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1. Introduction

Let A denote the class of functions of the form

f(z)=z+ i anz" (1.1)
n=2

which are analytic in the unit disc U = {z : |z] < 1}. We also denote by K the class of functions
f € A that are convex in U.

Given two functions f, g € A, where f is given by (1.1) and g is defined by

g(z)=z+ i b,z", (1.2)
n=2

the Hadamard product (or convolution) fxg is defined by

(f*9)(z) =z + i apb,z" (z€U). (1.3)
n=2
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By using the Hadamard product, Ruscheweyh [1] defined

Df(z) = ﬁ*f(z) (@>-1). (1.4)

From the definition of (1.4), we observe that

D"f(z) =

n— (n)
z(z 11];(2)) ’ (1.5)

whenn = a € Ny = NU {0} = {0,1,2,...}. The symbol D"f(z) (n € Ny) was called the
nth-order Ruscheweyh derivative of f by Al-Amiri [2]. We also note that Df(z) = f(z) and

D'f(z) = zf'(z).
Definition 1.1. Suppose that f € A. Then the function f is said to be a member of the class
H,(a, A, b) if it satisfies

An+1) (D™ f(z)/z) + [1-Mn+1)](D"f(z)/z) -1
An+1) (D™ f(z)/z) + [1 - An+1)](D"f(z)/z) +2b(1 —a) -1

<1
(1.6)

(zeU; 0<a<1; A>0; beC\ {0}; neN).
By specializing «, A, b, and n, one can obtain various subclasses studied by many authors (see,
e.g., [3-11]).

Definition 1.2. Let g be analytic and univalent in U. If f is analytic in U, f(0) = g(0), and
f(U) c g(U), then one says that f is subordinate to g in U, and we write f < g or f(z) < g(2).
One also says that g is superordinate to f in U.

Definition 1.3. An infinite sequence {b};-; of complex numbers will be called a subordinating
factor sequence if for every univalent function f in K, one has

i brarzk < f(z) (z€U; a;=1). (1.7)
k=1

Lemma 1.4 (see [12]). The sequence {by } {2, is a subordinating factor sequence if and only if

Re{1+2ibkzk} >0 (zel). (1.8)

k=1

Now, we prove the following lemma which gives a sufficient condition for functions
belonging to the class H,(a, A, b).
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Lemma 1.5. If the function f which is defined by (1.1) satisfies the following condition:

i [1+AMk-D]C(nk)|ar| <A -a)b] (0<a<1; 1>0; beC\{0}; neNy), (1.9)
k=2
where
k
Cnk)=T] (’;(’”1)'1) (k=23,...), (1.10)

j=2
then f € H,(a, A, b).

Proof. Suppose that the inequality (1.9) holds. Using the identity

z(D"f(z)) = (n+1)D" f(z) - nD"f(2), (1.11)
we have for z € U,
D" , D" !
(1-21) f +AM(D"f(z)) —1‘ - '2b(1—a)+(1—)t) j;(z) +M(D"f(z)) —1|
i [1+ XMk -1)]C(n,k)arz""| - |2b(1 - a) i [1+A(k-1)]C(n, k)arz""
k=2 k=2
i 1+ Ak - 1)]C(n, k)| a||z|* (1.12)

k=2

{2|b|(1 a) f“ [1+A(k-1)]C(n,k |ak||z|’<1}

k=2

SZ{Z [1+A(k-1)]C(n,k)|ax| - |b|(1—a)} <0

k=2
which shows that f belongs to H,(a, A, b). O

Let H;;(a, A, b) denote the class of functions f in A whose Taylor-Maclaurin coefficients
ay satisfy the condition (1.9).

We note that
H;(a,\,b) C Hy(a, A, b). (1.13)
Example 1.6. (i) For0<a <1,1>0,beC\ {0}, and n € Ny, the following function defined by:
: 2b(1 - a) 1 1 _
fo(z) =z+ m 3F2<1,2,1+X,2+X,n+2,z> (ZEU), (114)

is in the class H,(a, A, b).
(ii) For0<a <1,1>0,b e C\ {0}, and n € Ny, the following functions defined by:

(I-a)bl

f1(2) =zim (z €U,
_ (1-a)b|
fa(z)=z+ (2.)L+1)(1’l+1)(7’l+2)23 (z€U), (1.15)
fi(z) =z ! 2 2[(1 - a)lbl - 1] z2 (zel)

A D). T+ D+ D) +2)
are in the class H}(«, A, b).
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In this paper, we obtain a sharp subordination result associated with the class H;(a,
A, b) by using the same techniques as in [13] (see also [14-16]). Some applications of the main
result which give important results of analytic functions are also investigated.

2. Main theorem
Theorem 2.1. Let f € H;;(a, A, b). Then

AL+1D)(n+1)
2[(A+1)(n+1) +|b|(1 - a)]

(f*g)(z) < g(z) (z€l) (2.1)

for every function g in K, and

A+1D)(n+1)+|b|(1-a)

- 2.2
Re f(z)> A+ D)(n+1) 22)
The constant (A +1)(n+1)/2[(A +1)(n + 1) + |b|(1 — )] cannot be replaced by a larger one.
Proof. Let f € Hy(a, A, b) and let
g(z)=z+ Z cxzk (2.3)
k=2
be any function in the class K. Then we readily have
A+D(n+1) 3 A+D(n+1) = B
0+ D)+ pa-m] L T ey s pa-o] - éa"c"z ’
(2.4)
Thus, by Definition 1.2, the subordination result (2.1) will hold true if the sequence
A+1D)(n+1)ax 25)
2[(A+ 1) (n+1) +|b|(1-a)] et

is a subordinating factor sequence, with a; = 1. In view of Lemma 1.4, this is equivalent to the
following inequality:

- A+D)(n+1)
Re{l +§1 [(A+D)(r+1) +[b|(1-a

T akzk} >0 (zel). (2.6)

Now, since

[1+A(k-1)]C(n,k) (>0, neNy) 2.7)



A. A. Attiya et al. 5

is an increasing function of k, we have

1+ 5 (L+1)(n+1) .
ST+ Dm+ D+ Pl -a)]
—Re{1+ A+ 1)(m+1)
()L+1 (n+1)+1|b|(1 - a)]
! k
[(J\+1)(n+1)+|b|(1—a)]kZ=2()‘+1)(”+1)akz }
_ A+1D)(n+1)
[(A+D)(m+1) +[b(1 - )]
1 o )
AT D) (m+1) + b1 -a)] kzzz [1+A(k - 1)]C(n, k)| ax|r
_ ()L+1)(TL+1) B |b|(1—a)
A+ D+ D+ pl(1-a)]  [Q+D)n+1)+[b[(1-a)
[ T ]

(2.8)

r>0 (|z]=71).

This proves the inequality (2.6), and hence also the subordination result (2.1) asserted by
Theorem 2.1. The inequality (2.2) follows from (2.1) by taking

g(z) = — e K. (2.9)

Next, we consider the function

fl(z)=z—(JJ?_'(11)—(;0(_‘_)1)z2 (0<a<1; A>0; beC\{0}; neNy) (2.10)

which is a member of the class H;;(«a, A, b). Then by using (2.1), we have

A+D)(n+1)
2[(A+ D) (n+1) +|b|(1 - a)]

fiz) <7 (z€U). @11)

It can be easily verified for the function f;(z) defined by (2.10) that

. A+ (n+1) __1
lzrelI[fJ{Re<2[()L+1)(n+1)+|b|(1—a)]f1(z)>}_ ; (€D (2.12)

which completes the proof of Theorem 2.1. O

3. Some applications
Taking n = 0 in Theorem 2.1, we obtain the following.

Corollary 3.1. If the function f defined by (1.1) satisfies

S i+Mk-1)]|ax| <m (A>0, m>0) (3.1)
k=2
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then for every function g in K, one has

A+1)
2L +m+1)

Re f(z) > -(1 + %)

The constant (A + 1) /2(X + m + 1) cannot be replaced by larger one.

(f*g)(z) <g(2), (z€l),

Putting A = 0 in Theorem 2.1, we have the following corollary.

Corollary 3.2. If the function f defined by (1.1) satisfies
Z C(n k)|ax| <m, m>0, neN,,
k=2

where C(n, k) is defined by (1.10), then for every function g in K, one has

(n+1)
T @ <8() (z€D),

Re f(z) > —<1+ m )

n+1

The constant (n+1)/2(n + m + 1) cannot be replaced by larger one.
Next, letting A = 1 and n = 0, in Theorem 2.1, we obtain the following corollary.
Corollary 3.3. If the function f satisfies
i klax| <m (m>0),
k=2
then for every function g in K, one has

1
(m+2)

Ref(z)>—<1+%>.

(f*8)(z) <g(z) (z€l),

The constant 1/ (m + 2) cannot be replaced by a larger one.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Remark 3.4. Putting A =1, m = 1, and n = 0, in Theorem 2.1, we obtain the result due to Singh

[17].
Also, by taking A = 0 and n = 0, in Theorem 2.1, we have the following.

Corollary 3.5. If the function f satisfies

Z lax| <m  (m>0),
k=2

(3.7)
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then for every function g in K, one has
S (fr9)(2) <g(2) (zET)
2m+1) "8 g ' (3.8)
Re f(z) > -(1 + m).
The constant 1/2(m + 1) cannot be replaced by a larger one.

It is clearly from the proof of Theorem 2.1 that the function f(z) = z—mz?* (m > 0, z € U)
is the extremal function of Corollary 3.5. Also, the following example gives a nonpolynomial
extremal function for the same corollary.

Example 3.6. Let the function h be defined by

h(z) = (m+1)z

=i iz (m>0, zeU), (3.9)

the above function is analytic in U and it is equivalent to

o _ k-1
h(z)=z+kz_2< T1> 2, (3.10)

Then we have

= m. (3.11)

0 -m k-1
kZ=2 <m+1>

Therefore, the Taylor-Maclaurin coefficients of the function h satisfy the condition in
Corollary 3.5. Moreover, it can be easily verified that

infReh(z) = h(-1) = ~(m +1). (3.12)

Then, the constant —(m + 1) cannot be replaced by a larger one. Therefore, the function h is the
extremal function of Corollary 3.5.
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