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We introduce and investigate two new general subclasses of multivalently analytic functions of
complex order by making use of the familiar convolution structure of analytic functions. Among
the various results obtained here for each of these function classes, we derive the coefficient

bounds, distortion inequalities, and other interesting properties and characteristics for functions
belonging to the classes introduced here.

1. Introduction and Definitions

Let R = (—oo, o0) be the set of real numbers, and let C be the set of complex numbers,

N:=1{1,2,3,...} =Ny \ {0},

(1.1)
N*:=N\ {1} =1{2,3,4,...}.
Let T, denote the class of functions of the form
f(z)=z’”—Zajzj (p<k;aj>0 (j>k);k,peN), (1.2)

j=k
which are analytic and p-valent in the open unit disk

U={z:z€C,|z| <1} (1.3)
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Denote by f * ¢ the Hadamard product (or convolution) of the functions f and g, that
is, if f is given by (1.2) and g is given by

2(z) =zp+ibjzj (p<k;bj>0(j>k);k,peN), (1.4)
=k
then
(f*xg)(z):=2"- Zajbjzf = (g* f)(2). (1.5)
=k

In [1], the author defined the following general class.

Definition 1.1. Let the function f € T,. Then we say that f is in the class S¢(p, k, A, u, b, p, m, n)
if it satisfies the condition

1( 2 (Fux9) "™ (2)
z( e, )| <8
*
( Ly g) (Z) (16)
(m+n<p<k;pneN;meNy;beC\{0;0<pu<A<1,0<p<Lzel),
where
Fau(2) = 22 f'(2) + (A= p)zf (2) + (1= L+ ) f(2), (17)
g is given by (1.4), and (v),, denotes the falling factorial defined as follows:
v
(v)O =1= <0>/
(1.8)

w),=v(yv-1)---(v-n+1) =:n!<Z> (n eN).

Various special cases of the class S, (p, k, A, , b, p, m, n) were considered by many ear-
lier researchers on this topic of geometric function theory. For example, S, (p, k, A, u, b, p, m, n)
reduces to the function class
(1) .Sg (p,A,b,p) form=0,n=1,and u = 0, studied by Mostafa and Aouf [2],
(ii) S¢(p,k,b,m,n) for A = p =0, and f = 1, studied by Srivastava et al. [3],
(iii) S¢(p,n,b,m) forn=1,1 = p =0, and p = 1, studied by Prajapat et al. [4],
(iv) Spp(g A, pa) form =0,n=1,6=1,and b = p(1 - a) (0 < a < 1), studied by
Srivastava and Bulut [5],
(v) Z.S;(p,m,a) form=0,n=1,A=p=0,f=1,andb=p(1-a) (0 <a <1),studied
by Ali et al. [6].
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Definition 1.2. Let the function f € T,. Then we say that f is in the class X4(p, k, A, 1, b, p, m,
n; q,u) if it satisfies the following nonhomogenous Cauchy-Euler differential equation (see,
e.g., [7, page 1360, Equation (9)] and [5, page 6512, Equation (1.9)]):

g% (‘1) (u+q-1)z7" dq_l_ul) ot <q>wﬁ(” +e) = h(z)ﬁ(” te+p),  (19)
dzq 1 dzq q £=0 £=0

where
w=f(z) €Ty heSy(pkAubpmn), qeN, ue(-p »). (1.10)

Settingm =0,n =1, y =0, and g = 2 in Definition 1.2, we have the special class intro-
duced by Mostafa and Aouf [2].

Following the works of Goodman [8] and Ruscheweyh [9] (see also [10, 11]), Altintas
[12] defined the 6-neighborhood of a function f € T(p) by

M (f) = {h €Tp:h(z) =2 —icjzf,ijla,- —cj| < 6}. (1.11)

=k j=k

It follows from the definition (1.11) that if

e(z)=2" (peN), (1.12)
then
N (e) = {hetp:h(z):z”—icjzf,ij|cj| SS}. (1.13)
=k j=k

The main object of this paper is to investigate the various properties and characteristics
of functions belonging to the above-defined classes

Se(p,k, A, p,b,p,m,n), Kq(p,k,\,yu,b,p,m,n;q,u). (1.14)

Apart from deriving coefficient bounds and distortion inequalities for each of these classes,
we establish several inclusion relationships involving the 6-neighborhoods of functions
belonging to the general classes which are introduced above.
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2. Coefficient Bounds and Distortion Theorems

Lemma 2.1 (see [1]). Let the function f € T, be given by (1.2). Then f is in the class Sq(p, k, A,
u, b, B, m,n) if and only if

Z”km,,,[(f —m), - (p-m), + Bl (i) azb; < BIbI(p) 6 (p), -

(m+n<p<kpneN;meNy;beC\{0};0<p<1;,z€),
where
p(s)=(-Dpus+A-p)+1 (0<p<A<). (2.2)

Remark 2.2. If wesetm =0,n =1, and p = 0 in Lemma 2.1, then we have [2, Lemma 1].

Lemma 2.3 (See[1]). Let the function f € Ty, given by (1.2) be in the class Sq(p, k, A, u, b, p, m,n).
Then, for bj > bi(j > k), one has

pIbI(p),.¢ (p)
Za] = (k) [(k=m), - (p—m), +plbl] g (k)b (2.3)
(k —m)1ibl(p),. (p)
Z] Y k= m), ~ (p-m), + gm0 (2.4)

where ( is defined by (2.2).
Remark 2.4. If wesetm =0, n =1, and p = 0 in Lemma 2.3, then we have [2, Lemma 2].

The distortion inequalities for functions in the class S, (p, k, A, 4, b, p, m,n) are given
by the following Theorem 2.5.

Theorem 2.5. Let a function f € T, be in the class Sq(p, k, A, u, b, p, m, n). Then

BIbl(p),. o (p) k
P m 2.5
@<= T, — (o= )+ Bblle (e 25)
plb

() [(k=m), - (p-m), + by )b
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and in general

- pIvl(p),, (k)¢ (p) L

(r) p-r m r

|f7(=)] < (p), 2l + O, — (= m), +ﬂ|b|]qf(k)bk|z| ,
plbl(p),, (k)¢ (p) e (2.7)

() P —
FR@1 = W) = = o = (o —m). + Abl e R)br -

(p>rreNyzel),

where ( is defined by (2.2).

Proof. Suppose that f € S.(p, k, A, u, b, p, m,n). We find from the inequality (2.3) that

plbl(p),, o (p) e

P 2 : p
e Y e T (e e A G

which is equivalent to (2.5) and

plbl(p),, o (p) e

kw . —
@ 21al = =1 20 21 = e oy, el 29

which is precisely the assertion (2.6). O
Ifwesetm =0,n=1,and p = 0 in Theorem 2.5, then we get the following.

Corollary 2.6. Let a function f € T, be in the class S3(p, A, b, p). Then

pbI[L+ 4 (p-1)] K
i e Y ST 210)
2.10
pI[L +A(p-1)] K
O e P TSI
and in general
r k'ﬂ|b|[1+l\(}9—1)] k-r
()
'f (Z)| )ll 2" (k—r)![k—p+ﬁ|b|] [1+.)L(k—1)]bk|2|
1F0(2)] > 2P - k'BIb|[1+A(p-1)] 2] (2.11)
( )' (k=7r)![k —p+BIb|] [1 + A(k - 1)]by

(p>r;reNyzel),

where ( is defined by (2.2).
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The distortion inequalities for functions in the class X¢(p, k, A, p, b, B, m,n;q,u) are
given by Theorem 2.7 below.

Theorem 2.7. Let a function f € T, be in the class K4(p, k, A, u, b, p, m, n;q,u). Then

|f@)| <12

bl (p), »(P) Ty (u+e +p) BCAV)

¥ . 12,
() [(k = 1), = (p —m),, + BBl gr(k) (g~ DTT g (u+ € + Kby

|f@)] > =1

. BIbl(p),,4 (P) T2 (u+ € + p) o (2.13)
() [(k = m),, = (p = m), + plbl] ¢ (k) (q - 1)]_[2;(2)(14 +e+ k)b

and in general

F0)| < (), 120

. (k) PIbl(p) 9 (P)[TLg (1 + £ + ) e
(k) [k = m),, = (p = m),, + Blbl] s (k) (g — )Ty (u + € + k)b
|f(r) (Z)' > (P)rlzlpir (2-14)
(k) BIbl(p) ¢ (P) Ty (u+ £+ p) e

2",

Rk =m), — (p—m), + Blbllg (k) (q - 1) [T (e + & + k)b

(p>rreNyzel),

where (s is defined by (2.2).

Proof. Suppose that a function f € T, is given by (1.2), and also let the function h € S, (p, k,
A, u, b, B, m,n) be occurring in the nonhomogenous Cauchy-Euler differential equation (1.9)
with of course

;>0 (j>k). (2.15)
Then we readily see from (1.9) that

Mo (utetp) o
o - (ixk), 2.16
] Hz;(l) (u ve +]) C] (] ) ( )
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so that

[e’s) [e’s) q-1

. co(u+e+p ‘

f(z) =2 - E ajzl = zF - E %cﬂ’, (2.17)
=k =k HE:O (u+e+j)

|f(z)| < |Z|p+|Z|
j=x I1 (”+5+])

(2.18)

Moreover, since h € Sq(p, k, A, u, b, p,m,n), the first assertion (2.3) of Lemma 2.3 yields the
following inequality:

pIbI(p) 9 (p)
A ) 2.19
TS Wtk m),— (p-m), + AT (R 21
and together with (2.19) and (2.18) it yields that
|f(@)] <12l
BIbl(p) 4 (p) 17y (u + £ + p) S (220)

(k) [(k = m), = (p —m),, + BIbl] ¢ (k) bi = g ) 0(u+£+])

Finally, in view of the following sum:

© ) - ( 1) > 1
]:Zkl_[g 0(]+u+£) sz<§(q 1-e)lel(j+u+e) (q—l)HZ;é(u+£+k)’ (2.21)
(ueR-{-k,-k-1,-k-2,...}),
the assertion (2.12) of Theorem 2.7 follows at once from (2.20) together with (2.21). The
assertion (2.13) can be proven by similarly applying (2.17), and (2.19)-(2.21). O
Remark 2.8. If wesetm =0,n=1, u =0,and g = 2 in Theorem 2.7, then we have [2, Theorem
1].
3. Neighborhoods for the Classes S,(p,k, A, 1, b, p,m,n) and K. (p,k, A, p,
b,p,m,n;q,u)

In this section, we determine inclusion relations for the classes

Se(p.k, \,u,b,p,m,mn),  Kg(p,k,\pub,pmn;qu), (3.1)

involving 6-neighborhoods defined by (1.11) and (1.13).
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Theorem 3.1 (see [1]). Ifb; > by (j > k) and

_ (k —m)'BIbl(p),, o (p)
(k=D![(k-m), — (p—m), + BIbl] ¢ (k)bx

(p > 1bl), (3.2)

then

Se(p. kA, b, p,m,n) C N (e), (3.3)

where e and s are given by (1.12) and (2.2), respectively.
Remark 3.2. If wesetm =0,n =1, and p = 0 in Theorem 3.1, then we have [2, Theorem 2].

Theorem 3.3. If b; > bi(j > k) and

. (k= m)'BIbI(p),,4 () L, M re+p) (0> bl),
(k=D)![(k —m), — (p—m), +plbl] ¢ (k)bx (- DT 2w+e+k)
(3.4)

then
Kg(p, kA, p,b,p,m,n;q,u) C N (h), (3.5)

where h and ¢ are given by (1.11) and (2.2), respectively.

Proof. Suppose that f € Kq(p, k, A, u, b, p, m, n;q,u). Then, upon substituting from (2.16) into
the following coefficient inequality:

Z]'C] —aj| < Z]C] +Z]a] (cj20;a;20), (3.6)
=k =k
we obtain
M, (u+e+p
Z]|CJ —a] < D+ Z%] (3.7)
=k i T, 0(u+g+])

Since h € S¢(p, k, A, b, B, m,n), the assertion (2.4) of Lemma 2.3 yields

(k-m)'BIbl(p),, v (p)
(k=D![(k-m),~ (p—m), + BIbl] ¢s(k)bk

jej < (p > |b]). (3.8)
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Finally, by making use of (2.4) as well as (3.8) on the right-hand side of (3.7), we find that

iilc—a-l p (k - m)!pIbl(p) . (p)
ST (k=D -m),, ~ (p~m), + Plbl] g (k)b

o1 (3.9)
y +i gzj(u+g+p)
i [T (u+e+7)
which, by virtue of the sum in (2.21), immediately yields
- (k —m)'[bl (p),, 9 (P)
Dilej—ajl < ,
g (k— D[k~ m), — (p— m), + bl (k)b
B (3.10)
x| 1+ zzO(Li;ngp) =: 0.
(- DI (u+e+k)
Thus, by applying the definition (1.11), we complete the proof of Theorem 3.3. O

Remark 3.4. If weset m = 0, n = 1, p = 0, and g = 2 in Theorem 3.3, then we have [2,
Theorem 3].
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