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For a fixed analytic function g(z) = z+ 2., ,g,2z" defined on the open unit disk and
y < 1, let Ty(y) denote the class of all analytic functions f(z) = z+ 3., ,a,z" satisfying
Sneslangal < 1 —y. For functions in T¢(y), a subordination result is derived involving
the convolution with a normalized convex function. Our result includes as special cases
several earlier works.
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1. Introduction

Let o be the class of all normalized analytic functions of the form
f(z)=z+Zanz” (zeA:={zeC:|z| <1}). (1.1)
n=2

Let S*(a) and C(«) be the usual classes of normalized starlike and convex functions of
order «, respectively, and let C := C(0). For f(z) given by (1.1) and g(z) by

g2) =z+> gu2", (1.2)

n=2

the convolution (or Hadamard product) of f and g, denoted by f * g, is defined by

(f*g)(2) =2+ > ayguz". (1.3)
n=2

The function f(z) is subordinate to the function g(z), written as f(z) < g(z), if there is
an analytic function w(z) defined on A with w(0) = 0 and |w(z)| < 1 such that f(z) =

gw(2)).
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2 Subordination by convex functions

Let g(z) given by (1.2) be a fixed function, with g, = g >0 (n = 2), y < 1, and let

Te(y) := {f(z)e&dzz | angn | sl—y}. (1.4)
n=2

The class Ty(y) includes as its special cases various other classes that were considered in
several earlier works. In particular, for y = « and g, = n — «, we obtain the class TS*(«) :=
Tg(y) that was introduced by Silverman [6]. Putting y = &« and g, = n(n — ), we get
TC(a) := Tg(y). For these classes, Silverman [6] proved that TS*(a) < $* (&) and TC(«)
c Cla).

By using convolution, Ruscheweyh [5] defined the operator

D*f(z) := ﬁ £ f(2) (a>-1), (1.5)

z

Let Ry(f3) denote the class of functions f(z) in &{ that satisfies the inequality

D f(z)  a+2p
Dif(z) ~ 2(a+1)

(x=0,0<fB<1,z€A). (1.6)

Al-Amiri [1] called functions in this class as prestarlike functions of order a and type f.
Let H,(f3) denote the class of functions f(z) given by (1.1) whose coefficients satisty the
condition

[

> (@2n+a-2B)Cla,n)|a,| <2+a—28 (a20,0=<p<1), (1.7)
n=2

where

ﬂ(k+“_1 (n=2,3,...). (1.8)

(n—1)!

Al-Amiri [1] proved that Hy () € Ru(f3). By taking g, = 2n+a — 2B)C(a,n) and y =
2 — 1 — a, we see that Hy(f) := T,(y).
For functions in the class Hy(f3), Attiya [2] proved the following.

THEOREM 1.1 [2, Theorem 2.1, page 3]. If f(z) € Hu(f3) and h(z) € €, then

(4+a—-2B)(1+a)
2[la+(2+a)(3+a—2p)]

(f *h)(z) < h(z), (1.9)

+2+a)3+a—-2p)
4+a-2B)(1+a)

R(f(2) > (1.10)

The constant factor

(4+a—-2B)(1+a)
2[la+ 2+ a)(3+a—-2p8)]

(1.11)

in the subordination result (1.9) cannot be replaced by a larger number.
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Owa and Srivastava [4] as well as Owa and Nishiwaki [3] studied the subclasses Al * («)
and N'*(«) consisting of functions f € s satisfying

[n=A+In+A-2al]la,| <2(a—1) (a>1,0<A<1),

: (1.12)

Me 5 e

nn—A+In+A-2allla,| <2(a-1) (a>1,0<A<1),

n=2

respectively. These are special cases of T,y(y), with g, =n—A+[n+A—-2al, y =3 - 2a,
and g, = n(n —A+|n+A—2al), y = 3 — 2a, respectively. For the class A *(«), Srivastava
and Attiya [8] proved the following.

TaEOREM 1.2 [8, Theorem 1, page 3]. Let f(z) € M*(«). Then for any function h(z) € C
and z € A,

2—-A+12+A -2«
22— A+ 1241 —2al]

(f *h)(z) < h(z), (1.13)

20— A+ 12+A -2«
2-AM)+ 1241 =2al]

%U&»>—[ (1.14)

The constant factor

2-A+2+1-2a]
2[2a = A+ 1241 —2al]

(1.15)

in the subordination result (1.13) cannot be replaced by a larger number.

A similar result [8, Theorem 2, page 5] for N* () was also obtained.

In this article, Theorems 1.1 and 1.2 are unified for the class T,(y). Relevant connec-
tions of our results with several earlier investigations are also indicated.

We need the following result on subordinating factor sequence to obtain our main
result. Recall that a sequence (b,)7" of complex numbers is said to be a subordinating
factor sequence, if for every convex univalent function f(z) given by (1.1), then

ianbnz" < f(2). (1.16)
n=1

TaeoREM 1.3 [9, Theorem 2, page 690]. A sequence (b,) of complex numbers is a subor-
dinating factor sequence if and only if

%(1+2§jhﬁ>>o. (1.17)

n=1



4 Subordination by convex functions

2. Subordination with convex functions
We begin with the following subordination result.

TueoRrEM 2.1. If f(2) € T(y) and h(z) € C, then

2(g2+1— ) (/* W@ < h(2) 2
R(f(2)) > —g%lz_y (z€A). (22)
The constant factor
&
o+1-y) (2.3)

in the subordination result (2.1) cannot be replaced by a larger number.

Proof. Let G(z) = z+ >, &2". Since T,y(y) < Tg(y), our result follows if we prove the
result for the class T¢(y). Let f(z) € Ts(y) and suppose that

h(z) =z+ Z 2" e C (2.4)
n=2
In this case,
T A = g (Z+an ) (2.5)

Observe that the subordination result (2.1) holds true if

)

D
(2(gz +1-y) a">1 (26)

is a subordinating factor sequence (with of course, a; = 1). In view of Theorem 1.3, this
is equivalent to the condition that

9%{1 + Y giz_yanz"} >0. (2.7)

n:1g2+1

Since g, = g, >0 for n > 2, we have

9%{1+g722anz”}:‘ﬁ{1+ LB z+ zgzanz }

Ltl-y= L+l-—y gz+1—

21_{ &£ L. 2+1 Z|g2an|r} (2.8)

L+1-y Vs

¢! -y
1- r+ re>0 zl=r<1).
{gzﬂ—y gz+1—y} (12 )
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Thus (2.7) holds true in A, and proves (2.1). The inequality (2.2) follows by taking h(z) =
z/(1—2z)in (2.1).
Now consider the function

F)=z- Y2 (y<1), (2.9)
D

Clearly, F(z) € Ty(y). For this function F(z), (2.1) becomes

D z
72(g2+1—y)F(Z)< 1—_2 (2.10)

It is easily verified that

. L _ 1

Therefore the constant

§9)
ot =) (gz 1o )/) (2.12)

cannot be replaced by any larger one. O

CoroLLARY 2.2. If f(z) € TS*(«) and h(z) € C, then

2« 3-2
2(3_;‘“) (f*W@<h@),  R(f@)>-2— (zea.  (213)
The constant factor
2—«a
26-2a) (2.14)

in the subordination result (2.13) cannot be replaced by a larger number.
Remark 2.3. The case a = 0 in Corollary 2.2 was obtained by Singh [7].
CoroLLARY 2.4. If f(z) € TC(a) and h(z) € C, then

2-a 5-3a
5 3gf ¥ME@<h@, R(f(2)>—75= 5 (z€). (2.15)
The constant factor
22—«
5 3g (2.16)

in the subordination result (2.15) cannot be replaced by a larger one.

Remark 2.5. Theorem 1.1 is obtained by taking y = 28— 1 — a and

gﬂ=(2n+oc—2ﬂ)]_[m (n=23...,a>0,0<p<1), (2.17)
i, (n=1)!
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in Theorem 2.1. Similarly, putting y = 3 — 2« and
G=n—A+n+A-2a] (n=2,3...,a>1,0<A<1) (2.18)
in Theorem 2.1 yields Theorem 1.2. Finally, by taking y = 3 — 2« and
g=nn—-A+n+r-2al) (n=2,3...,a>1,0=<A<1) (2.19)

in Theorem 2.1, we get [8, Theorem 2, page 5].
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