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An orthogonal double cover (ODC) of the complete graph is a collection of graphs such
that every two of them share exactly one edge and every edge of the complete graph
belongs to exactly two of the graphs. In this paper, we consider the case where the graph
to be covered twice is the complete bipartite graph Ky,m, (for any values of m,n) and all
graphs in the collection are isomorphic to certain spanning subgraphs. Furthermore, the
ODCs of K, , by certain disjoint stars are constructed.
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1. Introduction

Let  be a collection of n spanning subgraphs (called pages) of the complete graph on n
vertices. § is called an ODC if

(1) every edge of K, is an edge in exactly two of the pages,

(2) any two pages share exactly one edge.

If all pages in G are isomorphic to a graph G, then % is said to be an ODC by G. Clearly,
G must have exactly #n — 1 edges. The existence of ODCs was considered by many authors
[1-9]. Although progress on the existence problem has been made, it is far from being
solved completely [4].

A generalization of the notion of an ODC to arbitrary underlying graphs is as follows.
Let H be an arbitrary graph with n vertices and let § = {Gy,...,G,—1} be a collection of
n spanning subgraphs of H. 9 is called an ODC of H if there exists a bijective mapping
¢ : V(H) — 9 such that

(i) every edge of H is contained in exactly two of the graphs Go,...,G,-1;
(ii) for every choice of different vertices a, b of H,
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ifa,be E(H),
|E(go(a))ﬂE(go(b))|:{l ifa,b € E(H), or (L)

0 otherwise.

We consider the complete bipartite graph K,,, whose vertices are the elements of the
set Z,, X {0,1} and whose edges are the pairs of E(K,,,) = {{(4,0),(v,1)} : u,v € Z,}.
If there is no danger of ambiguity, the vertex and the element (v,i) € Z, x {0,1} will
be represented by v; and the edge {(4,0),(v,1)} € K,,, will be represented by (u,v). If
% is an ODC of K,,, by graph G, then the double cover property (i) implies that the
graph G has exactly n edges, and the orthogonality property (ii) implies that the ODC
is 9 = {¢(a,i): (a,i) € Z, X {0,1}}, where each subgraph ¢(a,i) is isomorphic to G, the
subgraphs ¢(a,0), a € Z,,, are an edge decomposition of K, , as the subgraphs ¢(a, 1) are,
a € Z,, and for all a,b € Z,, each subgraph ¢(a,0) has precisely one edge in common
with each subgraph ¢(b,1).

In this paper, we construct a general symmetric starter of an ODC of Ky, Which is
discussed in Section 3. In Section 4, the ODC of Kyyy,mn by Ki,n is constructed. Finally,
in Section 5, we have constructed the ODCs of Ky,,2, by G = 25, U Ey,,—» (vertex disjoint
union of two stars), and of Kay41,20+1 by G =S4 U S, U S; U Sp—6 U Eap—3 (vertex disjoint
union of stars).

2. 0DC of K, , by symmetric starters

Let G be a spanning subgraph of K,, and any a € Z,. Then the graph G +a with
E(G+a) = {{(u+a,0),(v+a,1)}:{(u,0),(v,1)} € E(G)} is called the a-translate of G.
The length of an edge e = (u,v) = {(1,0),(v,1)} € E(K,,,) is defined to be d(e) =
V—u€el,.

G is called a half starter with respect to Z,, if |[E(G)| = n and the lengths of all edges in
G are mutually different, that is, {d(e) : e € E(G)} = Z,,.

THEOREM 2.1 (see [6]). If G is a half starter, then the set of all translates of G forms an edge
decomposition of Ky, . That is, er E(G+a) = E(Kp,).

If n is a positive integer, then an ordered n-tuple is a sequence of n integer numbers
(V0> V15--+>Vn—1). The set of all ordered n-tuples is denoted by Z" = Z,, X Z,, X ... X Zy,.

n times

Here, for any vector v(G) = (Vo,V1,...,Vn-1) € LI = Zy X Ly X ... X Ly, the half starter
——
n times
v(G) is the spanning subgraph of K, , having edge set E(G) = {(v;,0),(vi +i,1)} foralli e
7.
Two half starter vectors v(Go) and v(G)) are said to be orthogonal if {v,(Go) —v,(G)) :
y €T} =T, where ' = {y,...,yu—1} is an additive group of order n.

THEOREM 2.2 (see [6]). Iftwo half starters v(Gy) and v(Gy) are orthogonal, then§ = {G,; :
(a,i) € T X Zy} with Ga; = Gi+ a is an ODC of K, ..

The subgraph G of Ky, with E(Gs) = {{ug,v1} : {vo,u1} € E(G)} is called the symmetric
graph of G. Note that if G is a half starter, then G; is also a half starter.

A half starter G is called a symmetric starter with respect to T if v(G) and v(G;) are
orthogonal.
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THEOREM 2.3 (see [6]). Let n be a positive integer and let G be a half starter represented by
v(G) = (vo,V15...,Vu_1). Then G is symmetric starter if and only if {v, —v_, +y:y €T} =
I.

3. General symmetric starter of the ODC of K,y,y;,mn

Let v(G) = (vo,V1,...,Vn—1) be a symmetric starter of an ODC of K,,, by G with re-
spect to Z,. If we define the graph G’ to be a spanning subgraph of K, . such that
E(G) = {{(v;,0),(vi+i+an,1)}:i€Z,, a € Z,, vi+i+an € Z,,}, then we can deduce
the following theorem.

THEOREM 3.1. Ifv(G) = (Vo, V1,...,Vu—1) € Zp is a symmetric starter for an ODC of K,, , by
G, then

1 2 m

A e

2 r \ \ r - \
v(G') = (vo,vl,...,vn1,vo,v1,...,vn1,...,vo,v1,...,vn1) ez (3.1)

is a symmetric starter of an ODC of Kyyymn by G', where E(G") = {{(v;,0),(vi +i+an,1)} :
i€Z,y, « ELpy Vititan € Loy},

Proof. Since v(G) = (v, V1,...,V4—1) is a symmetric starter for an ODC of K,,, by G with
respect to the group Z,,, we have that

ve—v s+s:s€l,} =17, (3.2)

Every element s € Z,,, has a unique representation of the form s = an + i, where 0 <
a <mand 0 < i < n. By definition,

Voeri(G,) =v; Van+i€ Zyy, (3.3)
. 3.3
V_(an+i) = Vn—i Van+i€ Zyy,.

(Note that there is no ambiguity here because v;(G") = vi(G) for all 4, 0 < i < n.) Then for
any s = an+i € Ly,

Vanti — V—(an+i) T (@n+1i) = vi —v_; + (an +1i). (3.4)

Let u be any integer of Z,,,. It has a unique representation of the form u = fn + k, where
0<p<mand0 < k < n. Since

i—vj+j:j €Ly} =1, (3.5)
there exists an integer ¢ € Z,, such that

ve—v_etl=kelZ,. (36)
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Figure 3.1. Symmetric starter of an ODC of Ki5,5 by G’ = (K9 — E(K;3)) U Ejo.

In the group Z,,,, the value of the expression v, — v_, + € is yn + k for some integer v,
O0<y<m.Llets=(f—y)n+£€€Zy,. Then

Vi —V_sgt+s= V(B-y)n+e = V—(B—y)n—t + ([5 - y)f’l +¢
=ve—voet+(Pf-yn+e (3.7)
=B-ynt+ynt+k=nu

Therefore, every integer u € Z,,, is in the set {vs —v_s+s:5E€ Z,}. Hence, v(G') is a

symmetric starter. U
From Theorem 3.1, we can get the following corollary.

COROLLARY 3.2. Form = 1, n = 4, the vector

2 m

1
v(G) = (’0,0,2,2,...,2‘,'0,0,2,2,...,2‘,...,'0,0,2,2,...,2‘) ez (3.8)

is a symmetric starter of an ODC of Kyypmn by G'.

Proof. As we have proved in [8], the vector v(G) = (0,0,2,2,...,2) is a symmetric starter
of an ODC of K,,, by G, where G is the vertex disjoint union of a graph with » indepen-
dent vertices E, (the empty graph on # isolated vertices) and K3 ,—» — K} 4, where this
represents the graph obtained by removing the edges of a subgraph K ,—4 from K5, .
Then applying Theorem 3.1 proves the claim. The graph G’ can be described as the ver-
tex disjoint union of mn +2m — 2 independent vertices and K ju(n—2) — Ki,m(n—4), that is,
G = Enntam-2 U (KZ,m(n—Z) - Kl,m(n—4))- O

Example 3.3. Since the vector v(G) = (0,0,2,2,2) is a symmetric starter of an ODC of
Kss5 by G = (Ky3 — E(Ky,1)) U Es (E, are n isolated vertices), then the vector v(G') =
(0,0,2,2,2,0,0,2,2,2,0,0,2,2,2) is also a symmetric starter of an ODC of Kj5,5 by G’ =
(Kz,g — E(K1)3)) U E)9, see Figure 3.1.

4. Orthogonal double cover of K, by K

In this section, we construct a new class of ODCs of the complete bipartite graph Ky mn»
for any values of m, n, and all graphs in the collection are isomorphic to the spanning
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subgraph K, ,,. Considering ODCs by complete bipartite graphs seems natural, since the
relational databases can be represented by a complete bipartite graph.
As an application of Theorem 3.1, we can get the following theorem.

THEOREM 4.1. For any positive integers m and n, the vector

1 2 m

v(Kpm) = ('o,n Ln—2,...,2,1,00n—1,n-2,....,2,1,....00n—1,n—2,...,2, 1‘)
(4.1)

is a symmetric starter of an ODC of Kyypmn by Kum over the group Z .

Proof. For any integer, n we have (n —i)+i=n =0 in Z, for all i € Z,. This confirms
that v(G) = (0,n — 1,n—2,...,2,1) is a half starter with respect to Z, for graph G = K, ;.
Now, forany i€ Z,, vi—v_j+i=(n—i)—i+i=n—i€ Z,, where as usual (n—0) -0+
0=n=0 € Z,. Therefore, {vi—v_;+i:i€ Z,} = Z,. Therefore, the vector v(K,, ) is a
symmetric half starter for an ODC of K,,,, by K,,,; with respect to group Z,. The result
now follows by Theorem 3.1. O

Theorem 4.1 can be generalized as follows.

THEOREM 4.2. Let H = {0,n,2n,...,(m—1)n} CZ,andletH+i={h+i:he H} CZ,
1

foranyi € Z,,y,. Fori=0,1,...,n—1, let z; € (H+i). Then v(Kym) = (20,Zn—1>Zn-2>- 22,21
2

m

A

Z0>Zn—1>Zn-2>-+ 1225215 +»20>Zn—1>Zn—2>---»22,21) IS a symmetric starter of an ODC of
Kmn,mn b}/ Kn,m-

Example 4.3. For any positive integer n, the vector v(K,) = (0,2n — 1,0,2n — 1,...,0,
2n — 1) is a symmetric starter of an ODC of Ky, by Kz 5.

Example 4.4. For any positive integer n, the vector v(Ks,) = (0,3n —1,3n—2,0,3n — 1,
3n—2,...,0,3n — 1,3n — 2) is a symmetric starter of an ODC of K3,,3,, by K3,,,.

Example 4.5. For any positive integer n, the vector v(Ky,) = (0,4n — 1,4n — 2,4n — 3,0,
4n — 1,4n —2,4n —3,...,0,4n — 1,4n — 2,4n — 3) is a symmetric starter of an ODC of
K4n,4n bY K4,n-

5.0DC of K, , by certain stars

In this section, the ODCs of Ky,,2, by 2S,, U Ez,—» and of Kay1,2041 by G =S4 U S, U §; U
Srn—6 U Ez,—3 are constructed.

For all positive integers n > 2, let us define the graph G = 25, U E,_, (vertex disjoint
union of two stars with 2n — 2 isolated vertices) to be a spanning subgraph of the com-
plete bipartite graph K3,,,,, where there are two cases.

Firstly, when # is even, as shown in Figure 5.1, we have E(2S, U E»,—2) = {((n —2)o,
j1) 1 jis odd} U {(n, j1) : j is even}.

Secondly, when # is odd, as shown in Figure 5.2, we have E(2S, U E»,_») = {((n —
2)0,j1) : j is even} U {(no, j1) : j is odd}. Then we can prove the following theorem.
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Figure 5.1. Symmetric starter of an ODC of K, 2, by G = 2S,, U E,,,—, with respect to Z,,, n is even.
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Figure 5.2. Symmetric starter of an ODC of Ky,,,, by G = 2S,, U E,,,_, with respect to Z,,, n is odd.

TaeOREM 5.1. For all positive integers n = 2, the vector v(G) = (n,n — 2,n,n — 2,n,n —
2,...sm,m —2) € Ly is a symmetric starter of an ODC of Kapu by G = 25, U Eyys.

Proof. For any i € Z,, and from the vector v(G) = (n,n — 2,n,n — 2,n,1n —2,..., 0,1 —
2) € Z,,, we can define

n if i is even, or

e (5.1)
n—2 if i is odd.

vi(G) = v_i(G) = ‘|

Then we have {v; —v_;+i:i € Z,} = Z,,. Applying Theorem 2.3 proves the claim.
|

An immediate consequence of the above theorem is the following general result.

THEOREM 5.2. For any positive integer n, let Y be the subgroup of order n in Z,,, that is, let
Y =1{0,2,4,...,2n — 2} C Z,. For any two elements a,b € Y, the vector v(G) = (a,b,a,b,
...»a,b) € 731, is a symmetric starter of an ODC of Kaypan by G = 28, U Ey, 2. The same
result is true ifa,b € (Y + 1) = {1,3,5,...,2n — 1}.

Proof. Since Y is a subgroup of Z,, andae Y, {a+y:ye€ Y} =Y.Sincebe Y, {b+z:
z€ (Y+1)} = (Y +1). These observations allow us to determine the nature of the graph
G.
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Figure 5.3. Symmetric starter of an ODC of Kyy41,24+1 by G =S4 U S, U 81 U Sy-6 U Ey—3 with respect
to Zopti-

By definition, the graph G is the spanning subgraph of K, ,, whose edge set is

E(G) = {{(a,0),(a+y, )} :y e Y} U {{(b,0),(b+2z,1)}:z€ (Y +1)}

(5.2)
={{(@,0),(»,D}:ye Y} u {{(b,0),(z D}z (Y + D}
Clearly, G = 28, U E;,,—,. For any element v; € v(G), observe that v, = v_;. Hence,
Vi—V_s+ts=a—a+ts=s VseY,
(5.3)

Vs—V_s+s=b—-b+s=s Vse(Y+1).

Therefore, v(G) is a symmetric starter for an ODC of Ky, 2, by G = 2S,, U E3,,—». The same
result holds if a,b € (Y +1). O

For all positive integers n > 4, let us define the graph G =S, U S, U S; U San—6 U E2pn—3
(vertex disjoint union of stars with 2n — 3 isolated vertices) to be a spanning subgraph of
Knt1,2n41 as shown in Figure 5.3. Then we can prove the following theorem.

THEOREM 5.3. For all positive integers n > 4, the vector v(G) = (3,2n,2n,2n — 3,0,0,0,...,
0,0,0,2,2n,2n) € Zyp41 is a symmetric starter of an ODC of Kapi1n+1 by G =S4 U S, U
S1U S2-6 U Ezp—s.

Proof. For all positive integers n = 4, and from the vector v(G) = (3,2n,2n,2n — 3,0,
0,0,...,0,0,0,2,2n,2n) € Z5,+1, we can define

3 ifi=0, or

2n ifi=1,2,2n—1,2n, or
vi(G)=v_i(G)=42n-3 ifi=3, or . (5.4)

2 ifi=2n-2, or

0 otherwise.

Then for any i € Z5,41, we have

vi(G) —v_i(G)+i= (5.5)

—i ifi=3,2n-2, or
i otherwise.
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Applying Theorem 2.3 proves the claim. Note that for any i € Z5,4,, the ith graph iso-
morphic to G = 8, U S, U §; U Sy-6 U Esy—3 has the edges

HG+2n)o,(i+jn}:j=0,1,2n-2,2n—1} U {{(i+j)o,(i+2n)1}:j=2,2n—3}
U (i +3)0,(i+3)1}
U{{io,(i+j)}:4<j<2n-3}
(5.6)
|
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