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We introduce new subclasses 57°(\, §,$) and K}°(, 8, $) of analytic functions with respect to k-

symmetric points defined by differential operator. Some interesting properties for these classes are
obtained.

1. Introduction

Let A denote the class of functions of the form
f@)=z+>, az", (1.1)
n=2

which are analytic in the unit disk U = {z € C: |z| < 1}.
Also let p be the class of analytic functions p with p(0) = 1, which are convex and
univalent in U and satisfy the following inequality:

Rip(z)} >0, zel (1.2)

A function f € A is said to be starlike with respect to symmetrical points in U if it satisfies

zf'(2)
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This class was introduced and studied by Sakaguchi in 1959 [1]. Some related classes are
studied by Shanmugam et al. [2].

In 1979, Chand and Singh [3] defined the class of starlike functions with respect to
k-symmetric points of order a (0 < & < 1). Related classes are also studied by Das and Singh

[4].

Recall that the function F is subordinate to G if there exists a function w, analytic in U,
with w(0) = 0 and |w(z)| < 1, such that F(z) = G(w(z)), z € U. We denote this subordination
by F(z) < G(z). If G(z) is univalent in U, then the subordination is equivalent to F(0) = G(0)
and F(U) c G(U).

A function f € A is in the class Sk (¢) satisfying

zf'(z)
fr(z)

<¢(z), zel, (1.4)

where ¢ € g, k is a fixed positive integer, and fi(z) is given by the following;:

fil®) = ¢ 37 fE2)
=0 (1.5)

— 27ri
=z 4+ Z ak(1—1)+1zk(l_1)+1/ (5 = exp<T>,z = u>

=2

The classes Si(¢) of starlike functions with respect to k-symmetric points and K (¢$) of
convex functions with respect to k-symmetric points were considered recently by Wang et al.
[5]. Moreover, the special case

0 = i

0<a<l, 0<p<1 (1.6)

imposes the class Si(a, ), which was studied by Gao and Zhou [6], and the class Si(¢) =
S5*(¢) was studied by Ma and Minda [7].

Let two functions given by f(z) = z + >,.°, a,z" and g(z) = z + X0, b,z" be analytic
in U. Then the Hadamard product (or convolution) f * g of the two functions f, g is defined
by

f(Z) * g(z) =z+ i apb,z", (1.7)
n=2
and for several function fi(z),..., fu(z) € A,
fl(z)*-~-*fm(z):Z+Z(a1n---amn)z”, zel. (1.8)
n=2

The theory of differential operators plays important roles in geometric function theory.
Perhaps, the earliest study appeared in the year 1900, and since then, many mathematicians
have worked extensively in this direction. For recent work see, for example, [8-12].
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We now define differential operator as follows:
DY3f(2) =2+ 2, n*(CEmIL+ A - D)) anz", (19)
n=2

where A > 0, C(6,n) = (6 +1),.;/(n-1)!, for 6,0,s € Ng = {0,1,2,...}, and (x),, is the
Pochhammer symbol defined by

1, -0,
(x), = [x+n) { ! (1.10)
T'(x) X(x+1)(x+n-1), n={1,23,....

Here DY’; f(z) can also be written in terms of convolution as

Az Az z ]* z zell

¢(Z):[(1—Z)2_1—Z+1—Z (1_2)6+1’
(1.11)
DUif(z) =¢(@)x - x¢(@)+ 3, n2" « f(z) =Ds x---x Dy « D f(2),

n=1 X
o-times o-times

where Ds =z + 372, C(6,n)z" and D{® = z+ 372, n°[1 + AM(n —1)]72".

Note that Dg’,léf(z) = D}/’gf(z) =z f'(z) and Dg:gf(z) = f(z). When o = 0, we get the
Stiltigean differential operator [9], when A = s = 0, 0 = 1 we obtain the Ruscheweyh operator
[8], when s = 0, 0 = 1, we obtain the Al-Shagsi and Darus [11], and when 6 = s = 0, we
obtain the Al-Oboudi differential operator [10].

In this paper, we introduce new subclasses of analytic functions with respect to k-
symmetric points defined by differential operator. Some interesting properties of S;°(\, 6, ¢)
and K7°(A, 6, ¢) are obtained.

Applying the operator D" f(z)

1 k-1
Dsfi(z) = £ >, e "Dsf(e"2), & =1, (1.12)
v=0

where k is a fixed positive integer, we now define classes of analytic functions containing the
differential operator.

Definition 1.1. Let S]°(A, 6, ¢) denote the class of functions in A satisfying the condition

2(D{3f @)

(1.13)
CHAREIR

where ¢ € p.
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Definition 1.2. Let K;°(, 6, ¢) denote the class of functions in A satisfying the condition

(:(p5r@) )

— <90, (1.14)
(D7 fe(2)

where ¢ € p.
In order to prove our results, we need the following lemmas.

Lemma 1.3 (see [13]). Let ¢ > —1,and let I, : A — A be the integral operator defined by F = I.(f),
where

F(z)=C+l

fz tLf(t)at. (1.15)
0

ZC

Let ¢ be a convex function, with ¢(0) = 1 and R{P(z) +c} >0inU. If f € Aand zf'(z)/ f(z) <
¢(z), then zF'(z)/ F(z) < q(z) < ¢(z), where q is univalent and satisfies the differential equation

zq'(z)

M@+ﬁ@+c

= ¢(2). (1.16)

Lemma 1.4 (see [14]). Let x, v be complex numbers. Let ¢ be convex univalent in U with ¢(0) =1
and Rlxp +v] >0, z € U, and let g(z) € A with q(0) = 1 and q(z) < ¢(z). If p(z) =1+ p1z +
paz? + -+ € pwithp(0) = 1, then

zp'(z)
kq(z) +v

p(2) + <¢(2) = p(2) < 9(2). (1.17)

Lemma 1.5 (see [15]). Let f and g, respectively, be in the classes convex function and starlike
function. Then, for every function H € A, one has

(f(2) xg(2)H(2))
f(2) *g(2)

eco(HU)), zel, (1.18)
where co(H (U)) denotes the closed convex hull of H(U).

2. Main Results
Theorem 2.1. Let f € S]°(A,6,¢). Then fi defined by (1.5) is in S7°(X, 6, ¢) = S7*(A, 6, ).
Proof. Let f € S°(A, 6, ), then by Definition 1.1 we have

=(Dif ()

) (2.1)
CRTRE R
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Substituting z by €”z, where ek =1 (v =0,1,...,k - 1) in (2.1), respectively, we have

s"z(Digf(s"z))’

. (22)
D fen) )

According to the definition of fi and ek = 1, we know fi(€"z) = € fi(z) forany v =0,1,...,
k -1, and summing up, we can get

v fetsen) ] domsdenyen] wopae)
T € 0,5 = 0,5 = 0,5 : .
ki D)Lfﬁfk(z) D)Lfﬁfk (2) D)L,'sfk(z)
Hence there exist ¢, in U such that
z( DY fr(z) / =
1,6
# =% > d(&) = P, (2.4)
D5 fr(2) v=0
for ¢y € U since ¢(U) is convex. Thus fx € S7°(A, 6, $). O
Theorem 2.2. Let f € Aand ¢ € p. Then
feK?(L6,¢9) = zf €5°(),6,¢). (2.5)
Proof. Let
g(z) =z+ > n*(C(6,m[1+A(n-1)])7z", (2.6)
n=2
and the operator D{’; f can be written as DY’s f = g * f.
Then from the definition of the differential operator Di’;, we can verify
COHO)) (6o geopne (o)
(072f@) @ PiE @I DERG)
Thus f € K]°(),6,¢) if and only if zf" € S° (A, 6, §). O

By using Theorems 2.2 and 2.1, we get the following.

Corollary 2.3. Let f € K°(X,6,¢). Then fi defined by (1.5) is in K*(1, 6, ¢) = K7°(A, 6, ).



6 International Journal of Mathematics and Mathematical Sciences

Proof. Let f € K7°(\,6, ). Then Theorem 2.2 shows that zf' € 57°(1, 5, ¢). We deduce from
Theorem 2.1 that (zf"), € §7°(A, 6,¢). From (zf'), = zf,, Theorem 2.2 now shows that fi €
K7 (1,5,¢) = K (1,6, ). 0

Theorem 2.4. Let ¢ € p, A > 0 with R[Pp(z) + (1/X1) —1] > 0. If f € S7° (A, 6, ), then

2(D{3" (Dsfi(2)))

(2.8)
DY, T (Dofe(2) <q(z) < §(2),

where Df_él’s (Ds fr(z)) = Difél’s * D5 fr(z) and q is the univalent solution of the differential equation

zq'(z)

@A/ -1" P(2). (29)

q(z) +

Proof. Let f € S7°(\,6, ). Then in view of Theorem 2.1, fix € S7*(\, 6, $), that is,

DG,S !
Z( géf k(z)> <$(2). (2.10)
Dj\jgfk(z)
From the definition of D7 s We see that
5,0 s,0-1 s,0-1 !
D3 fie(z) = (1= 0)(Dyg ™ * Dofi(z)) + Az(Dw * Ds fi(2)) (2.11)
which implies that
1
Dy % Ds fi(z) = AR f V2D fi(t)dt. (2.12)

Using (2.10) and (2.12), we see that Lemma 1.3 can be applied to get (2.8), where ¢ = (1/1) -
1> -1 and R{p} > 0 with R[p(z) + (1/1) — 1] > 0 and g satisfies (2.9). We thus complete the
proof of Theorem 2.4. O

Theorem 2.5. Let ¢ € pand s € Ny. Then

ST (X, 6,9) € S7°(M,6,9). (2.13)
Proof. Let f € S7°*' (1,8, $). Then

(DO' s+1f(z)>

W 4)(2) (214)
k
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Set

z(DYaf (@)

p(z) = W,

where p is analytic function with p(0) = 1. By using the equation
z(Dy; f(z)> = D75 f(2),
we get

DO’ s+1f(z)

p(z) = f,g )

and then differentiating, we get

<Dcrs+1f(z)> _ ZDU5fk(Z)p (z) + Z( f:;fk(2)>'p(2)/
Hence

(Dos+1f(z)> ) Dcrsfk(z) . Z( G'ka(z))'

Do s+1fk(z) Do s+1fk( ) Do s+1fk( )
Applying (2.16) for the function fi we obtain
DO’ s+1f(z) Dos ( )
< ) Pas/ilz zp'(z) +p(2).

Dcrs+1fk(z) Do s+1f ( )

Using (2.20) with g(z) = °s+1fk(z))/(D & fx(2)), we obtain

Z<Dcr,s+1f(z)>/ ) Zp,(z)
Dcrs+1f (2) - q(z)

+p(z).

Since f € S7°*'(1, 6, ¢), then by using (2.14) in (2.21) we get the following.

zp'(z)
q(z)

+p(z) < §(2).

We can see that q(z) < ¢(z), hence applying Lemma 1.4 we obtain the required result.

By using Theorems 2.2 and 2.5, we get the following.

p(2).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

O
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Corollary 2.6. Let ¢ € p and s € Ny. Then

K7L, 6,¢) C KI°(), 6, ). (2.23)

Now we prove that the class 57°(\,6,¢), ¢ € g, is closed under convolution with
convex functions.

Theorem 2.7. Let f € S]°(),6,¢), ¢ € p, and ¢ is a convex function with real coefficients in U.
Then f x @ € S)° (1,6, ).

Proof. Let f € S;°(\, 6, ¢), then Theorem 2.1 asserts that DV; fr(z) € S*(¢), where R{¢p} > 0.
Applying Lemma 1.5 and the convolution properties we get

2(D(fr0)@)  z(DUf@)+0@)
DYs(fe*x@)(z)  ¢(z) * DYs fr(z)

o)« (2(DIAf ) /DY) ) DEAA (2
) 9(z) * D3 fi(2)

€ ngif)w C p(u).

(2.24)

o,S
1,6/ k

Corollary 2.8. Let f € K{*(A,8,¢), ¢ € p, and g is a convex function with real coefficients in U.
Then f x @ € K°(4, 6, ).

Proof. Let f € K7°(1,8,¢), ¢ € p. Then Theorem 2.2 shows that zf" € 57°(\, 6, $). The result
of Theorem 2.7 yields (zf') x ¢ = z(f * ¢)' € S;°(A,6,¢), and thus f * ¢ € K°(A, 6, ). O

Some other works related to other differential operators with respect to symmetric
points for different types of problems can be seen in ([16-21]).
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