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We study the following integral operators: J, f (z) = s f(&)g (&)déE; I f(2)= I f(©)g(&)déE
where g is an analytic function on the open unit disk in the complex plane. The bounded-
ness and compactness of J;, I; between the Bergman-type spaces and the a-Bloch spaces
are investigated.
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1. Introduction

Let D be the open unit disk in the complex plane. Denote by H (D) the class of all analytic
functions on D. An analytic function f in D is said to belong to the a-Bloch space &B¢, or
Bloch-type space, if

IIfIIa—sup 1-1z1%)%] f(2)| < 0. (1.1)

The expression || fl, defines a seminorm while the natural norm is given by || fllge =
[£(0)] + Il f ll o It makes 9B into a Banach space.

A positive continuous function ¢ on [0,1) is normal, if there exists 0 < s < ¢ such that
(see [7])

), )

-1y -1y too, asr—1". (1.2)

For 0 < p < o0 and a normal function ¢, let H(p, p,¢) denote the space of all analytic
functions f on D such that

1 f letppes) = j £ (2) “f'fdA( )< (1.3)

Here dA denotes the normalized Lebesgue area measure on the unit disk D such that
A(D) = 1. We call H(p, p,¢) the Bergman-type space. If 1 < p < oo, H(p, p,¢) is a Banach
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2 Riemann-Stieltjes operators between Bergman and Bloch

space equipped with the norm || f || (p,p,¢). When 0 < p < 1, H(p, p, ) is a Fréchlet space.
In particular, if ¢(r) = (1 —r)V?, then H(p, p,) is the Bergman space A?.
For an analytic functlon f(2z) on the unit disk D with the Taylor expansion f(z) =
> 0 anz", the Cesaro operator acting on f is
Cfla)= <L > ak>z“. (1.4)
n+ =0

n=0

The integral form of € is

’

1| o= 1| oty @ (15)

taking simply as a path the segment joining 0 and z, we have that

o= [ roafinrt )

dt. (1.6)

(=tz

The following operator:

e - [ {8 (1.7)

is closely related to the previous operator and on many spaces the boundedness of these
two operators is equivalent. It is well known that Cesaro operator acts as a bounded linear
operator on various analytic function spaces (see, e.g., [6, 9, 13, 15, 16, 18, 20], and the
references therein).

Suppose that g : D — C! is an analytic map, f € H(D). A class of integral operator
introduced by Pommerenke is defined by (see [11])

z 1 z
Jof () = j fdg = j F(t2)2g (t2)dt = j FOFEE zeD.  (18)

The operator ], can be viewed as a generalization of the Cesaro operator which was called
the Riemann-Stieltjes operator (see [21]).

In [11], Pommerenke showed that J; is a bounded operator on the Hardy space H?
if and only if g € BMOA. Aleman and Siskakis showed that ], is bounded (compact) on
the Hardy space H?, 1 < p < oo, if and only if g € BMOA (g € VMOA), and that J; is
bounded (compact) on the Bergman space A? if and only if g € B (g € M), see [2, 3].
Recently, ], acting on various function spaces, including the Bloch space, the weighted
Bergman space, the BMOA, and VMOA spaces have been studied (see [1-3, 17, 22], and
the related references therein).

Another integral operator has recently been defined as the following (see [22]):

Lf)= | O (19

In this paper, we study the boundedness and compactness of the operators J,, I, be-
tween the Bergman-type space and the a-Bloch space.
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Constants are denoted by C in this paper, they are positive and may differ from one
occurrence to the other. a < b means that there is a positive constant C such that a < Cb.
Moreover, if both a < b and b < a hold, then one says that a < b.

2-]g) IgiH(P>P,¢) - R

In this section, we consider the boundedness and compactness of Jg, I, : H(p, p,$) — B,
First, let us state some useful lemmas.

LEMMA 2.1. Assume that 0 < p < oo and ¢ is normal on [0,1). If f € H(p, p, ), then
ILf st p.p.9)
|f(z)| <C £ . (2.1)
$(I2l) (1 - 1)

Proof. Let f(z,w) denote the Bergman metric between two points z and w in D. It is given
by

B(z,w) = llogi1 *lo:(w)]

2771 |g(w)|” 22

Fora € D and r >0, the set D(a,r) = {z€ D: (a,z) < r} is a Bergman metric disk with
center a and radius r. It is well known that (see [25])

(1-1aP)® 1 1 1
T—-azl* = (1-1z12)° ~ (1-la2)’ |D(a n|’

(2.3)

when z € D(a,r). For 0<r <1 and z € D, by the subharmonicity of |f(z)|? and the
normality of ¢, we get

p._ C P
@I = ] @1 A
<; _ -1 p
< TG Jore,, (L 10D ¢ | f @) PdA)
p
. ¢ (- o » o Clf Mg
< T Jo (1 10797 la) | f(@)| A = (e,
(2.4)
from which we get the desired result. O

The following lemma can be found in [7, Theorem 2].

LEMMA 2.2. Assume that 0 < p < oo and ¢ is normal on [0,1). Then for f € H(D)

1 Wippe = LSO+ [ 1@ 012 s o)

From the proof of Lemmas 2.1 and 2.2, we get the following result.
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LEMMA 2.3. Assume that 0 < p < co and ¢ is normal on [0,1). If f € H(p, p,¢) and z € D,
then

, 1f 1 p,p.9)
<C , D). 2.6
SOy P o

The following lemma can be found in [14].

LEMMA 2.4. For f>—1andm>1+p,
1
J (1—pr)™(1— r)fdr < C(1—p)"*F™ 0<p<l. 2.7)
0

The next lemma can be proved in a standard way (see [5]).

LEMMA 2.5. The operator Jg (or I): H(p,p,¢) — B* is compact if and only if for any
bounded sequence (fi)ken in H(p, p,$) which converges to zero uniformly on compact sub-
sets of D, Jg fi (or Ig fi) — 0 in B* ask — oo,

THEOREM 2.6. Assume that 0 < p < oo, a >0, and ¢ is normal on [0, 1). Then the operator

Jo :H(p, p,¢) — B* is bounded if and only if

1— \a—1/p
Sup( |z1?)

zeD ¢(|Z|) |g (Z)| = (28)

Moreover, the following relationship:

1— 2\a—1/p
Wellzrip,p.g)—ans = Sgg% 18'(2)] (2.9)

holds.

Proof. By (1.8), it is easy to see that (J;f)'(2) = f(2)g'(2), (Jg£)(0) = 0. Let f(z) €
H(p,p,¢). We have

(1-1z2)"
¢(lzl) (1 - [z]?)

Taking supremum over the unit disk in this inequality, we obtain

(1= 12" Uef) )] < Cll flcpp0 7 g @1 (2.10)

(1_ |Z|2)a—l/p )
g ﬁCIIfIIH(p,p,¢)su57¢(|Z|) |g'(2)]. (2.11)
ze

Ve f1

Therefore, (2.8) implies that J, : H(p, p,¢) — %B¢ is bounded.
Conversely, suppose J, is a bounded operator from H(p, p,¢) to %B¢. For w € D, let

(1 _ |w|2)t+l
¢(|W|)(1_WZ)1/p+t+l'

fw(z) =

(2.12)
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It is easy to see that

_ 1 ‘ol = (L Wl
W= ey (p+t+l>¢(|w|)(1—|w|2)”"“'
(2.13)
By [12], we get
B (1_|W|2)t+l
A%(mJ)_C¢UWD(L—HWDHF (2.14)

Since ¢ is normal, by Lemma 2.4,

(1= [w[2)P"
.
¢2 (Iwl) (1 = rlw])?"*Y

Ul = [, =760 ME ) < [ 1= 1))

< J’|W\(1 —r)! ¢P(r)(1— |W|2)p(t+1)dr

1 L) (1= w)P " Var
< o
0 ¢P(|w|)(1—rw|)p(t+1)+J r)

wl ¢2 (Iwl) (1 —r[w])P"™"

(1 =r)rldr w-ps (1 (L=r)P~dr
$(1—|W|2)PJ W+(1—|W|2)P pSJ VPRI (7S]
o (1-rlwl|) Wl (1—r|wl)

1 -1 1 s—1
(1-r)Pt=tdr 1)=ps (1—=r)Ps—dr
5(1—|W|2)pJ W‘F(I—WF)])(H P J T pmD S
0 (1—rlwl|) 0 (1-rlwl|) 01s)
.15

Therefore, f,, € H(p, p,$) (or see [23]). Moreover, there is a positive constant C such that
| filltz(p,p,g) < C. Hence

(1= 121" fu(2)g'(2)| < Ve fullgs < I|]g||H(p,p,¢)~»%“||fW||H(p,p,¢) (2.16)

for every z,w € D.
From this and (2.13), we have

(1 - |W|2)a ’ 2\ & ’
w)| = (1-1|wl ww)g' (w)| < CJ|] gy
¢(|W|)(l—|w|2)1/P|g | ( ) |f g | ||g||H(p,p,¢) B
(2.17)
from which (2.8) follows. Combining (2.11) with (2.17), we get (2.9). O

THEOREM 2.7. Assume that0 < p < o, a >0, and ¢ is normal on [0,1). Then I, : H(p, p, )
— B* is bounded if and only if

1_ 2 0(*1/[)*1
Sup—( |Z| )

i ST R (2.18)
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Moreover, the following relationship:

)txfl/p—l

||1g||H p>p>$)— = Sup (l ‘z‘z \g(z)| (2 19)
(Ppog)= 2B zeD ¢(|Z|) '
holds.

Proof. Similar to the case of J;, we have (I, f)" = f'(2)g(2), (I, f)(0) = 0. Assume (2.18)
holds. Let f(z) € H(p, p,¢). Then

(1-1z»)"
¢(1z) (1-1212)

It follows that I, : H(p, p,¢) — %B* is bounded.
Conversely, if I, : H(p, p,¢) — B is bounded. For w € D, let f,(z) be defined by
(2.12). From (2.3) and (2.13),

(1= 122 1) @] = Cll flaippgy mrle@l (220

[wl?

(E““) ¢ (Iwl) (1 [wP)

2
201/p+1) [g(w)]

_ | ¢ 2 L , 5 5
= | fuw)gw)|” =< 1w’ JD(W) | fi(2)|”|g(z)| dA(z)
S TEter (@)1 1g() |2 (1~ 12— dA
< wh) JD(W) | ()] |g(2)] " (1—1z1%) )™ (2) (2.21)
< % _ 2\ 2« , 2 2
) JDW) (1= fz) 7 b =1L gl
C
= 2wy e -

that is,

[wl(1 - wl?)*

¢(lwl) (1—w]2) """

lgw)| < C”Igfwn%a = C||Ig||H(p,p,¢)ﬂ973"" (2.22)

Taking supremum in the last inequality over the set 1/2 < |w| < 1 and noticing that by
the maximum modulus principle there is a positive constant C independent of g € H(D)
such that

(1= Iwl?)”

N 1wl (1 w])"
wi<12 ¢(Iwl) (1 = [wl?)

1/p+1 |g(W)|7

(2.23)

lglw)| <C sup

Vp+l va=lwl<t (Iw]) (1= [w[2)

the result follows. From (2.20) and (2.22), we obtain (2.19). O
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THEOREM 2.8. Assume that 0 < p < oo, a >0, and ¢ is normal on [0, 1). Then the operator
Jo :H(p, p,¢) — B* is compact if and only if

a—1/,
ey (L1227
lz]—-1 ¢(|Z|)

Proof. First, we assume that (2.24) holds. In order to prove that J, is compact, by
Lemma 2.5, it suffices to show that if { f,} is a bounded sequence in H(p, p,¢) that con-
verges to 0 uniformly on compact subsects of D, then [|Jg f,ll« — 0. Let {f,} be a se-
quence in H(p, p,¢) with || full(p,p,¢) <1 and f, — 0 uniformly on compact subsets of
D. By the assumption, for any € > 0, there is a constant §, 0 < § < 1, such that § < [z| < 1
implies

lg'(z)| =0. (2.24)

(1 _ |Z|2)tx—l/p

¢(lzl)

LetK = {ze€ D: |z| < §}. Note that K is a compact subsect of D and ¢ is normal, we have

[T fullgpe = 5161]1;(1 121 Ue ) (2)|

lg'(2)| < g (2.25)

< _ 2\« ’ (1_ |Z|2)a ’
=2 U @R 0 e - ey & @ s
< CNsup(1- Izlz)m/p | fulz) | + %,
zeK
(2.26)
where
-~ 2\a—1/p
N = sup% |g'(2)]. (2.27)

b $(lzl)

By the assumption and Theorem 2.6, we obtain ||], fyllg« — 0 as n — co. Therefore, J, :
H(p,p,¢) — B* is compact.

Conversely, suppose Jo :H(p,p,p) — PRB* is compact. Let {z,} be a sequence in D such
that |z,| — 1 asn — oo. Let

<1 B |Zn|2)t+1
¢(|za]) (1 —Z52) /P

Then f, € H(p, p,¢) and f, converges to 0 uniformly on compact subsets of D (see [7]).
Since J; is compact, by Lemma 2.5, ||]gfn llge — 0 as n — oo, In addition,

(1= 1zl?) g ()|
o1z ) (1= 12.1%) "

from which the result follows. (I

fn(z) =

(2.28)

g f (2.29)

Pa = Sllg(l - |Z|2)a| (]gfn)’(z)| =
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THEOREM 2.9. Assume that0 < p < o, a >0, and ¢ is normal on [0,1). Then I, : H(p, p,¢)
— RB* is compact if and only if

1— oa—1/p—1
i = 1217)

lzl—1 o(lzl)

Proof. Suppose thatI, : H(p, p,¢) — B is compact. Let {z,} be a sequence in D such that
|z4| = 1 as n — co. Let f,(z) be defined by (2.28). Then from the proof of Theorem 2.8
and the compactness of I, || fullg« — 0 as n — co. In addition,

lg(2)] =0. (2.30)

1- n 2" n 7
oo ) T
zeD Zn — | Zn

1 ful »

(2.31)

from which we get the desired result. O

Assume (2.30) holds, in order to prove that I, is compact, it suffices to show that if { f, }
is a bounded sequence in H(p, p,¢) that converges to 0 uniformly on compact subsects
of D, then [|I, fyllg« — 0. Let {f,} be a sequence in H(p, p,¢) with || f,llr(pp¢) <1 and
fn = 0 uniformly on compact subsets of D. By the assumption, for any € > 0, there is a
constant 8, 0 < § < 1, such that § < |z| < 1 implies

(1-1212)%g(2)] €

= (2.32)
$(lzl) (1 - |z12) 7 "2
Similar to the proof of Theorem 2.8, we have
[[Ig fullpe — 0 asn— oo, (2.33)
Therefore, I, : H(p, p,¢) — RB* is compact.
From the introduction, we can easily get the following corollary.
COROLLARY 2.10. Let0 < p < 0o, @ = 1+2/p. Then
(1) Jg : AP — B* is bounded if and only if
sup (1- 2% [¢'(2)| < oo, (2:34)
zeD
(2) I : AP — B¢ is bounded if and only if
sup (1—1212)“ 7?7 g(2)| < oo, (2.35)
ze€D
(3) J : AP — B is compact if and only if
lim (1 - |z|2)“72/p lg'(z)| =0, (2.36)

|z| =1
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(4) I, : AP — B~ is compact if and only if

lim (1~ 1212)* P g(2)| = 0. (2.37)

lz|—

3-]g)lg:H(P;pa¢) -

In this section, we characterize the boundedness and compactness of J,, I, : H(p, p,¢) —
R4 For this purpose, we need Lemma 3.1. When « = 1, Lemma 3.1 was proved in [8]. For
the general case, the proof is similar to the proof of the case & = 1. We omit the details.

LEMMA 3.1. A closed set K in B is compact if and only if it is bounded and satisfies

lim sup (1 - 1z1%)*| f'(2)| = 0. (3.1)
lzl-1 feK

THEOREM 3.2. Assume that 0 < p < oo, a >0, and ¢ is normal on [0,1). Then the following
statements hold.
(1) Jo : H(p, p,¢) — By is bounded if and only if g € By and J, : H(p, p,¢p) — B* is
bounded.
(i) J : H(p, p, ) — B is compact if and only if

. (1_ |z|2)0c71/p
lim =t/
Izllr—r»ll ¢ (lzl)
Proof. (i) Itis clear to see that g € Bg and J, : H(p, p,¢) — B*isbounded if J, : H(p, p,¢)
— R is bounded.
Conversely, suppose that J, : H(p, p,¢) — B* is bounded and g € %§. For any polyno-
mial p(z), since g € R and

(1-121)"(Jep) (2) = (1= 1217)“p(2)g (), (3.3)

we know that J,p € %§. For any f € H(p, p,¢), there exists a sequence of polynomials
{pn} such that || f — pullH(p,p,¢) — 0as n — oo. Since B is closed, we get

Jof = lim Jopy € B3, (3.4)

lg'(z)| =0. (3.2)

In addition, J, : H(p, p,$) — 9PB* is bounded. Therefore, Je : H(p, p,¢) — Ry is bounded.
(i) It Jg : H(p, p,¢) — B is compact, then by Theorem 2.8, we get (3.2).
Conversely, assume that (3.2) holds. It follows from Lemma 3.1 that J, : H(p, p,¢) —
9B is compact if and only if

lim  sup  (1-1z1%)" (o f) (2)] = 0. (3.5)
[Z1=1 1l fllacp,pp <1
In fact,
(1—\z\2)“|<1gf)’<z>|=“"Z' L@ a1 f)]. G

d(l2) (1~ 1212)"
By Lemma 2.1, the result follows. O
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Similarly, we have the following results.

THEOREM 3.3. Assume that 0 < p < oo, a >0, and ¢ is normal on [0,1). Then the following
statements hold.

(i) Ig : H(p, p,p) — RB{ is bounded if and only if I, : H(p, p,¢) — B* is bounded and

lim |g(2)| (1~ z12)* = 0. (3.7)

(i) Ig : H(p, p,¢) — B is compact if and only if

hm (1 _ |z|2)tx71/p—l
lzl—~1 o(lzl)
COROLLARY 3.4. Let 0 < p < oo, & > 0. Then the following statements hold.
(i) Jo : AP — 9B is bounded if and only if J : AP — B* is bounded and g € .
(ii) Jo : AP — R is compact if and only if

lg(z)] =0. (3.8)

lim (1~ 1212)* P ¢ (2)| = 0. (3.9)
o

COROLLARY 3.5. Let 0 < p < oo, o > 0. Then the following statements hold.
(i) Ig : AP — 9B is bounded if and only if I, : AP — RB* is bounded and

|h‘m1 lg(z)| (1-1z1%)% =0, (3.10)
(ii) Ig : AP — RBG is compact if and only if
lim (1~ 1212)* 7" | g(2) | =0. (3.11)

Remark 3.6. In Corollary 3.5, if « < 2/p + 1, then by the maximum modulus principle, it
is easy to see that g = 0.

4.Jg, I - B* — H(p, p,¢)
The following lemma is well known(e.g., see [19]).

LemMa 4.1. Let f € B*(D), 0 < a < co. Then

1-«
)] |f(0)|+||f||%a%, a#l, "
zZ)| < .
110 +||f||%a1n1%w, 0=l

The following lemma can be found in [10].

LEMMA 4.2. Let u be a positive measure on D and 0 < p < oo. Let either 0 < a < co and
neN,orl<a<oandn=0.Then

du(z)
JD (1_|z|2)¢xp < oo (42)
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if and only if there is a positive constant C such that

1/p
(| 1rm@1P =12 du@)) <l flae (43)

for all analytic functions f in D, in particular, for all f € RB*.
Let 0 < p < oo, let u be a positive Borel measure on D. Define

Dy = {f < HO), Il = [ 1701 du@) < ], (4.4

LEMMA 4.3. Let y be a positive measure on D and 0 < p, a < . Then the following state-

ments are equivalent.
(1) i:B* — Dy(u
(2)i: B~ Dy(u
(3)i: Mg — Dy(u
(4) i: By — Dy(u
(5)

is bounded.
is compact.
is bounded.
is compact.

\_/\_/\_/\_/

J (‘iﬂ < o, (4.5)

D (1—|z2)*

Remark 4.4. The above lemma was obtained by Zhao when 0 < a < 1 (see [24]). In fact,
his proof implies that the result also holds for « > 1. Partial results can also be found in
[4] when a = 1.

THEOREM 4.5. Assume that 0 < a < 00, 0 < p < oo, and ¢ is normal on [0,1). Then the
following statements are equivalent.

(1) I : B* — H(p, p,¢) is bounded.

(2) I, : B* — H(p, p,$) is compact.
(3) I 1 BG — H(p, p,¢) is bounded.
(4) I By — H(p, p,$) is compact.
(5)
2)p- pa @ (121)
J 1g(2)| 7 ( deA(z). (4.6)

Proof. Since

||Igf|~1;l(p,p,¢) = JD | (Igf)’(z)|P(1 - |Z|2)P(€p_(||zil) dA(z)

- [1s@ P17 @17 a1y e = [ 1701 duta
(4.7)

where

du(z) = 1517 (1~ =280 o) (49)
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By Lemma 4.3, we know that I, : B*(%B5) — H(p, p,¢) is bounded (or compact) if and
only if

p—pa¢ (|Z|)
| 1—|z|2 7=, ls@1" -1 “

THEOREM 4.6. Assume that o« > 1, 0 < p < oo, and ¢ is normal on [0,1). Then the following
statements are equivalent.

(i) Jo : B* — H(p, p,¢) is bounded.

(ii) J : B* — H(p, p,P) is compact.

(iii)
[ 1z @171 D ) < oo (4.10)
Proof. Since
e fWypper = |, 10)' @17 (1=121%) P*"P('f") dA(2)
J g @I f@)]"(1- Izl )“ﬁ (l l)dA( ) (4.11)

= [ 17@1P 0= 12) P duca),
where

2p¢ (|Z|)

o 9AQ). (4.12)

= g@|"(1-121)
Similar to the proof of Theorem 4.5, we get (i) ¢ (iii) by Lemma 4.2.
(ii)= (i) is clear. Next we prove that (iii)= (ii). Assume (iii) holds, we obtain that J, is
bounded and so g € H(p, p,¢). In addition to this, we also find that for any € > 0, there is
anr € (0,1) such that

f 1§ @17 (112> gy (4.13)
2|57 11—z

Let { fx} be any sequence in the unit ball of 3% and converges to 0 uniformly on compact
subsets of D. For the above ¢, there exists a kg > 0 such that sup,_, | fk(2)| < & as k > ko.
Hence we have

p
||]gfk||H(Pp¢ (JI |<r I\zbr) ]gfk (Z | ( | |2)p¢i—(7|fz||)dA(Z)

< Cellg Wy Il [ 101701 - 1) 78 gy

|z]

< Celiglfyp pg) + ell fil e
(4.14)
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In other words, we obtain limy_« [lJg f Il H1(p,p,¢) = 0 and so J, :RB* - H(p,p,¢p) is com-
pact. ]

THEOREM 4.7. Assume that 0 < a < 1, 0 < p < oo, and ¢ is normal on [0,1). Then the fol-
lowing statements are equivalent.

(i) J : B* — H(p, p,¢) is bounded.

(i) Jg : B* — H(p, p,$) is compact.

(iii)

J |g’(z)|p(1—|z|2)PMdA(z)<oo. (4.15)
D 1-|z|

Proof. (ii)=(i) is clear.
(1)2(111) Assume that J, : B* — H(p, p,¢) is bounded. Hence

e fllErpp) = JD g @7 f@)|P(1-121*)" ¢ (|Z|)dA( ). (4.16)

|z]

Taking f = 1, we get (iii).

Conversely, we assume that (iii) holds. Let f € B¢, then | f(2)| < Cl| fl|g«. Therefore,
by (4.16), we see that J, : B* — H(p,p,¢) is bounded. Similar to the proof of
Theorem 4.6, we obtain that (iii)= (ii). a

THEOREM 4.8. Assume that 0 < p < co and ¢ is normal on [0,1). Then the following state-
ments hold.

(i) If the operator J, : B — H(p, p,¢) is bounded, then

o\ Fpy 2 o
sup(|zl) (1= 121%) g (2) | In 5 < oo, (4.17)

zeD

(ii) If

sup(121) (1= 121%)"""7 | '(2) | In;

sup e < (4.18)

then J, : B — H(p, p,¢) is bounded.

Proof Assume that (4.18) holds. For any f € %, by Lemmas 2.2, 4.1 and the fact
(g f) (2) = f(2)g'(2), Jsf)(0) = 0, we have

Ve W = [, 106 @171 12 £ o

|z)

dA(z)
|z|

- [1g @110 = €02

<cifih [ 1g@1" 1 20— 1ery? i ('f"')dA()
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, 2 P (|z])
<ClIfIEsup g’ (@)|” | n? (1 12?) j dA(z
zeD 1- | | 1_| |

/ 2 -
< ClfIfsup|g'(2)|” | In (1= 121277 g2 (121).
zeD 1- |Z|
(4.19)
Therefore, J, : B — H(p, p,¢) is bounded.

Assume that J, : B — H(p, p,¢) is bounded. For w € D, put f,(z) = In2/(1 - wz).
Since

|wl 1z
<

(1-1z21%) ] fn(@)| < 1—|z|)| e I_Il—Wzlsz’ (4.20)
we have || f, |3 < In2 + 2. By the subharmonicity, we have
C||]g||p = C||]g||p||fw B = C||]ng||P H(p.p$)
Y. p 9P (I21)
> C[ 10 @170 - 12 S da)
ZCJ 1§ @7 fu@ T (1-127)? ¢; (|Z|)dA( ) (4.21)
D(w,r)

> Clg W) 7| fuw) |7 (1= lwl?)P gp (1))

= C(1-w)™" ¢ (Iwl) |g'(w) V@}%)"_

[w]?

Therefore, we get the desired result. O

Remark 4.9. We use another method to prove the necessary condition of the boundedness

of Jo : B — H(p, p,¢).
Since J, f € H(p, p,¢), by Lemma 2.3, we have

/ ||]gf||H(pp¢) ||]gH973 —~H(p,p,p) NALE:
J) <C e <C = . (4.22)
|(gf) (Z)| (1_‘2‘2)1/17 l(/)(lzl) (1- |z |2)1/p 1¢(| )
For any w € D, let f,,(z) = In2/(1 — zw). Then we get
18 @A 19(12) (1= 12" = Clligllporipp 1 fillae— (4:23)
Let z = w, we have
|g'(w) [ In— |2¢>(|w|>( w127 < CllTgllgyp, | frl (4.24)

Therefore, we get the desired result.
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THEOREM 4.10. Assume that 0 < p < oo and ¢ is normal on [0,1). Then the following state-
ments hold.

(i) If the operator J, : B — H(p, p,¢) is compact, then

1+1/p , 2 _
lim ¢(1z1) (1 —|zI?) Ig(Z)Ilnil_W—o. (4.25)

(ii) If

. n1=1/p| 2 _
‘1Z1|r511¢(|z|)(1—|z| ) |g(z)|ln1_|z|2 =0, (4.26)

then J, : B — H(p, p,¢) is compact.

Proof. Suppose the operator J, : B — H(p, p,¢) is compact. Let z, be a sequence in D
such that |z,| — 1 as n — oo. Take

-1 2
2 2
fn(Z) = <ln1—|zn|2> (ln 1 —Z_HZ) . (4.27)
Then
2 - 2 Zn
’ _ Zn
fn(z)—2<ln71_|zn|2> (lnl—zzn)l—zzn' (4.28)
Thus for any z € D,
(1= 12P) | £1(2)] <2(1 - 12) 1n2/(1—zzn)2 L C+In2/(1- |z4|)
1n2/(1—|z,,| ) 1 -z 1n2/<1—|zn| )
(4.29)
On the other hand,
5 -1
| £2(0)] < <lnm) (In2)? <In2. (4.30)

Thus || fulla < M, where M is a constant independent of #. Since for |z| = r < 1, we have

[n2/(1-27,)|> _ (In2/(1-1)+C)’
n2/(1-1z|*)  2/(1-|z|%)

| fu(2)| = —0 (n— o), (4.31)

thatis, f, — 0 uniformly on compact subsets of D as n — oo. By the proof of Theorem 4.8,
we obtain

¢<|zn|>(1—|zn|2>”“f’|g'<zn>|1n1_|22|2s||fgfn\|~o (4.32)

as n — oo, Therefore, we get (4.25).
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From (4.26), for any ¢ > 0, there exists an r, 0 < 7 < 1, such that

1-1/p| 4 2
d(lzl)(1—1z1) " |g (Z)|1r1717|Z|2 < (4.33)

when |z| > r. Also, from (4.26), we see that there exist C > 0 such that

1-1/p |g/

sup ¢ (lz]) (1 - |z|?) (2)| <C. (4.34)

|z|<r

Let { fx} be any sequence in the unit ball of 9B and converges to 0 uniformly on compact
subsets of D. For the above ¢, there exists a kg > 0 such that sup,_, | fk(2)| < & as k > ko.
Hence we have

Ueillipne = (] + [ 10 @170 -1y 80 g

- P LN (] — 14(2)P 2 \P¢r(lzl)
scerllflly | Ig@1 010 (=) i daca
< Ce+el fill§

(4.35)

as k > ko, from which we get the desired result. O
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