EXPLICIT ISOMORPHISMS OF REAL CLIFFORD ALGEBRAS
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It is well known that the Clifford algebra Cl, ; associated to a nondegenerate quadratic
form on R" (n = p+q) is isomorphic to a matrix algebra K(m) or direct sum K(m) &
K(m) of matrix algebras, where K = R,C,H. On the other hand, there are no explicit
expressions for these isomorphisms in literature. In this work, we give a method for the
explicit construction of these isomorphisms.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Preliminaries

Let F be a field and let V' be a finite-dimensional vector space over F and Q:V — F a
quadratic form on V. The Clifford algebra CI(V, Q) is an associative algebra with unit 1,
which contains and is generated by V, with v - v = Q(v) - 1 for all v € V. Formally, one
can define the Clifford algebra CI(V, Q) as follows.

Definition 1.1. The Clifford algebra CI(V,Q) associated to a vector space V over F with
quadratic form Q can be defined as

Cl(v,Q) = %, (L)

where T'(V) is the tensor algebra T(V)=Fe V& (Ve V)e--- and I(Q) is the two-
sided ideal in T(V') generated by elements v® v — Q(v) - 1.

Just like the tensor algebra and the exterior algebra, the Clifford algebra has the fol-
lowing universal property.

THEOREM 1.2. Given an associative unital F-algebra A (with unit 1) and a linear map
f:V —Awith f(v)- f(v)=Q(v) -1 forallv € V, then there is a unique homomorphism
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2 Explicit isomorphisms of real Clifford algebras

of algebras f : CI(V,Q) — A such that the following diagram commutes:

vV —2 clV,Q)

jl / (12)

A

where iq is natural inclusion. In particular, the algebra CI(V,Q) together with the map
iq: V — Cl(V,Q) satisfying iq(v) - iq(v) = Q(v) - 1 is uniquely determined by this property
up to isomorphism (see [3]).

If Q = 0, one recovers precisely the definition of exterior algebra, so A(V) = Cl(V,Q =
0).
For the realization of the Clifford algebra CI(V, Q), the following lemma is useful.

LemmMa 1.3. The structure map iq : V. — Cl(V,Q) is injective. Thus V will be viewed as a
subspace of CI(V,Q). If ey, e2,...,e, form a basis: for V, then the products

€i,€i, " * * €, l<ii<---<ip<n, (13)

and 1 form a basis of the real vector space CI(V, Q) (see [2, 3]).

We deal with the real vector spaces with nondegenerate quadratic form Q. Due to the
Sylvester theorem, any nondegenerate quadratic form on R" is equivalent to a quadratic
form of type

QX1 X25 e 5Xn) =XT X5+ Xy = Xpuy = Xpuy == Xy, (1.4)

(see [1]). If V = R" is a real vector space with the quadratic form Q : R” — R, Q(x;,x2,...,
Xn) =X X5+ +X) = Xpuq = Xpyp — * - — X, then the corresponding Clifford alge-
bra CI(V,Q) is denoted by Cl,,; (n = p+q). Let e1,es,...,€p, €1,€2,...,&; be a Sylvester
basis for R”, then following relations hold: ¢/ =1 (1 <i<p), & = -1 (1 <i<gq) and
eiej = —eje;, gig; = —¢je; for i # jand ejej = —gjeifor 1l <i<p,1<j<q.

1.1. Calculations for some lower dimensions. Let ¥, ,; denote the isomorphism from
the Clifford algebra Cl, ; to the related matrix algebra and for K = R, C, or H, we denote
by K (n) the algebra of n X n-matrices with entries in K.
Forn =0, Clyp =R
Forn=1, Cl(),l =C by ‘{/0)1(6) =iand Cll,o =RoR by \Pl,o(e) = (—1, 1)
Forn =2,
(i) the Clifford algebra Cly, is isomorphic to the quaternion algebra H by th iso-
morphism Wy, : Cly, — H, Wo.(e1) =i, Yo(e2) = j and so Vo (erez) = k;
(ii) the Clifford algebra Cl is isomorphic to the matrix algebra R(2) by the isomor-
Plz)isfn Wa0:Clyo — R(2), Yaoler) = (§ °), Yaolez) = (§§) and so ¥ap(erer) =
(71 0)3
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(iii) the Clifford algebra Cl; ; is isomorphic to the matrix algebra R(2) by the isomor-
phism ¥y 1 : Cly,;p — R(2), ¥ii(e) = (§ %), ¥ia(er) = (% §) andso W11 (ere1) =
(Yo)-

To determine Cl,, ; for higher values of n = p + g, the following proposition is useful.

ProrosITION 1.4. There are isomorphisms
Clom+2 = Clino ® Clo,
Clips2,0 = Clo,m ® Clyyp, (1.5)

C1P+1’q+1 = Clp’q ® Ch’] .

(We note that ungraded tensor product is meant throughout the paper.)
The first isomorphism 7 : Clyn+2 — Clino ® Clo, is given by

Ei—2 ®epey, if3§i§m+2,
7'[1(6,' = (16)
1®e;, ifi=landi=2,
the second isomorphism 7, : Clyy42,0 — Clo,n ® Clyg can be given by
ei_)®&1&, if3sism+2,
7'[2(8,') = . (1.7)
1®¢;, ifi=landi=2
and the third one 73 : Clp41 441 — Cl, 4 ®Cly ) can be given by
ei®es ifl<i<p,
m3(ei) = .
1®e, ifi=p+1,
(1.8)

( ) £j ®ee, if 1 Sjﬁq,
m3(gj) =
o 1®¢, ifj=qg+1

By applying the above isomorphisms recursively, it is possible to get isomorphisms of
Clifford algebras, but to apply these isomorphisms, we need some further isomorphisms
among the various real algebras.

ProrosritioN 1.5. The following isomorphisms hold.
(i) R(m) ® K = K(m) by [ai;] ® k — [a;jk] where K = R, C, or H.

(ii) R(m) ® R(n) = R(mn) by A® B — [a;;B] (this operation is called the Kronecker
product of A and B), where A = [a;;].

(iii) C® H = C(2). For this isomorphism, consider H as a C module under left scalar
multiplication, and define an R-bilinear map ¥ : C x H — Homc (H,H) by setting
V. 4(x) = zxq and this extends (by the universal property of tensor product) to an
R-linear map ¥ : C® H — Homc (H, H) = C(2). This is an isomorphism (see [3]).
The images of the basis elements 1©1, 1 ®4, 1®j, 1@k, i®1,i®i,i®j, i®k of
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C ® H under this isomorphism are as follows:

1 0 -i 0 0 1 0 —i
\P1,1=|:0 1], Y= [0 1}, VY= [_1 O]’ Wik = [—i 0},
i 0 1 0 0 —i 0 1
Vi1 = |:0 i] ) Vii = [O _1] ) Vi) = |:i 0 } ) Wik = |:1 0]-

(iv) H ® H = R(4). For this isomorphism, consider the R-bilinear map ¥ : H x H —
Homg (H,H) = R(4) given by ¥, 4, (x) = q1xq2. This map extends (by the universal
property of tensor product) to an R-linear map ¥V : H® H — Homg (H,H) = R(4).
This is an isomorphism (see [3]). The images of the basis elements 191, 1 ®1i, 1 ® j,
190k i®l,i®i,i®j,i®k jol, joi j®j, jek kel kei k®j, kokof
H ® H under this isomorphism areas are as follows:

(1.9)

1 00 0 0 1.0 0 0 0 1 0
01 00 -1 00 0 0 0 0 1
Pu=tyg 01 0 P70 00 <10 P®iT|Z1 0 o of
00 0 1 0 01 0 0 -1 0 0
0 0 0 1 0 -1 0 0 10 0 0
0 0 -1 0 1 0 0 0 01 0 0
=109 1 0 o> P70 0o o 1" P70 0o -1 o)
10 0 0 0 0 1 0 00 0 -1
0 0 0 -1 00 1 0 0 0 -1 0]
0 01 0 00 0 1 0 0 0 1
Pi=10o 10 ol Pik=11 0 0 o Pir=11 o0 o ol
-1 0 0 0 01 0 0 0 -1 0 o]
0 0 0 1 1 0 0 0] T0 -1 0 0]
0010 0 -1 0 0 -1 0 0 0
®ii=10 1 0 ol ®ii=lo 0o 1 ol Pik=1o o o0 1|
(1 0 0 0 0 0 0 —1] 0o 0 1 0]
00 0 -1 0 0 -1 0 01 0 0]
00 -1 0 0 0 0 1 1 000
Per=1o 1 0 o) Pei=|_1 0 0 o> PT|o 0 0 1|
10 0 0 01 0 0 00 1 0

1 0 0 0

0 -1 0 0

k=19 0 -1 o

0 0 0 1
(1.10)

Now we can determine some further Clifford algebras as follows.
Recall that Clo)o =R, Clo)] =G, Cll,o =ReR, Clo,z =M, and Clz)o =R(2).
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By applying isomorphism m; to Clys we have Clys = Cl; o ®Cly,. Since Cljp =R @
R and Cly, = H, by Proposition 1.5(i) we have Clp3 = (ReR) e H=RoHe R H =
H e H.

Similarly by applying the isomorphism 7, to Cls we have Clsy = Cly; ® Cly. Since
Cly,) = Cand Cl, = R(2), by Proposition 1.5(i) we have Cl3y = C® R(2) = C(2).

By applying m; to Clps we have Cly4 = Clyp ® Cly,. Since Clyp = R(2) and Cly, = H,
by Proposition 1.5(i) we have Clps = R(2) ® H = H(2).

Similarly by applying 7, to Clso we have Clyo = Cly, ® Cly . Since Clyp = R(2) and
Cly, = H, by Proposition 1.5(i) we have Cly o = R(2) ® H = H(2). If we continue in sim-
ilar way, we have

Clos = Clp1®Clyg®Clp, = CoR(2)oH = Co(H ® R(2))
= (CoH)®R(2)=C(2)®R(2) = (C®R(2)) ® R(2)
=Co(RQ2)®R(2)) =C®R(4) =C(4),
Clos =Clp,®Cl®Clp, =He R(2)9H
=HeH®R(2)=R(4) ®R(2) = R(8),
Clp; =Cly30Cl®Clp, = (He H)oR(2)®H
=(HoeH)®H®R2)=Z=(H®He H® H)QR(2)
= (R(4)®R(4)) ® R(2) = R(8) @ R(8),
Clos = Clpa®Clyp®Clp, = Clp g ® Cly, ® Clyp ® Clo 2
ZERQ2)®H®R(2)oH =R(2)®R(2)9H® H = R(4)9R(4) = R(16),
Cls0 = Clip®Clp,®Clh = (ReR)H @ R(2)
= (RoR)®(R(2)®H) = (R(2)oR(2))®H
= (R(2)®H) ® (R(2)®H) = (H® R(2)) ® (H® R(2))
= H(2) @ H(2),
Clgpo = ClLp®Clp,®ClL = RQ2)eH®R(2)=H® R(2) ® R(2)
=H®R(4) =H4),
Cly =2 Clsp®Cly,®Cl=C2)9H® R(2)= COR(2)9H @ R(2)
ZCHR(R2)®R(2)=C2)®R(4)=Co®R(2)® R(4)
= CeR(8) = C(8),
Clgo = Clyyp®Cly,®Clhy = HQ2)eH®R(2) = He® R(2)®H ® R(2)

EHeH®R(2)®R(2) = R(4)®R(4) = R(16).
(1.11)
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Table 1.1
m 0 1 2 3 4 5 6 7 8
Clyn | R C H HeH H(2) C(4) R(8) R(8)@R(8) R(16)
Cl,o | R ReR R(2) C(2) H(2) HQR)eH(2) H(4) C(8) R(16)
Table 1.2
—¢ (mod38) Clog
0,2 R(2972)
1 R(214-12) @ R(214-1D/2)
3,7 C(2la-br2)
4,6 H(2l-272)
5 H(24-12) @ H(20@-172)

All of these calculations yields Table 1.1.

By composing the isomorphisms 7; and 7, we get an isomorphism from the Clifford
algebra Clg ;44 to Cly, ® Cly o ® Clo, as follows:

71 : Clomsa — Clyi2,0 ® Clg, — Cly,, ® Cly g ® Cly o,
g—1®g—101®¢,
o— 10— 1010¢,
G r— e ®&6— 1®e ®e1&y,
E— e ®86— 1®e) ®e1&, (1.12)
Es——e3Q &6 — &1 Ve1e)VE1E,

Eogr— €1 Q€& — & Vee)VEE,

Entd P Ep2 ®EIE) — £, B €182 ® €18,

In particular, if we take m = 8 and use the isomorphism 7 two times, then we can write
Cl(),g = Clzjo ® Clo,z ® Clz,() ® Cl(),z . (1.13)

On the other hand, if we start with the Clifford algebra Cly,;,,+s and apply the isomorphism
7 two times, then we get the isomorphism Clo;,+5 = Clo,;, ® Clag ® Cly ® Clyp ® Cly . If
use (1.13) in the last expression, then we get the periodicity relation

Clo,m+8 = Clo,m ® Clo,g = Clo,m ® R( 16) (114)

The periodicity Cly48,0 = Clyo ® Clgg = Clyo ® R(16) can be obtained similarly.

By using the above periodicity relations we can easily determine the Clifford algebras
Cly,;m and Cl,y, o recursively for the higher values of m and we get Tables 1.2 and 1.3.
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Table 1.3
p (mod8) Clyo
0,2 R(2772)
1 R(z(p—l)/Z) @ R(z(p—l)/Z)
3,7 C(2-172)
4,6 H(2(-272)
5 H(2(P~D72) @ H(2(P~172)
Table 1.4
(p—g) (mod8) Pty Clyg
0,2 2m R(2™)
1 2m+1 R(2™) ® R(2™)
3,7 2m+1 c(2m)
4,6 2m+2 H(2m)
5 2m+3 H(2™) ® H(2m)

To determine Clifford algebras of type Cl,, ; (p,g > 0), the isomorphism 73 and Tables
1.2 and 1.3 are enough. For example, if we start by applying isomorphism 73 to Cl,,
we have Cl,; = Cl;,; ®Cly,;. Since Cl;,;; = R(2), by Proposition 1.5(ii) we have Cl,, =
R(2)®R(2) = R(4). Similarly Cl3 3 = Cl,, ® Cl;,;; = R(4)®R(2) = R(8). Similarly for p =
g we have Cl, , = R(2?). If we apply 73 to Cly, then we get Cl;, = Cly; ® Cly ;. Since
Cly,, = C and Cl;,; = R(2), by Proposition 1.5(i) we can write Cl;, = C® R(2) = C(2).
Similarly Cl, 5 =Cl;,®Cl; ) = C(2)®R(2) = C(4). Similarly for g= p+1 we have Cl, 541 =
C(2P). Therefore, by continuing in a completely similar fashion for other values of p,q (p,
q > 0), we obtain Table 1.4.

We also point out that there are periodicity isomorphisms Cl,54 = Cl,, ; ® Clg g and
Cly,q+8 = Cly 4 ® Cly g for Clifford algebras (see [4]).

Our goal is give a method for the explicit expressions of the Clifford algebra isomor-
phisms. To do this firstly we obtain isomorphisms for the Clifford algebras of type Cly, .

2. Isomorphisms of nondegenerate Clifford algebras

2.1. Isomorphisms for the Clifford algebra Cly,,. First we obtain isomorphisms of
Cly,m for 1 < m < 8, then by using the periodicity isomorphism Clo 45 = Clo,n ® Clog =
Cly,» ® R(16) we achieve the other isomorphisms.

2.1.1. Isomorphisms of Cly,, for 1 <m < 8. Above we have given the isomorphisms ¥y :
Cly,; — Cand Wy, : Clp, — H and the others are as follows.
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(1) \Ij(),_“) : C10’3 - Heo H,

C10,3 — C11)0®Cl(),2 — (RoR)®H — He H,

g—1loeg — (1,1)®i— (i,i),
(2.1)
&—1®e— (L1)®j— (j,j),

&3 — e ®EEY — (1,—1)®k'—> (k,—k)

(2) Wou4:Clog — H(2),

Cl(),4 — Clz,() ®C10,2 — [R(Z) ®H — H(Z),

1 0_ . i 0
31.—-1®51»—> ®1+— S
0 17 0

1 o] . [j oo
H— 1®eg— ®]— A )
1 0 j (2.2)

—_— O
[ R
|
®
b
1
x> O
o
| I

E3— e ®EE — |:

1 0| [k o
E4— € QEE — 0 ®k — .

(3) Wo,5: Clos — C(4),

Clo,s —C® [R(‘l) — (:(4),

1 0 0 0 i 0 0 0
. 1.0 0 0 —i 0 0
& —1Q — 5
0 1 0 0 0 i 0
0 0 0 1] (0 0 0 i
0 1 0] [0 0 1 0
0 0 1 0 0 0 1
H—1® — s
-1 0 0 0 -1 0 0 0
0 -1 0 0] [0 -1 0 0
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|
—

o I o
p—
o o |

—

c o o

l oo
o |
<

o |

c o o

o o -1 0] o i 0
. 0O 0 0 1 0
E4—1Q —_ . >
- 0o 0 O —-i 0 0 O
0 1 0 0/ [0 i 0 0
o o -1 Jo o o -1
0o 1 O o 0 1 O
&E—1® —
-1 0 O 0O -1 0 O
o0 o] |1 0o 0 o0
(2.3)
(4) Yo : Clos — R(8),
Yos(e1) = @ 0102 @1,
\Po,ﬁ(é‘z) =—01,QIR®1,
‘{/0,6(83) = —01 ® 010, ® 01,
(2.4)
Yoe(es) = —01 ® 010, ® 03,
\P0,6(85) =0,0®1® 0,07,
Yos(es) = —02 ® 01 ® 0103,
where I = [§7],01=[}],and o2 = [ % ].
(5) ¥o,7: Clos — R(8) @ R(8),
81'—’(—02®010'2®I,—0'2®0'10'2®I),
a— (—0nelel,—-0q0nelI’l),
83'-*(—0'1®010’2®O’1,-0’1®0’10’2®O’1),
es— (- 01®010,® 05,01 ® 010, ® 02), (2.5)

&5 — (01 ®91® 002,01 91 ®0103),
& — (—02 ® 01 ® 0102, — 02 ® 01 ®010'2),

& — (0, ® 0, ® 0102,00 ® 0, ® 0102).
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(6) Yoz :Clog — R(16),

g— —I1®1I®0 ®00,
H— —I1®I®00,®1,
& — —1®0; Q01 ® 0,07,
&g — —1® 0y Q0] ® 0,02,
(2.6)
s—I®00ne0®I,
&e— —1®010,®0,® 0,

&7 — 018010, 0, ® 0y,

Eg— 0, ® 0102 ® 0» ® 07.

2.1.2. Isomorphisms of Cly u+s for n = 1. Now we want to obtain explicit form of the iso-
morphism (2):

Clo,n+8 — Clo,p+4 ® Cly o ® Cly, — Cly,, ® Cl g ® Clg, ® Clp o ® Cly 2,
g— 1810 +—10101®11®¢,
HE— 101065 —1010101Q¢,,
Gs— 1®e®ee— 1010106 €16,
g— 10— 1010106, €16,
G— Q01086 — 10106 Qejer ey,
gr— 6 ®er®e6— 101 ®ejer ¢,
gr—eRee®e6— 18e ®eeVee; €&,
gg— 0016066 — 106 ®e16 ®e1e ® 1€,
Eg— 50160 €16 €1 Qe1e2VEIEVeE1e VELE,

Elp— & Veep®@eE&r— & RVe1eVE1E Veje e g,

Ent8 F Enra ® 1V EIE— &,V e16) R E1E) Ve VE1E).
(2.7)
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Then we get the isomorphism ¥y 45 as

Clo,n+s — Clo,, ®R(16),
g—1®A,,
H— 1®A,,

& — 1®A;,
ea— 1 ®Ay,
& +— 1®As,
& — 1 ® Asg, (2.8)
g— 1®A7,
&g — 1 ®Asg,
&9 — £ B,
€10 — & ® B,
Entg — €1 ® B,
where Ay = Wogs(e1), Ay = Wog(er), Az = Wos(es), As = Yos(ea), As = Wogs(es), Ag =
Wos(es), A7 = Yos(e7), Ag = Yos(es) and B = 0102 ® 0102 ® 02 ® 0,. Note that B is sym-

metric with B> = I and it anticommutes with the matrices A, A,,...,As. The explicit form
B is as follows:

o 060 o0 0 0 00 0O o0 OO0 0 1 0 0 O
o o0 o0 0 o0 o0 0O o0 O0O0 0 o0 -1 0 0
o o0 o0 0 0 o0 0O O O0O0O 0O o 0 -10
o 0 o0 o0 o0 o0 0O O 0O o0 o0 o0 o0 1
o o0 o0 o0 o0 o0 0O -1 00 0 0 O 0 O
o o0 o0 0 0 o0 0O o0 10 O O O 0 O
o 060 o0 0 0 o0 0O o0 o001 0 o 0o 0 O
B o o0 o0 0 0 00 0O 0 O0O0O -1 0 0 0 O 29)
o 0 o0 0 -1 00 O O OOTO O O0O 0 O
o 0 o0 o0 0 10 0O O OO O o 0o o0 O
o 0 o0 o0 o0 01 0 0 O0O0O O o0 O o0 O
o o0 o0 0 0 00 -1 0 O0O0 0 0o O 0 O
1 0 0o o0 o0 00 O O OO0 o o o0 o0 O
o -r o 0o 0o 00 0 O OO O O O O0 O
o 606 -1 o 0 00 0 O OO OO O0O O0 O
o o o 1 0 00 O O OO O O O 0 O]
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2.2. Isomorphisms for the Clifford algebra Cl,,o. Now by using the above isomorphism
we determine isomorphisms for Clifford algebras Cl,, 0. Above we have given the isomor-
phisms W :Clip - R@ R and ¥, : Clyo — R(2) and the others can be obtained easily.
For example, we know that Cl; o = Cly,; ® Cl,,

C13)() — Cl())l ®Clz,0 —Co® [R(Z) — ((:(2),

ep—1®e — 1®0 — 01,
(2.10)
e— 1®e— 100, — 0y,

e3— £ Qejep — 1Q 010, — 101072,

that is, ¥3 = Wo,1 ® V2. Generally the isomorphism W4, of Cl,120 can be expressed
as ‘Ijn+2,() = \I’O,n ® \Pz)o since Cln.,.z)o = Clg)n ® Clz)().

2.3. Isomorphisms for the Clifford algebra Cl, ; (p,q >0). Now by using the above iso-
morphisms we determine isomorphisms for Clifford algebras Cl, ;. Above we have given
the isomorphism ¥, : Cl;;; — R(2) and the others can be obtained easily. For example,
we know that Clzjz = Cl])l ® Ch,],

Clz,z — Cll’l ®Cll,1 — R(Z) ® [R(Z) — [R(4),

1 0 0 1
ep— 1®e — ® — | ® 01,
0 1 1 0
0 1 1 0
ep— e ®eE — ® — 01 ® 07,
1 0] |0 -1 (2.11)

g —1®¢ — ® — [ ® 0102,

EH— &1 ®e& — ® — 0107 @ 02,

that is, W5, = ¥1,1 ® ¥1,1. Generally the isomorphism Wp414+1 of Clyi1441 can be ex-
pressed as Wpi1441 = ¥p,q ® W11 since Clyi441 = Clp g ®Cly 1.
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