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A basis of 54(I'9(47)) is given and the formulas for the number of representations of positive
integers by some direct sum of the quadratic forms x? +x1.22 +12x3, 2x2 1 x5 + 63, 323 £ X717 + 43
are determined.

1. Introduction
This paper is the correction of the paper [1].

(1) It is stated that dim S4(I'9(47),1) = 5 at page 643 in [1]. But this dimension is 11 as
stated at page 299 in [2]. Therefore, the coefficients of power series in (2.2), (2.3),
(2.5), (2.6), (2.7), (2.8), (2.10), (2.12), (2.14), (2.15), (2.20), and (2.22) have to be
calculated up to z!!, and Theorem 2.4 and consequently Theorem 2.7 are false since
5 vectors cannot be a basis of 11-dimensional vector space.

(2) The notations Gk (I, y) and (k, I, x) are both used as if they are different like at line
11 at page 638.

(3) The definitions of

[1(N), T(N) and p(1;Q(X), Po(X),h) = 3. Po(ny, ma, ... m)zy,/ V0 mme)
n;=h;(mod N)
(1.1)

have never been used in the paper.
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(4) The class number of Q(+/-23) is 3; therefore, only F;, ®@;, and their combinations

have been examined and a basis of S4(I'(23), 1) could be obtained. The authors in
[1] also examined only two quadratic forms

F; = x% +x1x0 + 12x§, G = Zx% +x1%x + 6x§ (1.2)

and their combinations. But, by simple calculations, it is possible to see that these
quadratic forms are not enough to get a basis of S4(I'(47), 1). The class number of
Q(v/—47) is 5; therefore,

F; = x% +x1%x0 + 12x§, G = Zx% +x1x2 + 6x§, H, = 2x% +x1x0 + 6x§ (1.3)

and their combinations have to be examined. Only in that case, it is possible to
obtain a basis of S4(I'9(47), 1) as we have done in the following.

2. Determination of a Basis of S,(I'((47))

We can calculate all reduced forms of a positive definite quadratic form
Q=ax’+bxy+cy’, a>0, (2.1)

with discriminant A = —47 as follows:

F, = x% + X1Xp + 12x§, H, = Zx% +X1X + 6x§, Gy = 3xf + X1X + 4x§,
(2.2)
G = Bxf —xX1%x + 4x§, H; = Zx% —xX1x0 + 6x§.

Here G; is the inverse of Gy, and they represent the same integers. Similarly, H{ is the
inverse of H; and they represent the same integers. Therefore, the theta series of H; and H;
are the same with the theta series of Gy and G’l, respectively. Fy is the identity element. It
can be seen easily that, the group of these quadratic forms is a group of order 5 and can be
described as

H} =G|, H;=G, H{=H,  H) =F,. (2.3)
We can easily see that for the quadratic forms
Pl/ Gl/ Hl/ (24)

the determinant, the discriminant, and the character are

D=47, A=(-1)¥%47=-47, y(d) = (%47) (2.5)
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Consequently, their theta series are in

M, <ro (47), <%“7> ) (2.6)

Hence by Theorem 2.1 in [3], F», Hy, Gy, F1 @ Hy, F1 @ Gy, and H; @ G; are quadratic forms
whose theta series are in

M (T'o(47)). (2.7)

We immediately obtain the following Corollary by Theorem 2.2 in [3].

Corollary 2.1. Let Q be a positive definite form of 8 variables whose theta series O is in

My (I'o(47)). (2.8)
Then the Eisenstein part of Og is
E(g:Q)=1+ Z<a03(n)q" + fos (n)q47">, (2.9)
n=1
where
_ 3 ! fogod7 o1 24 ﬂ—240474_472—47224
P ot T 240 T T v ST T o

E(qF4) :E(q:Fg,GBHl) ZE(qZFz@Hz) ZE(q:F1€BH3) =E<qZH4)
ZE(q:F3$G1) ZE(q2F2€BG2) ZE(til@Gg;) ZE(qIG4) ZE(qIHg,EBGl)

0

=E(q:H,©Gy) =E(g: Hi©G3) =1+ % <q" +472q47”>03(n)
n=1

24 &
-1+ 2= * n
* 321 2.9
L 24 249, 2428 5 2473 . 24126 o 24252
217" o1 T T T T o T T T o
24.344 , 24.585 . 24.757 , 24-1134q10+24-1332q11+__.

=1

21 T Tor 9T T T T 21
(2.10)
Here
. o3(n) ifn>1and 47 t n,
o3(n) = {03(71) N 47203(%> 47| n. (2.11)
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Now we will determine the sum of quadratic forms F;, H;, and G; and select 11
spherical functions such that the corresponding cusp forms are linearly independent.

(1) For quadratic form

2F, = 2x7 + 2x120 + 245 + 2x5 + 2x3x4 + 24x7

21 X1
I 1 24 % (2.12)
- 1, A2, A3, A4 2 1 x3 7
124 X4
the determinant and a cofactor are
D =472, Ay =24-47. (2.13)

By putting 2k = 4, Q = F,, and appropriate i, j in Theorem 2.1 in [3], we get

, 12447 , 12

lpll = xl — ZFZFZ = xl — EFZ, (214)

which will be spherical functions of second order with respect to F.

(2) Similarly, for

2H, = 4x% +2x1X5 + 12x§ + 4x§ + 2x3X4 + 12xi, (2.15)

the determinant and some cofactors are

D =477, A =12-47, A =47, Az =12-12. (2.16)

By putting 2k = 4, Q = H,, and appropriate i, j in Theorem 2.1 in [3], we get

112-47 6 147 1
_e_tl2-&7 .. 5 6 _ ) 2 A .
P =x1- 57— 2H; = x 47H2, P12 = x1X2 + 447221‘12 X1X2 + o 47H2,
112-12 72
P13 = X103 = 7 — 5~ 2Hy = 133 = o H,

(2.17)

which will be spherical functions of second order with respect to Hj.

(3) Similarly, for quadratic form

2G; = 627 + 2x122 + 823 + 63 + 2x34 + 83, (2.18)
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the determinant and some cofactors are

D=472, Ajp=8-47, An=6-47, Ay =8-47,  As =-47. (2.19)

By putting 2k =4, Q = G, and appropriate i, j in Theorem 2.1 in [3], we get

, 18-47 ) , 16-47 , 3

4
p11 = X7 — 14—72262 =X - 4—7G2, P22 = X5 — 14—72262 =X - EGZI
(2.20)
18-47 4 147 1
=x2-Z 2G, = x%2 - — = —2G, =
P =X 372G =x3- 56 pa=xaxat 552G = xaxs + 556
which will be spherical functions of second order with respect to G,.
(4) Similarly, for quadratic form
2(Hy @ Gy) = 4x? + 2x10 + 123 + 623 + 2x03x4 + 8x2, (2.21)
the determinant and some cofactors are
D =477, A =12-47, Ay =4-47, Aszz =8-47. (2.22)

By putting 2k = 4, Q = Hy © Gy, and appropriate i, j in Theorem 2.1 in [3], we get

, 11247

P11 = X7 — 4 17 2(H1 @ Gl) = .7C1 7(H1 @ Gl),

1447 2
42
P20 = X5 — 4 17 2(H1 @ G1) = E(Hl @ Gl), (223)

, 18.47

P33 =X = 17 ——2(H,9Gy) = x5 — 7(H1€BG1),

which will be spherical functions of second order with respect to H; ® G;.

Now we can determine a basis of S4(I'g(47)) whose dimension is 11, see [2].
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Theorem 2.2. The following generalized 11 theta series:

@FZ P11 (q) - 72 Z <47x1 12F2>q ’

n=1 F,=n

eHZ P11 (q) 472 Z <47x1 6H2> q 4

n=1 Hy=n

@Hztplz(Q) 5. 472 Z (2- 47.X'1.X'2+H2)q ,

anle

0

Oty (q) = Z (472x1x3—72H2)q”,
n=1 Ha=n

1 [ee]
Ocupn (4) = 4—; > (4723 - 4Gy ) g,

Oc,, P22 (q) Zl Z_ <47x§ - 3G2>qn’ (2.24)
@G2!lp33 (q) Z Z <47x3 4G2> ’
=1G

OG0 (q) = 5 472 > (2-47x3x4 + Go)q",

anzn

G)Hl@Gl o1 (q) 472 Z <47x% — 6(H1 2 Gl))qn/

n=1 HieG=n

1 [e'e]
OttsGpm(4) = 152, >, (47x§—2(H1@G1)),

n=1 HieGi=n

Ortecrpn (q) = 472 > (97548 Gy)

n=1 H1eG,=n

are a basis of S4(I'0(47)).

Proof. The series are cusp forms because of Theorem 2.1 in [3]. Moreover, by simple calcula-
tions, we have

Ok pn (9) = (46q +192¢7 + 1844" + 4609 + 3684 + 414q° + 9209 + 0g'" + -+ ),
Oty e () = (46q +92q* - 1444° - 749" - 124° - 1784° + 4609 - 1529 + - - )

Ottpn () = 5 47 5 (847 + 164" + 244° = 16047 +964° — 804 + 809" + 464q" + -+ ),
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Ot,ips(4) = 172 (847 + 166" + 24q° + 2847 + 964" + 1084° + 804" + 88" + - 3t

OG,pn (9) = % (46‘13 - 64g" —4q° - 369" - 1624° + 884" — 1329™° + 249" + - - >,
OG.922(q) = %( 484° + 304" — 984° — 369" +264° — 100q° + 564" — 164q"" + - - )
.9 (4) = % (464 - 644" +904° - 3647~ 1624° + 840q° - 1329" + 24¢™ +--),
96,94 (9) = %( 487" - 644" — 2864° ~ 364" - 162q° — 476q° - 508" ~ 164q" + --- ),
OH,0G1p11 () = % (70q2 -36q° - 484" + 687° — 1004° + 10g” + 1804° — 2304° - 344"

~152q" + - )
OH,6G1 9 (9) = ! ( 2447 - 36q° — 484" — 120g° — 194¢° + 109" - 3844° — 42q° - 344"
~340q" +---),
Orneyps () = ( 16¢% + 70° — 324" + 1084° — 984° — 564" + 264° — 284° — 1044™°
~164q" + ).
(2.25)

The determinant of the coefficients matrix is 5321 028 802 318 956 232 704/47'. So, the set of
theta series in the Theorem is a basis of S4(I'y(47)). O

3. Representation Numbers of »

Proposition 3.1. The theta series of the quadratic forms are

OF, () = Ok (9)OF,(q) = 1+8q +24¢" + 32g° + 24q" + 484° + 964° + 644"
+244% +104q° + 144" + 964" + - - -,
O1,(9) =Omn,(9)Om,(q) =1+ 84> + 244" + 404° + 84" + 724° + 564° + 144q"°
+144q" + .-+,
0:,(9) =06,(9)O9c,(q) =1 +84” +8q* +324° + 484" + 324° + 804° + 144"
+144g" + -+,
Orem, (9) = Ok (9)Om, (q) =1+ 6g + 14g* + 204> + 30" + 404> + 384° + 624’

+984% + 84g° + 112¢"° + 1844" + - - -,
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Orem, (q) = Ok (9)Omn,(q) = 1+4q + 8% + 16q° + 244" + 24q° + 364° + 524’
+64q° +112g” + 144¢"° + 152" + -+,
Orem; (9) = OF, (9)Om,(q) =1+2q +64* + 12¢° + 14q* + 24q° + 264° + 349’
+664° +924° +1369"° + 168g" + - -,
OFec: (9) = OF,(9)Oc, (9) = 1+ 6q +124* + 104> + 204" + 60q° + 664° + 404
+984° + 154¢” + 1084" + 112" +- - -,
Or06, () = Or,(9)Oc, (q) = 1 +4q +4q° + 44" + 24" + 404° + 244° + 564
+1244° +108¢° + 1129 + 1844" + - - -,
OF6,(q) = O (9)Oc,(9) =1+29 +64° + 204" + 129° + 18¢° + 724" + 784°
+70q° +148¢" + 192" + - -,
Omiec, (9) = O, (9)9c, (9) = 1+69% +2¢° + 14¢* + 124° + 284° + 304" + 68¢°
+58g” +124¢" + 120" + - -,
Omyec, (9) = Om, (9)Oc,(q) = 1+4q4” +4q° + 84" + 16g° + 284° + 2897 + 684"
+68q° +1129"° + 144" + - -,
O, (9) = Om, (9)Oc, (q) = 1+24% + 6% + 6g* +124° +324° + 264" + 564° + 944°
+1084" +1364" +-- -,
ORomH6 (9) = OF,(q) - Omec, (q) = 1 +4q + 64 +104° + 224" + 284° + 404° + 744’
+76q° +82q° +148¢" +1684" +- -,
OFet86,(7) = Om, () - OFec, (q) =1 +2g +4¢* +104° + 124" + 204> + 384° + 444’
+664° +98¢” +1089'" + 152" + -+,
OFeme6,(9) = 96,(q) - Orem, (q) =1+2g +2¢* +8¢° + 144" + 16q° + 38¢° + 549’

+544% + 104q° + 1449" + 1449 + - -,
(3.1)

and the substraction of the any one of these theta series by the Eisenstein series
E(q:Fs) = —E('F®H®G)—1+24i*()"
q:Fy)=---=E(q:FioeH18Gy) = 221n:103nq

L 24 249, 2428 . 24.73 , 24126 5 24:252
T oI T T T o 4 221 1 21 1 21

24344 ; 24585 ¢ 24757 o 241134 241332
21 1T T 9 T 1 21 1 21 1

(3.2)
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is a linear combinations of the theta series in the preceding theorem. The coefficients are given in
table [4].

Proof. By determination of solutions of

Fi=n, Hi=n, G =n forn=1,2,...,11, (3.3)

we easily calculate the theta series

OF,,OH,,9¢,, OF,, OF,, O, On,, On,, On,, ©,, Oc;, Oc,, OF,0H,, OFseH,, OF.0H,,
OF,0H;, OF,6G,, OF;0G:, OF,, OF06,, OF06:, OH,0G,, OH:6G,, OHy0G,» OH,0Gs (3.4)

@F2®H1®Gl 7 G)Fl@HzGBGl 7 eFﬁBHl@Gz .

For the second part, now let us look at the case:

1744 5088 , 6400 . 3552 , 7584 . 15168
Or(@) ~E@:F) = 5570+ 55790 * 517 * o1 9 t 19t oo 4

5888 ; 672 ¢ 4816 o 4608 i, 10752 ,
1T "o T Tor 1 T or 4

(3.5)
= Cl@Fz,tpn (Q) + CZ@Hz,lpn (q) + CS@HZ/‘P]Z (q) + C4@H2,<p13 (q)

+ C59G2,<p11 (q) + Céer,lez (q) + C7er,<P33 ((’7) + C8@G2,<P34 (q)
+ C9@H1@GMP11 (q) + ClOeHl@Gwpzz (q) + 6119H1®G1,lp33 (q) :

By equating the coefficients of g" in both sides for n = 1,2,3,...,11, we get an equation in
coefficients

(Cl C» C3 C1 Cs C6)/

(3.6)
(C7 Cg C9 C10 C11)-

We repeat the same procedure for the other cases. At the end, by solving 11 linear equations
in 11 variables, we get the coefficients in table [4]. O

Corollary 3.2. The representation numbers for the quadratic forms

Q:F4,H4,H:1,G4,G:1,F369H1,F3@Hi,Fz@HQ,Fz@Hé,Fl@Hg,Fl@H/,
F3@Gl,Fg,@G,l,Fz@GQ,FQGBGIZ,FlGBG3,F169G3, H; o Gy, HéEBGl, H3€BG,,H§G§GI1,
H,e G, Hye G, H,oG),, HyeG, Hi©G;, H ©G;3,H &G, H; oG,

FLreH G, FiTe H,® Gy, F1® H &Gy
3.7)
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are
r(n; H) = 22 - 2 oy + <47x1 12n> 471122_71(4%1 6n>
2 _ & 2 _
+ o 47 Z 2-47x1%; + 1) + 5 Z (47%x125 - 72m) + 4762§:;n(47x1 4n)
N 24 2 _ cs .
47 (47x2 3n> + 47czz=:n<47x3 4n> + o 47(;;:"(2 47x3x4 + 1)
C9 €10 ‘i 2
+= >, (47xi-6n >, (475 -2n > (47x5 - 4n).
47 HleBGl:n( > 47 H1®Glzn< ) 47 H1®G1:n( >
(3.8)
The coefficients
(Cl C2 C3 C4 Cs Cs), (3.9)
(C7 Cg C9 C10 C11)
corresponding to the quadratic form Q are given in [4].
Proof. It follows from the preceding theorem. O
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