraic
invariants associated to the graphs contain relevant information about the molecular
structure; see [2, 7]. Additionally, the application of topological techniques has become
increasingly important in the field over the past years; see [4, 6].

The consideration of benzenoid hydrocarbons as planar hexagonal systems is a well-
developed theory [2, 7]. As first discussed by Wasserman [13], one may conceive of classes
of hydrocarbons, including knotted rings and linked rings (catananes), with interesting
topological properties. On this trend, in [12] it was reported the synthesis of the first
molecular Mobius strip and in [3] the synthesis of a molecular trefoil knot. The develop-
ment of nanotechnology makes relevant the consideration of nanotubes and other related
hexagonal systems in 3-space; see [8].

In this work, we consider hexagonal systems, embedded into the 3-dimensional space
R3. Given (a possibly infinite) hexagonal system G stabilized by the action of a group
I' which acts freely on the vertices of G, the natural quotient 7 : G — G/T is said to be
a Galois covering defined by the action of I'. For a finite hexagonal system G, we build a
universal Galois covering m: G — G (i.e., for any Galois covering 7’ : G’ — G, there is a
unique morphism 77 : G — G’ with 7 = 7'7). The map 7 is defined by the action of the

Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2006, Article ID 47381, Pages 1-15

DOI 10.1155/IJMMS/2006/47381



2 The fundamental group of hexagonal systems in 3-space

fundamental group m (G). This group m;(G) is also the fundamental group of the CW-
realization cw(G) of the hexagonal system G.

We say that an edge e in G is on the boundary if e belongs only to one hexagon in G.
In case G has no boundary and ¢w(G) is orientable, a well-known argument implies that
cw(G) is a topological torus and therefore m,(G) = Z X Z (see Proposition 2.1). For the
case with boundary, we will prove the following result.

THEOREM 1.1. Let G be a finite hexagonal system with boundary, then m(G) is a (non-
Abelian) free group.

In the case considered in the above theorem, the rank of m(G), denoted by rk(G),
is an important invariant of the hexagonal system. The rank rk(G) can be numerically
obtained from the number of vertices n(G), the number of edges m(G), and the number
of hexagons h(G) of G, in the following way.

THEOREM 1.2. Let G be a finite hexagonal system with boundary. Then
tk(G) = m(G) — h(G) — n(G) + 1. (1.1)

The proof of Theorem 1.2 follows from some simplicial homology arguments and is
given in Section 3. In Section 4, we consider the simply connected case, that is, rk(G) = 0
and show that G is equivalent to a planar graph.

The results reported in this work will be used in forthcoming papers to describe the
general structure of finite hexagonal systems with boundary and calculate its momenta,
n-electron energy, and other important invariants.

The reader is referred to [6, 10] for an algebraic topology background and terminology
not explained in the paper.

We denote by Z and Q the additive group of integers and the rational number field,
respectively.

2. Galois coverings and the fundamental group

2.1. A hexagonal system G = (Go, G1, #(G)) is given by a set of vertices Gy, a set of edges
G C G}, and a set #(G) C GY of hexagons, satisfying the following:
(H1) each edge e = {x, y} € G} satisfies x # y and belongs to a hexagon (i.e., there is
e’ € G} with (e,e’) € #(G));
(H2) each vertex x € Gy belongs to at most 3 edges in G (i.e., the degree d(x) < 3);
(H3) each hexagon {e;,e,...,e} is formed by pairwise different edges with e; N e a
single vertex, for i = 1,...,6 and e; = e;. Moreover, two hexagons have at most
one edge in common.
We write {ej,e,,...,es} for elements of 7¢(G) and get the drawing in Figure 2.1. Ob-
serve that not necessarily for any sextuple {e;,...,es} € G? with e; = {x;,x;41} € G% and
X7 = x1, we get a hexagon in G.

2.2. Examples of hexagonal systems.
(1) Planar graphs associated to benzenoid hydrocarbons (see, e.g., Figure 2.2).
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(2) Cylindrical tubes associated to nanotubes (identifying vertices with the same num-
ber). (See Figure 2.3.)

In (a), there are exactly 3 hexagons in G. The closed walks of length 6 forming the
mouths of the cylinder are not hexagons in the system.

In (b), there are exactly 6 hexagons in G. Besides the 5 planar hexagons, there is an
additional one formed by identifying 1 —~ 1" and 2 < 2".

(3) We will schematically draw cylinders as shown in Figure 2.4. In this case, the cylin-
der has n half-twists. In case 7 is odd, the cylinder is called a Mdbius band.

(4) The torus is obtained by identifying the vertices and the edges indicated in Figure
2.5. All the 6-edge contours formed are hexagons in the torus.
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(5) The following hexagonal system is better understood by looking at the associated
CW -complex shown in Figure 2.6.

2.3. Given a hexagonal system G = (Gy, G1, #(G)), we consider an embedding & : G — R3
where for each edge e = {x, y}, the image &(e) is a differentiable curve and two edges &(e)
and &(¢’) intersect only in the image &(x) of a common vertex x of e and ¢'.
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We recall that two homeomorphisms f : R* — R? and g : R? — R are isotopic if there
is a continuous function H : R? X [0,1] — R? such that H(x,0) = f(x), H(x,1) = g(x) for
every x € R¥ and H(x,t) is a homeomorphism for each fixed ¢ € [0,1]. It is known that
either f is isotopic to the identity or to a reflection function. In the first case, f is said to
be orientation preserving; in the second case, f is said to be orientation reversing.

Two embeddings & : G = R3 and 7 : G — R? are equivalent if there is an orientation
preserving homeomorphism f with f& = #. See [4] for a careful discussion.

The construction of a CW-complex cw(G) associated to an embedding & : G — R is
fulfilled by fixing {£(x) : x € Gy} as 0-skeleton, {&(e) : e € Gy} as 1-skeleton, and giving a
set of differentiable functions {my, : [0,1]*> = R®: h € #(G)} satisfying

o(my([0,1]%)) = my (3([0,11%)) = &(h), (2.1)

where the image of my, and mj;; may only intersect on &(e) for an edge e common to h
and k. Clearly, the homotopy class of cw(G) depends only on the equivalence class of
£:G—R3.

We will say that the hexagonal system G is orientable if the associated CW-complex
cw(G) is orientable, that is, there is a differentiable vector field Q : ew(G) — R3\ {0}. Itis
well known that G is orientable if and only if cw(G) does not contain a M6bius band.

ProrositioN 2.1. Let G be a hexagonal system without boundary and assume G is ori-
entable. Then G is a torus.

Proof. Assume that G has no boundary, then d(x) = 3 for every x € Gy. Then each edge
belongs to 2 hexagons and each vertex to 3 hexagons, that is,

hG) +n(G) — m(G) = %m(G)—F%m(G)—m(G) —0. (2.2)

The compact orientable surface cw(G) is homeomorphic to the sphere (n = 0) or to a
torus with # holes, n > 1. The Euler formula for the characteristic of cw(G) yields

2-2n=yx(ew(G)) = n(G) —m(G) + h(G) = 0. (2.3)

Hence n =1 and G is a torus. O

2.4. Let G be a connected hexagonal system. Fix (s,f) an orientation of the edges of G,
that is, for each e = {x,y} € G, we have an arrow s(e) =, t(e), and the inverse arrow

() <— s(e).

We will construct the fundamental group m (G).

Fix a vertex xy € Go. Consider the group W (G, xo) of all closed walks in G starting and
ending at x (the trivial walk 7, is the identity). Define a homotopy relation ~ in W (G, x)
generated by the following.

(a) Ife= {x,y} € Gy, then ee™! ~ 74, and e~ 'e ~ Ty).
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(b) If {ey,...,es} € #(G), choose & € {1,—1} such that e]'e3 - - - € is an oriented
path; then
el - regel e ~Ta, (2.4)
where a; € {s(e;),t(e;)}.
(c) If u ~ v, then wuw’ ~ wyvw’, whenever the products make sense.
We define 7;(G,xp) = W(G,x)/ ~ the set of homotopy classes of closed walks at xg.
Clearly, 1 (G,x0) inherets the group structure of W(G,x,) and moreover, it does not de-

pend on the chosen vertex xo. We set 711 (G) for 71 (G, xo).
The following is a more precise version of Theorem 1.1 stated at the introduction.

THEOREM 2.2. Let & : G — R? be an embedding of the hexagonal system G. Consider the
CW -complex cw(G) and the fundamental group m,(G) associated to G. Then,
(a) m1(G) is the fundamental group of cw(G),
(b) if G has boundary, then m,(G) = m1(Ag) is the fundamental group of a graph A,
and therefore m,(G) is a (non-Abelian) free group.

Proof. (a) is clear from the definitions.

(b) A generalized hexagonal system G = (Go, G, #(G)) satisfies d(x) < 3 for each x €
Gy and two hexagons in #(G) have at most one edge in common (i.e., G satisfies condi-
tions (H2) and (H3)). We will show, by induction on h(G), that for a generalized hexag-
onal system G with boundary, there exists a graph Ag such that 7, (G) = m;(Ag) is a free
group.

If h(G) = 0, then G is a graph and by classical theory, 7;(G) is free of rank m(G) —
n(G)+ 1.

Assume h(G) = 1. Since G has boundary, we choose a hexagon h € #(G) with edges
ei = {xj,xi11} for 1 <i<6and x; = x; such that ey,...,e; only belong to the hexagon h,
and d(xjy;) = 3.

We consider the graph G’ with vertices Go \ {x2,...,x;}, edges G} = G1 \ {ei,...,ej},
and #(G') = #(G) \ {h}. Then G’ is a generalized hexagonal system with h(G") < h(G).
By induction hypothesis, 71 (G") = m(Ag) is a free group.

Choose x( a vertex in G’. We will define a group homomorphism

p:W(G,x) — W(G,x), (2.5)

for a fixed orientation (s,t) of G and the induced orientation in G'. Indeed, let w =
bi' b5 - - - by € W(G,x0) be a closed path at xo, according to the orientation (s, ). In case
bi# e foreveryl <i<mand1<¢?< j,then p(w) =w e W(G',xo) is well defined.
Otherwise, we may assume w = ww?w! with w? = ¢’ - - - ¢ for 1 <i< € < jand w',
w? do not contain any arrow of the form ;*, 1 < k < j. Then, p(w) = we, 1™ - - - e, 'w!
€ W(G',xo) is well defined (see Figure 2.7).
It is straightforward to show that w ~ w’ in W (G, x) are sent by p to homotopic paths

in W(G',x0). Hence the induced function

p:m(G) — m(G) (2.6)
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is a (surjective) group homomorphism. If p([w]) = 1, where [w] denotes the homotopy
class of w, then there exists a sequence of homotopic cycles in G,

pPW) ~ Wy~ e~ Wy = Ty (2.7)

It is enough to observe that w ~ p(w) in G and p(w) ~ w; ~ - - - ~ w,, = Ty, still holds

in G. Hence [w] = 1 and p is an isomorphism. This completes the proof of the theorem.
O

2.5. The proof of Theorem 1.1 provides a construction of the graph Ag such that 7, (G) =
m (Ag). Indeed, Ag is obtained from G by deflating one by one the hexagons in #(G). We
illustrate the procedure by an example.

Let G be the hexagonal system obtained by identifying the vertices indicated with the
same numbers as shown in Figure 2.8. Clearly, we may always consider an induced graph
A whose vertices are those x in Ag with d(x) = 3 such that m;(Ag) = m (Ag).

2.6. We will prove that there is a hexagonal system G (which is infinite if 71;(G) # 0)
stabilized by the action of the group 7, (G) and such that the induced covering

1:G— G/m(G) =G (2.8)

is the universal Galois covering of G.

Fix a vertex xy € Gy and an orientation (s,t) of G, denote IT = (G, xp), and for each
vertex x € Gy, fix a path y, from x to x, according to the orientation (s,t). We define the
hexagonal system G and the map 7 : G — G as follows:

(1) vertices of G: set CN;O = Gy xII;

a

(ii) edges of G: for x
in 51;

(iii) 7 : G — G is defined as the natural projection;

(iv) hexagons in G: any cycle {f1,...,6} such that {7 (B1),...,7(Bs)} € H(G).

yin Gy and [w] €11, then (x, [w]) S (y, [y;locyxw])
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(a) (b)

Figure 2.8

The group IT acts on G and freely on the vertices of G (i.e., if p € Il and p(y) = y
for some y € Go, then p=1).Indeed, p = [v] € IT and (x,[w]) € Go, then plx, [w]) =
(x, [vw]); if p(x,[w]) = (x,[w]), then [v] = 1. Moreover, G/ = G as hexagonal systems.

Given any other Galois covering 7" : G' — G defined by the action of a group T, we
define a map 7 : G — G’ of hexagonal systems. Indeed, consider an orientation (s',') of
G’ such that 7' (s'(e") — t' (")) = s(n'(e)) — t(n'(¢")) and fix any xy € G; with 7’ (x;) =
xp and define 7(x, [1]) = x;. For any x € Gy and [w] € II, choose any path y, from x, to
x in G, according to the orientation (s,#) of G. The path y,w goes from xj to x and may
be lifted to a path y; in G’, that is, 7’ (y;) = yxw. If x” is the ending vertex of y;, we set
7(x, [w]) = x’. It is a straightforward exercise to see that this determines the wanted map
7 = G — G'. Additional properties of this map are stated in the following proposition.

ProrosITiON 2.3. Let G be a finite connected hexagonal system with boundary. Consider
7 : G — G the Galois covering defined by the action of the fundamental group m,(G) as above.
Letn" : G' — G be any Galois covering of hexagonal systems defined by the action of a group
T, then the following holds:
(a) thereisamap 7 : G — G’ of hexagonal systems such that w = n'7;
(b) the map  is a Galois covering defined by the action of a free group H which is a
normal subgroup of m(G) such that m (G)/H —— T.
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Remark 2.4. The construction of Galois coverings and the fundamental group of a hexag-
onal system follows similar arguments to those developed for finite dimensional alge-
bras given as quotients of quiver algebras, see [1, 5, 9, 11]. In particular, the proof of
Theorem 1.1 is inspired in [11] where the concept of coverings in representation theory
was introduced; the construction of the universal Galois covering follows [9].

2.7. As an example of the construction of the universal covering G — G, we will con-
sider again the hexagonal system in Figure 2.8. We expect the following picture is self-
contained (see Figure 2.9).

Clearly, it is possible to define an embedding £:G—R3andaC W-complex cw(G)
stable under the action of 71(G) and such cw(G)/m1(G) == cw(G). We will not pursue
this point.

3. Cohomology and the rank of the fundamental group

3.1. Let G = (Gy,G1,#(G)) be a finite hexagonal system. Fix (s,f) an orientation of G
and let Z be an arbitrary Abelian (additive) group. Consider C°(G,Z) the set of Z-valued
functions of Gy and Z'(G, Z) the set of Z-valued functions on G; such that 2,11 &if(e) =
0 for every (oriented) hexagon in #(G) (see Figure 3.1).
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Figure 3.1

ProrosiTioN 3.1. Let G be a finite connected hexagonal system with a fixed orientation
(s,t) of G. Let Z be an arbitrary Abelian group. Then there is an exact sequence of Abelian

groups:
do 0 d! 1 P
0— 2z 6,2 21(G,2) L Hom (1(G), Z) — 0, (3.1)

where
(1) dO(A)=f)\:G0—>Z,x'—>A,
(2) dY(f):G1 = Z, a—~ f(t(a)) — f(s(a)),
(3) g € Z1(G,2), then p(g) : m(G) — Z, [a}" - - - a*] — Di_, aig(ay).

Proof. First we check that the maps are well defined.
For an (oriented) hexagon in #(G) as above and f € C°(G,Z), we have

Zsidl(f)(ei) = Zgi[f(t(ei)) —fs(e))] =0, (3.2)

and d'(f) € Z1(G,Z2). If g € Z1(G,Z2), it is clear that W(G,xo) — Z, ai'---as" —
>y aig(a;) is well defined in homotopy classes and therefore, p(g) € Hom(m;(G),Z).

The composition d'd® = 0 and for f € C°(G,Z) and w = a}' - - - 45" € W(G,xo), we
have

N

PN (W) = Yo (£)(a) = Yalf(t(a)) - fls(aD] 0. (33)

i=1

Clearly, d° is injective. We check the remaining facts for the exactness of the sequence.

Kerd! c Imd’: let f € C°(G,Z) be such that d'(f) = 0. Assume we have a full con-
nected subgraph G’ of G such that f is constant in G'. Take an edge x y such
that x € G and s(a) = x, then 0 = d'(f)(a) = f(t(a)) — f(s(a)) = f(y) — f(x). Hence f
is constant in G.

Kerp C Imd': let g € Z'(G,Z) be such that p(g) = 0. Fix a vertex xo € G such that

m(G) = m(G,xp) and for each vertex x € Gy, choose a path y, = afﬁ .- -aﬁ"nxx from xp
to x oriented according to the orientation (s,t) of G. Define f € C°(G,Z) by f(x) =

> afg(ay,). Then for x

y, say with s(a) = x, we get ay, from x, to y. Since
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p(g) =0, then

d(f)a) = fy) - fx) = S olglay) - S atglay)
i-1

i=1

. ” (3.4)
- |+ Saigtan) | - Y aglan) - gta
i=1 i1
The map p is onto: we define a function r : Hom(m(G),Z) — Z'(G, Z) by
r(@)@) = o([yiharsw])- (3.5)
With arguments similar to the above, r is well defined and p o r is the identity in
Hom(7,(G),Z). This completes the proof of the statement. O

3.2. The sequence (3.1) provides useful relations among the invariants of a hexagonal
system. For instance, if G is a torus, then 7, (G) = Z X Z and choosing Z = Q in (2.3) we
get

2 =r1k(G) = dimq Z'(G,Q) — n(G) + 1. (3.6)
It is not hard to show that
dimq Z'(G,Q) = m(G) — h(G) + 1. (3.7)
We get the formula
0 =m(G) — h(G) — n(G), (3.8)

that we encountered already in (2.3).

3.3. Proof of Theorem 1.2. Let G = (Gy, G, #(G)) be a finite hexagonal system with
boundary and consider the exact sequence (3.1) for Z = Q. We will prove that

dimg Z'(G,Q) = m(G) — h(G). (3.9)

As in the proof of Theorem 1.1, we consider generalized hexagonal systems G and we
prove by induction on the number of hexagons h(G) that dimg Z!(G, Q) = m(G) — h(G).
Fix an orientation (s,t) of G.

For h(G) = 0, we get #(G) = @ and G is a graph with Z!(G,Q) = Q%. Hence
dimg Z'(G,Q) = m(G) in this case.

Assume h(G) = 1 and choose asin (2.4), a hexagon h with edges e;,...,e; in the bound-

ary. Suppose x; A xiy1 for 1 <i <6 and x; = x, and define G’ the generalized hexago-
nal system with Gy = Go \ {x2,...,xj}, G} = G1\ {e1,...,ej}, and #H(G') = #H(G) \ {h}. By
induction hypothesis, we get

dimg Z'(G',Q) = m(G') — h(G") = m(G) — h(G) — j + 1. (3.10)
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We will define an exact sequence
o J
0— {v €Q/: D ev(i) = O} 2. 74G,Q) X Z21(G,Q) — 0 (3.11)
i=1

with
(1) o(v): G, — Q,

- v(i) ifa=e(l<ix<j), (3.12)
0 else,
(2) p(f): Gy — Q, the restriction of f : G; — Q.
Clearly, o and p are well-defined homomorphisms with ¢ mono and po = 0.
Kerp = Imo: if f € Z'(G,Q) with p(f) = 0, then
j 6
Sefle) = Yefle) =0 o(f(e) ) = f. (3.13)
i=1 i=1
pepi:let f" € Z(G',Q) and consider f : G; — Q with p(f) = f’ extended by
6
ef(e) =- Z &f' (&), f(e)=0for2<i<ij. (3.14)
i=j+1
From this sequence we get the equality
dimg Z'(G,Q) = dimg Z' (G, Q) +j — 1. (3.15)

4. Simply connected hexagonal systems
4.1. We say that a hexagonal system G is simply connected if m;(G) = 0.

CoROLLARY 4.1. Let G be a finite connected hexagonal system with boundary. Then G is
simply connected if and only if

n(G)+h(G) —m(G) = 1. (4.1)

4.2. Let G be a finite hexagonal system and &€ : G — R? be an embedding. Consider a
projection 7 : R* — R? such that & : G — R? satisfies
(1) |(m&)~Y(A)| <2 for each A € R?,
(2) {A e R%: |(wé)~1(A)| = 2} is a finite set.
We say that the image D = &(G) is a diagram of G.

LEmMA 4.2. Let G be as above and let £ : G — R® be an embedding. For any projection
7R3 — R, there is an embedding &' : G — R equivalent to & such that D = n¢'(G) is a
diagram of G.



J. A. De La Pefia and L. Mendoza 13

; /J 1 n 1 1
2 \ : 2 2
. y X - Y X Y
]‘/ [ : 2’
i<j n 1 n n
D D*
(a)
. . 1 " 1 1
! J
‘\ 2 2 2
DAy x I\ | v X Y
Je i N2
i<j n 1 n n
D D~
(b)
Figure 4.1

We say that G is planar if there is an embedding &’ : G — R2, that is, &’ (e) are differen-
tiable curves for edges e of G and &’ (e), &’ (¢’) may only intersect in £(x) if x is a common
vertex of e and ¢’.

4.3. Consider a hexagonal system G and a diagram of G of the form shown in Figure 4.1.
In (a), we say that D has a positive crossing and we define a diagram D* which undoes the
crossing. Similarly, in (b), we say that D has a negative crossing and we define a diagram
D~ which undoes the crossing. In general, we write D = D* or D™~ in the above situations.

We say that G is quasiplanar if there is a diagram D = Im(n¢ : G — R?) and a finite
sequence D = Dy, D; = Dy, D, = Dy,..., D; = D,_; such that D is planar.

ProprosITION 4.3. Let G be a finite connected hexagonal system with boundary. If G is simply
connected, then G is quasiplanar.

Proof. By induction on h(G). If hi(G) = 0 and m;(G) = 0, then G is a tree graph. Clearly G
is quasiplanar.

Assume h(G) = 1 and define G’ as in (2.4) with A(G’) = h(G) — 1. By induction hy-
pothesis, for the restriction D’ = n&(G’) of a diagram D = Im(n¢ : G — R?), there is a
sequence D' = Dy, D} = D,..., D, = D,_, such that D is planar. We may add a hexagon
at each step to get diagrams D = Dy, Dy = Dyy,..., Dy = D,_; such that D; is obtained from
D; by deleting some edges of a hexagon.

Then either D; is planar or the situation in Figure 4.2 occurs (the crossing might be the
opposite and observe that e, only belongs to a hexagon h because d(x,) < 3 and hexagons
have at most one common edge). Hence Dj is planar, showing that G is quasi-planar. [J

4.4. Remarks. (a) The crossings appearing in the covering defined in example (1.8) are
of the type described at the above proof.
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X1

Figure 4.2

Figure 4.3

(b) The converse of the proposition does not hold as shown in Figure 4.3. G is a planar
hexagonal system with

1 =rk(G), m(G) —h(G) —n(G) =40-8-32=0. (4.2)
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