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Let F be a distribution and let f be a locally summable function. The distribution F(f)
is defined as the neutrix limit of the sequence {F,(f)}, where F,(x) = F(x)*d,(x) and
{6,(x)} is a certain sequence of infinitely differentiable functions converging to the Dirac
delta-function §(x). The composition of the distributions x*In|x| and |x|* is evaluated
fors=1,2,...,u>0and us # 1,2,....
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In the following, we let & be the space of infinitely differentiable functions with com-
pact support, let %(a,b) be the space of infinitely differentiable functions with support
contained in the interval (a,b), and let % be the space of distributions defined on %.

We define the locally summable functions xﬁ, X, xi Inx,, x* Inx_, |x|*, and |x|*In |x|

for A > —1 (see [1]) by

A 2

Xt x>0, [x]*, x<0,
x} = X =

0, x<0, 0, x>0,

b} )
x*nx, x>0, x*In|x|, x<O0, (1)
xﬁlner = M lnx_ =

0, x <0, 0, x>0,

x|t = 2} + lx|'n|x| = x} Inx, +x} Inx_.

The distributions x} and x* are then defined inductively for A < —1and A # —2,-3,... by

() ="l () = -l (2)



2 International Journal of Mathematics and Mathematical Sciences

It follows that if 7 is a positive integer and —r — 1 <A < —r, then
0 r—1 (k) 0
(A, p(x)) = L Xt [(P(x) - go q)k—!()xk] dx,
0 r=1_ (k) 0
(o) = [ 1xp [go(x) - kzogok!()xk]dx

for arbitrary ¢ in 9. In particular, if ¢ has its support contained in the interval [-1,1],
then

(o SEALUNY RSO
(eho) = | x P = 3T et 3 g ey

(4)
0 r=1 (k) r=1 . 1\k (k)
_ A _ v 9000) (15 ™(0)
M"”(x))_L'x' [‘P(x) ,§0 Kl x]d’”g}k!(ukﬂ)’
1 r=1 (k) r—1 _1\k1,,(k)
A _ A 5 970 [1+ (=D ]e®(0)
(et () _Ll'x' [‘P(x) 2 ]dx+kZO KO+k+1)
1 r=1 (k) r—1 _1\k1,,(k)
A _ A _ 5 M00) & [1+(=1)*]9™(0)
(lx*In x|, 0(x)) —J_llxl lnlxl[(p(x) k;l 0 }dx+z KOkt 1)
(5)
if—r—I1<A<-r.
We define the distribution x~!'In |x| by
-1 1 2 4
x ln|x|=z(ln 1x]), (6)
and we define the distribution x~"~!In|x| inductively by
—r=1 _ (y—r !
x " n|x| = 2 (’; In|x|) (7)
for r = 1,2,.... It follows by induction that
-1 r _11 (r) -1 r 1 2 (r+1)
x " n|x| = ¢(r)x—r—1 + (=1 (-x . nlx') _ ¢(r)x—r—1 + (-1 ( Izlr'|x|) , (8)
where
il r=12,..,
o(r) =15 9)

In the following, we let N be the neutrix, see [2], having domain N’ the positive in-
tegers and range N’ the real numbers, with negligible functions which are finite linear
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sums of the functions
An" 'n,In"n, A>0,r=1,2,... (10)

as well as all functions which converge to zero in the usual sense as n tends to infinity.
Now let p(x) be an infinitely differentiable function having the following properties:
(i) p(x) =0 for |x] = 1,
(if) p(x) > 0,
(iii) p(x) = p(=x),
(iv) [ p(x)dx = 1.
Putting J,(x) = np(nx) for n = 1,2,..., it follows that {§,(x)} is a regular sequence of
infinitely differentiable functions converging to the Dirac delta-function &(x).
Next, for an arbitrary distribution f in %', we define

Ja(x) = (f % 84) (x) = (f(£),8u(x — 1)) (11)

for n =1,2,.... It follows that {f,(x)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(x).
The following definition was given in [3].

Definition 1. Let F be a distribution and let f be a locally summable function. Say that
the distribution F(f(x)) exists and is equal to / on the open interval (a,b) if

[

N —lim 700Fn (f(x))(p(x)dx = <h(x)) (p()C)) (12)

for all test functions ¢ with compact support contained in (a,b).
The following theorems were proved in [4, 5] and [6], respectively.
THEOREM 2. The distribution (x") ™S exists and
(x") T =x7"" (13)
forr,s=1,2,....
THEOREM 3. The distribution (|x|*)~* exists and
(Ix1#) ™ = |x| 7+ (14)

fors=1,2,...,u>0and pus # 1,2,....

THEOREM 4. If F(x) denotes the distribution x~*In |x|, then the distribution F(x") exists
and

Fi(x") = rFs(x) (15)

forr,s=1,2,....

We need the following lemma which can be easily proved by induction.
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LEMMA 5.

L 0, 0<i<r,

J vip" (v)dv = ) (16)
-1 (=Drrl, i=r

forr=0,1,2,....

We now prove the following theorem on the composition of distributions in the neu-
trix setting.

THEOREM 6. If Fi(x) denotes the distribution x—*In|x|, then the distribution Fs(|x|*) exists
and

Fy(lx]#) = plx]*1n |x| (17)

fors=1,2,...,u>0and us # 1,2,....

Proof. We will suppose that r < us < r + 1 for some positive integer . We put
[F(1x1#)],, = Fe(lx]#) % 8, (x)

=¢(s—D[(Ix*) "],

B (_1)5 Jl/n 5 v ©) (18)
261! _Wln [ 1x|#—t]| 8% (t)dt,

and note that

1 1/n
J ku In? | [x|# - t] 89 (t)dtdx
-1 —1/n

0, k odd, (19)
= 1 1/n
ZJ xkj In® | [x|* — |89 (t)dtdx, k even.
0 —1/n
Then
1 1/n
J ka In? [ — ¢| 69 (1) dt dx
0 —1/n
1/n n-u
:J 5;5>(t)J K1n? | — ¢ | dxdt
—1/n 0
1/n 1
+J 62‘)(1‘)J’ xFIn? | x# — t| dxdt
—1/n n-lu (20)

(us—k-1)/u 1 1
_ niJ( P(S)(V)I y~=k=D/u 12
U -1 0

u‘cludv
n

u—v

(ps—k—1)/u 1 n
+ nT J p(‘)(v)I y k=1 dudv
-1

1

=L +D,

on using the substitutions u = nx* and v = nt.
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It is easily seen that

N-liml; =0 (21)

n—oo

fork=0,1,...,r — 1.
Now,

1—v

(us—k—1)/, 1 n
e It
u -1 1

' +Inu—Inn] dudy

(us—k—1)/, 1 n _
= MJ P(S)(V)J y k= D/u 2 1-v dudy
U -1 1
(us—k=1)/u 1 n _
+ MTJ P(S)(V)J u~ W=D yn ‘ 1_uv ‘dudv (22)
-1 1
(us—k—=1)/u 1 n _
— znTlnnJ p(s)(v)J u_(”_k_l)/”ln‘ 1= dudv
-1 1
=h+L+]s
since f_llp(s)(v)dv =0fors=1,2,..., by Lemma 5.
It is easily seen that
N ilimk =0. (23)
Next, we have
2
(ps—k=1)/u 1 n Cyi
=t J PO (w) u(”kl)/"<z V—) dudv
U -1 1 o
(us—k=1)/u > ; o n )
_ 2n p % 1szrlp(s)(V) JI ykD=i=2 4, 1., (24)
i=1 -
_ 2plus—k=1)/u i M‘u(l’l(kH)/’kFI _ 1) Jl Vi+1p(s)(v)dv
U it k—upi+1)+1 J ’
and it follows that
. 2¢(s—1) (! 2(=1)°¢(s —1)(s— 1!
N-1 = —— o (v)dv = ) 25
o im/y s(us—k—1) 47 (v)dv pus—k—1 25)
on using Lemma 5, for k = 0,1,...,r — .
Finally,
(us—k—1)/u > T n .
L= mit T P > %I v’p“)(v)I w0y dy dy
- -1 1
. i=1 (26)

3 1 [ nvilnn [/‘(nH'_n(ﬂsfkfl)/”)]Jl i ()
=225 [k—yi+1 (k—pit1)? VP,

i=1
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and it follows that

2u(=1)" (s —1)!

N fm/. = (us—k—-1)2 ~

on using Lemma 5, for k = 0,1,...,r — 1.
Hence,

n—oo

B . ¢(s—1) H
=2(-1) (S_l)![ys—k—l - (#S_k—l)z]

1 1/n
Nflimj xkj In? |3t — £ 89 (¢) dtdx
0 —1/n

fork =0,1,...,r — 1, on using (19) to (23). Then using (19) and (25), we see that

n—oo

1 1/n
N—nmf xkj In? | |x[# — ¢|89)(£) di dx
-1 —1/n

3 s $(s—1) u
—2(-1) (5—1)![#54{_1— (ys—k—1)2]((_1)k+l)

fork=0,1,...,r — 1.
When k = r, (18) still holds, but now we have

(us—r—1)/p 1 1
I = U J p(s)(v)J u =Dl p?
Y -1 0

u—v

—_— ‘ dudv,
n

and it follows that for any continuous function y

n Ve 1/n
lim xfj In? | 1x]# — ¢ 89 (r) dey(x) dx = 0.

n— jo —1/n
Similarly,
0 1/n
lim xff In? | 1x]¥ — ¢ 89 (£) dty(x) dx = 0.
n=00 J_p-1u —1/n

Next, when |x|# = 1/n, we have

1/n 1
J In® | |x|# — |89 () dt = nSJ In® | |x|# = v/n|p® (v)dv
—1/n -1
1 © i 2 ©
s u_ s
n J—l [lnlxl ,-;inilxl’“'] P (v)dv

—2Inx[#+2¢(i—1)
ini=s|x|#

Il
M

It follows that

duln|x|+4¢(i—1))K;
ini=s|x|Hi

1/n
‘J‘ In? | [x|# — |89 (¢) dt
—1/n

5;21(

1
J vip©(v)dv.
.

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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fors=1,2,..., where
1
K, - j 1P ()| dv. (35)
-1

If now n~ ¥ < 5y < 1, then

n 1/n
J ¥ J In? | |x]é — ¢ 89(¢) | dtdx
n-u —1/n
4Ksu 4K (s va >
XM r—ui
< Z o —w lnxdx+lz; i X dx
4K5‘M ’,lr+1—yi 11’117 _ ni (r+1)/u lnn—l/y I,IrJrl—yi _ ni—(rJrl)/y (36)
_;in"‘s[ r+1—ui - (r+1— pi)? ]
. i 4st/)(‘5 _ 1) ’7r+1—‘ui _ ni—('fﬂ)/y
o r+1—ui
It follows that
n 1/n
lim | %" J In® | |x|# — £[89(t) | dtdx = O(ylny) (37)
n—oo n*l u 1 n
fors=1,2,....
Thus, if ¥ is a continuous function, then
n 1/n
lim J / x’l//(x)J In? | x| — ¢] 89 (1) dtdx| = O(ylny) (38)
n—oo | Jp-1u ~1/n
fors=1,2,....
Similarly,
—n~ Ve 1/n
lim J xrw(x)J In? | x]¥ — ¢] 8 t)‘ dtdx = O(nIny) (39)
n—oo ,71 ,1
fors=1,2,....

Now let ¢(x) be an arbitrary function in % with support contained in the interval
[—1,1]. By Taylor’s theorem, we have

px) = Z . £ g0(0) + X o (Ex) (40)
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where 0 < £ < 1. Then

1/n 1/n
<J In? | x| — ¢ 89 () dt, <p(x)> J (p(x)J In? | |x]¥ — ¢ 89 (r) dedx
~1n

k=

N
N
N
N
N

‘P(k (0

J J In? | [x]# — ¢80 (£)dt dx

0

nVu V

1/n
) (Ex) I In? | |x]¥ — ¢ 89 (£)dt dx
1/n

n—Vu r|¢
n r 1/n
L0E0 [ [ 1] 8 () d
r: —1/n
1
Ex)J In® | |x|# — t]| 8 (t)dt dx

—n~ Wk X"

1/n
,go ’>(Ex)J In® | |x|¥ —t| 8 (t)dtdx
1/n

|
J
[,
I,
[ 2o [ it o]0 e
(41)

Using equations (27) to (32) and noting that on the intervals [-1,—#] and [#,1],

im (L’ Jl/ 2 x|# —H —H
- = (s — - SIn|x|. 42
%lj‘l}o e In? | [x[* —t| 89 (t)dt = (s — 1) x| plx| ™ 1n x| (42)
Since |x|# and F;(x) are continuous on these intervals, it follows that
. (_1)3 1/n 5 ©
N1 J In? | [x]# — £ 8 (H)dt, p(x)
n—oo = 2(s—1)! 1/n
_ 21[ pe 1 1120 (Capey
olus—k—1 C(us—k-12] k! (43)

1 yr—us
+O0(nllny|) +L %(p(’)(fx)((p(s— 1) — ulnx)dx

’1|x|’ H

o S
—1 7"

D(Ex)(p(s—1)

—uln|x|) dx
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Since 7 can be made arbitrarily small, it follows that

. (=) v )
N-lim—~%— J In” | x| —t] 8 (+)dt, (x)
-1

n—e 2(5_ 1)' /n
r—1
_ $(s—1) u o (0) .
_ko[HS_k_l_(HS_k—l)z:l k! ((_1) +1)

1 r=1
rg=1) [ i [go(x) - ;i,go(k)(O)]dx (44)
- k=0 "

Jl ] ISESRUPN R
—u) lxl ™ Inlx] go(x)—gok!go (0) |dx
= ¢(s = D{lxl™,9(x)) — u{lxI™*In|x],¢(x))

on using (5). This proves (15) on the interval [—1,1]. However, (15) clearly holds on any
interval not containing the origin, and the proof is complete. O
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