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ABSTRACT. We examine a PDE with piecewise constant time delay. The equation is of neu-
tral type since it contains the derivative u; at different values of the t-argument. Further-
more, the argument deviation changes its sign within intervals of unit length, so that the
given PDE is alternately of retarded and advanced type. It is shown that the argument
deviation generates, under certain conditions, oscillations of the solutions, which is an
impossible phenomenon for the corresponding equation without delay. Of special interest
is the appearance of periodic solutions as well as solutions asymptotically approaching
closed curves which are not solutions of the equation studied.
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1. Introduction. The paper continues our earlier work on boundary value problems
(BVP) for partial differential equations with piecewise constant argument (EPCA) which
was initiated in [1]. These equations appear in an attempt to extend the theory of
functional differential equations to systems with discontinuous argument deviations.
EPCA also arise in the process of replacing some terms of a differential equation by
their piecewise constant approximations. Thus, the equation

U (6, 1) = aPuyy (X, 1) —bu(x,t) (1.1

describes heat flow in a rod with both diffusion a?u., along the rod and heat loss (or
gain) across the lateral sides of the rod. Measuring the lateral heat change at discrete
moments of time leads to the equation with piecewise continuous delay

U (x, 1) = a’urx (x,t) —bu(x,[t]), (1.2)

which was investigated in [1]. Here [-] designates the greatest integer function and
(x,t) €[0,1]1 %[0, ). The equation

u(x,t) :azuxx(x,t)—hu(x,[tJr%]), (1.3)
with the boundary conditions
u(0,t) =0, u(l,t) =0, (1.4)
and the initial condition
u(x,0) =up(x), (1.5)

was investigated in [2].
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A function u(x,t) is said to be a solution of the above BVP if it satisfies the condi-

tions
(i) u(x,t) is continuous in G =[0,1] x [0, );

(ii) u¢ and Uy, exist and are continuous in G, with the possible exception of the
points (x,n+1/2), where one-sided derivatives exist (n =0,1,2,...);

(iii) u(x,t) satisfies equation (1.3) in G, with the possible exception of the points
(x,m+1/2), and conditions (1.4) and (1.5).

Equation (1.3) is of considerable interest since the argument deviation

T(t)=t—[t+}] (1.6)

changes sign in each interval (n—1/2,n + 1/2) with integer n. Indeed, 7(t) < 0 for
n-1/2<t<mnand 7(t) > 0 for n <t < n+1/2, which means that equation (1.3)
is alternately of advanced and retarded type. The purpose of this paper is to explore
the influence of terms with piecewise constant time on the behavior of the solutions,
especially their oscillatory properties, for partial differential equations of neutral type.

2. A neutral system of EPCA. Consider the BVP consisting of the equation

Ut (x,1) = AUxx (x,0) + BU; (x, [t + 3 ]), @.1)

the boundary condition
U(0,t)=U(1,t) =0, (2.2)

and the initial condition
U(x,0) = Up(x). (2.3)

Here, U(x,t) and Uy(x) are real m x m matrices, A and B are real constant m x m
matrices and [ -] denotes the greatest integer function. Equation (2.1) is of neutral type
since it includes the derivative U; at different values of t.

Looking for a solution in the form

Ulx,t) = T(H)X(x) (2.4)
gives
T'(D)X(x) = AT(0)X" (x) + BT ([t + 3] ) X (x) 2.5)
whence
(T"(t)-BT' ([t +3])) X (x) = AT (1) X" (x) (2.6)
and
T 1A (T (1) -BT ([t +3])) = X" ()X ' (x) = -P2, (2.7)
which generates the BVP
X"(x)+P?X(x)=0,  X(0)=X(1)=0, (2.8)

and the equation with piecewise constant argument

T'(t) = —AT () P>+ BT ([t + ). (2.9)
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The general solution of equation (2.8) is

X(x) =cos(xP)Cy +sin(xP)Co, (2.10)
where
3 © (_1)nx2np2n ) B * (_l)nx2n+lp2n+1
cos(xP) = ngo o sin(xP) = ngo BT , (2.11)

and Ci, C, are arbitrary constant matrices. From X (0) = 0, we conclude that C; = 0,
and the condition X(1) = 0 enables us to choose sinP = 0 (although this is not the
necessary consequence of the equation (sinP) C> = 0). This can be written as

elf —e=iP =, e’ =, (2.12)

Assuming that all the eigenvalues p1,po,...,pm of P are distinct and

S~1PS = D =diag (p1,p2,-..,Pm), (2.13)
we have
exp (2iSDS™Y) =1,  Se?Ps1=q, %P =], (2.14)
Therefore,
D = diag (11j1, 0 j2,..., T jm), (2.15)

where the ji are integers, and

P=SDS!, (2.16)

P? =SD*s7! = Sdiag (%%, m2j2,...,m%j2,)S 71, (2.17)

sin(xP) = Ssin(xD)S~! = Sdiag (sin(1rj1x),...,sin(mj,x))S . (2.18)
Furthermore, we can put

Pj=diag(m(m(j—-1) +1),...,tmj), j=1,2,... (2.19)

in (2.8) and obtain the following result.

THEOREM 2.1. There exists an infinite sequence of matrix eigenfunctions for BVP
2.8

Xi(x) = V2diag (sin (rr(m(j—1) +1)x),...,sin(rmjx)), j=1,2,... (2.20)
which is complete and orthonormal in the space L>[0,1] of m x m matrices, that is,

1 0, j+k,
J Xj(x) X (x)dx = <| ] (2.21)
0 I, j=k,

where I is the identity matrix.
Note that the matrices SX;(x)S~! satisfy Theorem 2.1 for any nonsingular S.
THEOREM 2.2. Let E(t) be the solution of the problem

T (t) = —AT(t)P?, T)=1I (2.22)
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and let

M(t)=I-(E(t)-1)A""(B-I1)"'A, (2.23)

Mo=M"1(-3)M(3). (2.24)

If the matrices A, B—1, and M (—1/2) are nonsingular, then equation (2.9), with the
initial condition T (0) = Cy, has on [0, %) a unique solution

T(t) =M (t—[t+3] )M (2.25)

PROOF. On the interval n—1/2 <t <n+1/2, where n > 0 is an integer, equation
(2.9) turns into

T'(t) = —AT(t)P>+BT'(n), (2.26)
with the general solution
T(t)=E(t-n)C+A'BT'(n)P2. (2.27)
At t = n, we find from (2.26) that
BT (n) =T'(n) + AT (n)P?, (2.28)
and substituting in (2.27), we get
T(t)=E(t-n)C+A'T'(n)P*+T(n). (2.29)
Furthermore, from (2.26) we have
T'(n) = —AT(n)P? +BT' (n), (2.30)
whence
T'(n) = (B—1)"'AT(n)P%. (2.31)
At t = n, we find from (2.29) that
C=-A"'T'"(n)pP? (2.32)
and
T(t)=M({t-n)T(n), (2.33)
where M (t) is defined in (2.23). Letting t — n+ 1/2 from the left gives
T(n+%)=M(3)T(n). (2.34)
Furthermore, on the interval n+1/2 <t <n+3/2, we have
Tt)y=M({t-n-1)T(n+1), (2.35)
and letting t — n+ 1/2 from the right yields
T(n+3)=M(-3)Tn+1), (2.36)
that is,

M(=3)T(n+1) =M(})T(n). (2.37)
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From here,
T(n+1)=MyT(n) (2.38)
and
T(n) =M}T(0), (2.39)
where the matrix My is given in (2.24). Substituting this expression in (2.33) proves

(2.25). O

3. A scalar EPCA of parabolic type. We examine the scalar version of the problem
of the previous section and catalog the behavior of the solutions. To be specific, we
examine the boundary value problem (BVP) for the equation with piecewise constant
argument (EPCA)

us(x,t) =azuxx(x,t)+but<x,[t+%]>, (3.1)
with homogeneous boundary conditions
u(0,t) =0, u(l,t) =0, (3.2)
and initial condition
u(x,0) =ug(x). (3.3)

Note that we have taken A = a2 and B = b in (2.1). If we let P = A, separation of
variables yields the scalar analog of equation (2.8), namely,

X'+A2X =0, X(0)=X(1)=0, (3.4)
with the orthonormal basis of solutions
Xj(x) =+2sindA;x, A;j=mj,j=1,2,3,... (3.5)
on [0,1]. The scalar version of equation (2.9) is
T} (t) = —a?A3T;(t) + b} ([t +3]), (3.6)

where T is the solution corresponding to A;j. Since (3.1) is a particular case of (2.1),
with A = a? and B = b, problem (2.22) becomes

Ti(t) = —a®A3T;(t), T;(0) =1 3.7
whose solution is
Ej(t) = e %t, (3.8)

where d; = a? 2\5. Then, by virtue of (2.23) and (2.24), it follows that

b*e_djt
Mj(t) === (3.9)
and
_—di/?
My = 27 (3.10)

b_edii2 "
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Substituting this into (2.25) produces the solution of (3.6)

b—e-dir2\ W2l o—dj—lt+1/2])

The value T;(0) can be obtained from the initial condition. This follows when we write
the solution u(x,t) to (3.1) as a superposition of the functions X; and T; giving

u(x,t) = > Tj(t)V2sin(rmjx). (3.12)
j=1
When t = 0, we have
u(x,0) = ug(x) = > T;(0)V2sin(mjx). (3.13)
j=1

Hence, T;(0) is simply the Fourier coefficient of uy(x), i.e.,

1
T;(0) =10 (j) = \EL Uuo(x) sin(1rjx) dx. (3.14)

With this description, we can now summarize in the theorems below the behavior
of the solutions to problem (3.1) and illustrate the far more complicated behavior of
solutions to EPCA problems as compared to problems without a time delay.

THEOREM 3.1. The time functions T;(t) in the separation of variables solution (3.12)
to the boundary value problem (3.1) with b < 0 tend to zero monotonically as t — oo.
(See Figure 3.1.)

1.0
0.8
0.6

0.4

0.2

1 2 3 4 5 6 7
FIGURE 3.1. T;(t) for b(t) =b,b=-0.9, j=2,a=1/m.

PROOF. For the proof of Theorem 3.1 as well as the proofs of the next two theo-
rems, we must examine the ratio

. b-e4il?
T(J)Eib_edj/2 (3.15)
which appears in (3.11). Also, note that the other factor in (3.11),
_ p—dj(t=[t+1/2])
Hj(t) = (beb’_l) (3.16)
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is a function of period 1 and is monotone on each interval of the form [n —1/2,
n+1/2),n=0,1,2,....

If b < 0, the ratio satisfies the inequality O < ¥ (j) < 1. The left inequality is obvious.
The right inequality holds because if 7 (j) > 1, then we have the impossibility e%/ < 1.
Furthermore, H;(t) is monotonically decreasing on each interval [n—-1/2,1n+1/2),
so T;(t) — 0 monotonically as £ — . See Figure 3.1 for a typical example of a T;
function for b < 0. Note the discontinuities in the derivatives at the points n+1/2,
n=0,1,2,3,... where we have jumps in the piecewise constant argument [t +1/2]. In
this case, the corresponding solutions to the nondelay equation (see (3.26) and (3.27)
below) are also monotonically decaying to zero. O

THEOREM 3.2. For 0 < b < 1, the behavior of the time functions T;(t) in (3.12) de-
pends on the relative values of j and

= /%lnzb. (3.17)
azm
Specifically,

(@) Ifj <W, then Tj(t) — 0 monotonically as t — .

b) If j =W, T;(t) =0 fort = 1/2 and T;(t) — 0 monotonically as t — 1/2~ on
[0,1/2].

(c) If j > W, then Tj(t) — 0 ast — o, but oscillates (crosses the time axis in each
interval [n—-1/2,n+1/2),n=0,1,2,...). (See Figure 3.2.)

20

10
3/\4 5 6 7

-10

=20

-30

FIGURE 3.2. T;(t) for b(t) =b,b=0.99, j=1,a=1/m.

PROOF. The ratio defined above satisfies —1 <7 (j) < 1for0 < b < 1, as can be seen
by arguments similar to those used in the proof of Theorem 3.1. This means that the
solutions T; dampen with increasing time. If, in addition, j < W, then 0 < ¥ (j) <1 so
that the solutions T; monotonically dampen to zero.

On the other hand, if j > W, the ratio satisfies —1 < ¥ (j) < 0 so that solutions
dampen to zero and oscillate. See Figure 3.2.
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Finally, for j = W, we have the equivalent condition
b—e 4il? =0, (3.18)

and so 7 (j) = 0 for this value of j. By equation (3.11), we see that T;(t) = 0 for all
t = 1/2.On the initial interval [0,1/2], T} (t) goes to zero monotonically because H;(t)
is monotone on [0,1/2). O

The T; functions for the nondelay equation, given below in (3.27), monotonically
dampen to zero for all j and so do not oscillate when 0 < b < 1.

THEOREM 3.3. For b > 1, the behavior of the time functions T;(t) in (3.12) depends
on the value of j and the numbers

[2Inb [2cosh™t(b)
QE az‘n'z’ RE W. (3.19)

(@) Ifj < Q, then T;(t) grows monotonically and without bound as t — « provided
T;(0) # 0. (See Figure 3.3.)

(b) Ifj = Q, thenTj(t) =0 forallt > 0 provided u(x) is orthogonal to /2 sin(Trjx);
otherwise the separation of variables method does not provide a solution.

(0) If Q < j <R, then T;(t) grows without bound and oscillates provided T;(0) + 0.
(See Figure 3.4.)

(d) If j =R, then T;(t) is periodic and oscillating for all t = 0. (See Figure 3.5.)

(e) If j> R, thenT;(t) — 0 ast — oo, but oscillates. (See Figure 3.6.)

10

1 2 3 4
FIGURE 3.3. T;(t) for b(t) =b,b=3,j=1,a=1/m.

PROOF. If j < Q, the ratio 7(j) > 1 so that solutions T; grow monotonically and
without bound provided T;(0) = 1o(j) # 0, but do not oscillate. See Figure 3.3 for an
illustration of this.

When Q < j < R, the ratio r(j) < —1. So solutions T; grow without bound and
oscillate provided T;(0) = #io(j) # 0. See Figure 3.4.

If j = R, then 7 (j) = —1 so that we have oscillating, periodic solutions with period 2.
See Figure 3.5.
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FIGURE 3.4. T;(t) for b(t)=b,b=1.2,j=1,a=1/m.
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FIGURE 3.5. Tj(t) for b(t) = b, b = cosh[2], j=2,a=1/T.

A AN

FIGURE 3.6. T;(t) for b(t)=b,b=1.1,j=1,a=1/m.

If j > R, asis the case for all large j, the ratio satisfies —1 < 7 (j) < 0. So our solutions
T; oscillate and dampen with time to zero. See Figure 3.6.
Finally, if j = Q, then T;(t) = O for all t = 0 for certain initial condition 1y (x). To
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see this, realize that this condition is equivalent to
b-edil?2 =0, (3.20)

and so we cannot use equation (3.11) for T;(t), but equation (2.33) does apply and
becomes, in the scalar case,

b—e-djlt=m
Because we require T;(t) to be continuous,
Toenj(n+3) = lm  To(t) = Tnj(n+3), (3.22)

t—(n+1/2)~

where T,; denotes the restriction of the solution T; to the interval n —1/2 <t <
n+ 1/2. Therefore, by our assumption b > 1 and equation (3.21),

b—edil?
Tnj(n+3) = 1 Tenj(n+1) =0, (3.23)
and so
b_efdj/z
1
0="Tyj(n+}) == 1 Tni(n. (3.24)
Since
b—e 2 %0 (3.25)

for b > 1, Tj(n) = 0. Hence, by equation (3.21), T,;(t) = O for all ¢ in the interval
n—-1/2 <t <n+1/2. As this argument applies for any n, we have T;(t) = 0 for all
t>0.

Since T;(0) = 0 and since T;(0) is the Fourier coefficient of the initial condition by
equation (3.14), we conclude that u(x) must be orthogonal to X;(x) = V2sin(1rjx).
Otherwise, the superposition series of equation (3.12) cannot represent ug(x) as we
do not have equality when t = 0. The separation of variables method fails to yield a
solution if the initial condition 1 (x) is not orthogonal to sin(7rjx) for this value of j.

O

The nondelay equation (3.26), described below, has solutions T; (3.27) which in-
crease monotonically and without bound for all j if b > 1 and T;(0) = 0.

REMARK. For comparison, the nondelay equation
U (X, 1) = APUry (X, 1) + bus(x,t) (3.26)
has, upon application of separation of variables, solution functions
T;(t) = e%t'=11;(0). (3.27)

Sinced; >0 forall j =1,2,3,..., the T;(t) functions are either monotonically increas-
ing without bound or monotonically decaying to zero, depending on whether b > 1
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or b < 1. Therefore, the appearance of oscillations in the EPCA problem (3.1) is a
fundamental difference of this type of problem from problems without delay. This
phenomenon has been observed before in [1, 2]. However, what is unique about the
work of this paper is the appearance of periodic solutions. As we will see in the follow-
ing examples, some of the periodic solutions involve oscillation (crossing of the time
axis for arbitrarily large t), while others do not cross the axis at all. Also, the period
of the periodic solutions become an issue as we exhibit a problem which has sev-
eral periodic solutions with periods different from the piecewise constant argument
t—[t+1/2], which has period 1.

REMARK. For b =1, equation (3.9) is not defined and our assumption in Theorem
2.2 that B—1I = b—1 be nonsingular does not hold. In fact, our problem (3.1) does not
have a nonzero solution that is a superposition of solutions of the form described
above. The same is true of the nondelay equation as the reader can verify for himself.
To see this for the delay equation, let b = 1 and substitute n for t in equation (3.6) to
obtain

Tj(n) =-d;Tj(n) +ij(n), Jj=12,3,... (3.28)
or
Tyjn)=0, n=0,1,2,..., j=12,3,.... (3.29)

In particular, T;(0) = Ty;(0) =0 for all j = 1,2,3,... . Hence, when we substitute ¢ = 0
into the superposition equation (3.12) of the solutions X;(x)T;(t), we have

u(x,0) =uo(x) = > X;(x)Tj(0) =0 (3.30)
j=1
and we see that the separation of variables does not provide a solution for 1 (x) # 0,
but does yield the trivial solution for uy(x) = 0.
Note that the nondelay equation (3.26) has no solution for 1y(x) # 0 and only the
trivial solution for ug(x) = 0.
4. Generalizations to scalar time-dependent B = b(t). We can generalize our prob-
lem (2.1), (2.2), and (2.3) in the scalar case by replacing the constant matrix B with
scalar function b(t) to obtain

ur(x, 1) = a%uex (, 1) + b(Oue (x, [t +3]), 4.1)
where we impose the same homogeneous boundary conditions
u(0,t) =0, u(l,t) =0, 4.2)
and the same initial condition
u(x,0) = up(x). (4.3)

Solving this by using separation of variables, as before, produces the following ver-
sions of the corresponding equations from Section 2
’ 7 1
') -bOT ([t+3])  x7(x) o

aT(t) X @)
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Asin Section 2, the boundary conditions require that P be any of the numbers A; = 11 j,
Jj=1,2,3,...,and that for P = A;

Xj(x) =+2sin(mjx) j=1,2,3,.... (4.5)
Also, for P = Aj the time equation becomes
Ti(t) = a2 (1) + b () T ([t + 3 ]).- (4.6)

This can be easily solved on the individual time intervals n—-0.5 <t < n+0.5 because
[t+1/2] = n, a constant, on these intervals. If we denote by T}, (t) the solution of this
equation on the interval n—-0.5 <t <n+0.5 and if we let d; = aZAﬁ, then

Tpj(t) = Cpje %t +ane-dﬂjb(t)edﬂdt, (4.7)

where the integral on the right-hand side represents any antiderivative of b(t) and
where B, ; is a constant that is defined by

Buj =Ty, ([n+1]) = Th;(m). (4.8)

To find a more useful formula for B, we let ¢ = n in (4.6) to obtain

Byj = % (4.9)
provided b(n) # 1 for all m = 0,1,2,3,.... Furthermore, if we define the function
Enj(t) = %Jb(t)edﬂdt, (4.10)
we can write our time solutions on [1n—0.5,1n1+0.5) as
Tnj(t) = Cpje ™ 4+ Epi(t) Tnj(n) (4.11)
forb(n) #1and n=0,1,2,3,....
To find a formula for C,;, we let t = n in (4.11) to obtain
Cnj = [1=Ep;j(n)]Tynj(n). (4.12)
If we define the constant
Dnj=1-Eyj(n), n=0,1,2,3,..., (4.13)
we can write
Tpj(t) = [Dyje ™ + Eni(£)]Tn; (), (4.14)

provided b(n) # 1 forn=0,1,2,3,....
In order to preserve continuity, we must have the solutions T;(t) and T(,-1);(t) to
be equal at t = n—0.5. Therefore,

Tnj(n—0.5) = [Dypjedi’? + Ey;j(n—0.5)]Ty,(n) (4.15)
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must equal

P(E}I()ls)i Tin-1)j = [Din-11j¢ %"? + En-1);(n—0.5) ] Ttn-1);(n—1) (4.16)

yielding
Tnj(n) = F;(n)Tin-1);(n-1), (4.17)
where we have defined the function

Dn-1)je "% +Epm-1);(n—0.5)

Fi(n)=
J Dnjedf/2+Enj(n—0.5)

) (4.18)

provided
Dyje%i’? +Enj(n—0.5) #0 foralln=0,1,2,3,.... (4.19)

This relation allows us to relate T,j(n) to T;(0) = Tp;(0) by the following calcula-
tions
Thjn) =Fj(n)Tn-1);(n—1)
=FimFi(n-1)Tn-2)j(n—2)
=FimFn-1)Fi(n-2)T,-3);(n-3)
= (4.20)
=Fi(n)Fj(n-1)Fj(n—-2)---F;j(2)F;(1)To;(0)

- [ﬂpj(m} T;(0).
k=1

Therefore, we can write the solution T,;(t) on the interval n—-0.5 <t <n-0.5 as

n
Tyj(t) = [Dnje*d.f(t*") +Enj(t)} {1‘[ Fj(k)] T;(0), (4.21)
k=1
where d; = azAi, n=I[t+1/2],
_ djeidjt dit
Enj(t) = mjb(t)e J dt, (422)
Dynj=1-Eynj(n), 4.23)
Dn-nyje 4"? +Ep_1);(n-0.5
Fy(n) = 2onowie ot B2 0.3) (4.24)
Dyje®i’* +Enj(n—0.5)
and where we define
0
[[Fjk)=1. (4.25)
k=1
We also require that b(n) # 1 for all n =0,1,2,3,... and that
Dyjei’? +Enj(n—0.5) #0 foralln=1,2,3,4.... (4.26)

We complete our discussion of the solution to problem (4.1) by summarizing our
calculations in the following theorem.
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THEOREM 4.1. The solution to BVP (4.1) can be written as

u(x,t) = ix,-(x)rj(t), (4.27)
j=1
where X is given by
X;(x) =+2sin(mjx), j=1,2,3,... (4.28)
and T; is given by
n
Tj(t) = [Dnje*dj“*m +Enj(t)] []_[ Fj(k)] T;(0), (4.29)
k=1

with d; = a?m?j? and n = [t + 1/2]. The functions Enj, Dyj, and F; are given in
(4.22), (4.23), (4.24), (4.25), and (4.26). Also, the initial value T;(0) is determined, as
in Section 3, by

1
T;(0) = f1o(j) = ﬁj o (x) sin(r jx)dx. (4.30)
0
REMARK. The reader can verify for himself that formula (4.29) reduces to (3.11)

for b(t) = b.

REMARK. In the previous discussion, we required that condition (4.26) holds for all
n=1,2,3,4,.... We show that should this condition be violated, the Fourier method
does not provide solutions except for restricted conditions on uy(x). To see this,
suppose

Dyjei’? + Enj(n—0.5) =0 (4.31)
for n = k, but that
Dyje 4’ +Eyj(n+0.5) £ 0 (4.32)
forallm=0,1,2,3,...,k— 1. If we let t = k—0.5 in (4.14), we get
Tyj(k—0.5) = [Dyjei’? + Exj(k—0.5)] Ty (k) = 0. (4.33)
Since the solutions Ty; and T(x-1); must be equal at k—0.5, then

0= Ty, (k-0.5)

= t—(lkig)l.sr Tik-1; (1) (4.34)
= [Di-1yje " + Eg-1)j(k=0.5)] T (k= 1),

so that by our assumptions T(x-1)j(k —1) = 0. Therefore, by (4.14), for all t € [k -

1.5,k-0.5],

Tik-1);(t) = [Dg-1yje 4D L Egy)j ()] Te-1)j(k—1) = 0. (4.35)
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In particular, T(x-1);j(k—1.5) = 0. Now, if we match our solutions at t = k—1.5, we get

0=Tk-1jk—1.5)

t—(lkj—nil.s)* Tk-2)j(t) (4.36)
= [D(kiz)jefdjlz +E(k72)j(k_ 1.5)]T(k72)j(k_ 2);

and so T(x—2)j(k—2) = 0 and also T(x—2);j(t) = 0 for all t € [k —2.5,k—1.5] by (4.14).
Continuing in this fashion, we have T;(t) = 0 on the interval [0,k —0.5] and, in par-
ticular, T;(0) = 0. So, by (4.29), T;(t) = 0 for all £ = 0. Also, by letting t = 0 in (4.27),
we get

Up(x) = Z T;(0) X;(x). (4.37)
i#j
If up(x) cannot be completely expressed by this series, i.e., if 7ig(j) + 0, then the
Fourier method described in this paper does not provide the solution since 7 (j) =
T;(0).
For the example of b(t) = b, we saw the consequences of the violation of condition
(4.26). Indeed, this condition does not hold for b > 1 when j satisfies

_edil2 4 =, (4.38)

. [2Inb
J=\ g (4.39)

(see Section 3). As noted in Section 3 and above, we must have iy (j) = 0 in order for
our method to describe the solution. More importantly, the value of j above represents
a sharp division between T; solutions with monotonic growth (for j smaller), and T;
solutions with growth and oscillation (for j larger). For j assuming this critical value,
T; (t)y=0.

i.e., when

5. A scalar EPCA for b(t) = bcos(2mt). As we seek periodic solutions, a natural
time-dependent function b(t) to consider is b(t) = b cos(«t), which has period 277/ «,
for some real number «. In this section, we discuss in detail cos(27rt), which has the
same period as does the expression t —n =t — [t + 1/2] found in (4.29). We do not
discuss the cases when o is a multiple of 27t as they generate similar solution behavior.
However, in the next section we discuss « = 11 which exhibits very different solution
properties.

To begin, we first write explicitly the solution (4.29) to the BVP (4.1) with b(t) =
bcos(xt) for any . We need the indefinite integral

it
Jb(t)editdt = 7Jcos((xt—y), (5.1)
5+ o2
where y is defined by
d.
cosy = ——2+—, siny = —o (5.2)

y:
a5+ o2 Va5 + o2
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to yield, by (4.22),
bd; cos(at—y)

E . = .
ni(t) /d§+(x2 bcos(an) -1’ (5:3)
which for « = 21T becomes
bd; x
Enj(t) = m[cos(at)+d—151n(at)], (5.4)
provided b # 1. In what follows it is convenient to define the parameter
d%+o?(1-D)
J
= - 5.5
pj bd§ (5.5)
This allows us to write
Epj(t) = — [cos(at)+ﬁsm(at>] (5.6)
=1 d;
and since D, = 1 -E,;(n), by (4.23), we have
by
Dpj= b1 (5.7)
Hence,
Hj(t) = [Dyje 4™ 1 Epi(t)]
(5.8)

1 [ —d(t-n) X .
=——|pje —cos(at) — — sin(«xt) |.
Pj—l ! dj

The ratio function F;(n), given by (4.24), in this case, turns out to be independent of
n since

Fi(n) = %. (5.9)
Therefore, by (4.29),
i an
Tj(t):ﬁ[pje—dj(t—n)_Cos(at)—dgjsin((xt)] (%) T;(0) o
— H; (1) (”fe;f”)nrj(m.
pjetic+1

Since « = 21 and n = [t + 1/2], H;(t) is 1-periodic and so the behavior of the
solutions Tj;(t) is primarily governed by the ratio

pie 4% +1

, 5.11
pjedi’? +1 G111

r(j) =Fj(n) =
though we shall see that the behavior of H;(t) will also play a role, something that
was not the case for b(t) = b.

To analyze the behavior of the solutions T;(t), we make use of the parameters d;
and p; to classify the solutions. This is possible because only d; and p; appear in
the ratio v (j) above. This is also necessary as it is not possible in all cases to solve
for j explicitly in terms of a and b as was done for b(t) = b. To determine how T;(t)
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behaves, use j, a, and b to compute d; and p;, and then determine which relationship
below d; and p; satisfy. The behavior of T; is described in the text accompanying the
relation.

THEOREM 5.1. The solution to BVP (4.1) with b(t) = bcos(2Tt), b # 0, 1, is as de-
scribed in Theorem 4.1 with T;(t) given by (5.10). The time functions T;(t) behave as
follows:

(a) Forp; < —efjl? T;j(t) dampens to zero and may or may not oscillate.

(b) Forp;=—e%/?, Tj(t)=0 forallt >1/2.

(c) For—e%i’? < pj <—1/cosh(d;/2), T;(t) oscillates and dampens to zero ast — co.

(d) Forpj=—1/cosh(d;/2), T;(t) is an oscillating, 2-periodic solution.

(e) For —1/cosh(d;/2) <p; < —e %% T;(t) is oscillating and unbounded as t — .

(f) Forp; = —e 4’2, Tj(t) = 0 for all t = 0 if ug(x) is orthogonal to ~/2sin(r jx);

otherwise separation of variables does not provide a solution.

(g) For —e %2 <p; <0, Tj(t) is oscillating and unbounded as t — c.

(h) Forp; =0, T;(t) is an oscillating, 1-periodic solution.

(i) ForO<pj<1,Tj(t) - 0ast— c and oscillates.

(j) For p; =1, separation of variables does not provide a solution.

(k) Forpj>1,Tj(t) - 0 ast — o and may or may not oscillate.

PROOF. The caseslisted in the theorem can most readily be discerned by examining
the graph of the ratio function 7 (j), not as a function of j, but as a function of pj.
This is done in Figure 5.1. Again, if |7 (j)| > 1, then T;(t) grows without bound while
if [*(j)| <1, then T;(t) dampens to zero. If |+ (j)| = 1, the solutions are periodic. If
r(j) <0, then we are guaranteed to have oscillations while if ¥ (j) > 0, then we may
or may not have oscillations depending on the behavior of H;(t). These remarks are

r(Jj)

pj

FIGURE 5.1. Ratio function v (j) for b(t) = bcos(2mt), j=1,a=1/m.

sufficient to completely prove (c), (d), and (e) of the theorem as ¥ (j) is negative for
these values of p;. See Figure 5.1. In fact, the ratio (j) = —1 in case (d) guaranteeing
that H;(t) must cross the time axis an odd number of times in each interval [n —
1/2,n+1/2).To see this, recall that in order to ensure continuity of T; at the endpoints
of these intervals, the ratio  (j) must act in a way so as to join together the segments
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of H;(t) in adjacent intervals of the form [n—-1/2,n+1/2). Since the ratio is negative,
the values of H; () near the endpoints of each of these intervals must be of opposite
sign and, consequently, H;(t) must cross the axis an odd number of times. Hence,
T;(t) must be 2-periodic, not 1-periodic, as H;(t) requires two unit intervals to repeat.
Also, from Figure 5.1, the ratio 7 (j) = 0 for p; = —e%/2 so that T;(t) = 0 for all
t=1/2, as can be seen from (5.10). On [0,1/2), T;(t) = H;j(t)T;(0). This gives (b).
In case (f) the ratio 7 (j) is not defined since condition (4.26) is violated, i.e.,

pjeti?+1

1 O (5.12)
=

Dyje%’? + Eyj(n—0.5) =
and so by the second remark following Theorem 4.1, we see that T;(t) = 0 for t = 0 if
1o (x) is orthogonal to sin(7rjx). If u( is not orthogonal to +/2sin(1rjx), the Fourier
method does not provide a solution.

In the remaining six cases, (a) and (g) through (k), the ratio is positive and so we must
examine the function H; to see if there are oscillations. For the problem b(t) = b, the
function (3.11),

b —o-djt-lt+1/2])
(b—l (5.13)

is always increasing or decreasing on [n—1/2,n+ 1/2) so that if the corresponding
T; function oscillates, it is because this function has crossed the axis once and once
only. The ratio function in that case must be negative to ensure continuity. However,
for b(t) = bcos(2tt), the function H;(t) may cross the axis 0, 1, or 2 times on a
single unit interval [n —1/2,n + 1/2). If it crosses twice, the ratio function must be
positive for the solutions to matchup at n+1/2, n =0,1,2,.... Therefore, we must
look closely at the behavior of H; to determine if there are oscillations.

To illustrate, consider case (a), where 0 < 7 (j) < e~% < 1 so that the solutions T;(t)
dampen to zero. Whether the T;(t) solutions oscillate depends on d; and pj. For all
values of d; and p;, we have

d/2
el +1
Hi(n-4) =222 o =1,
pi—1
Sz (5.14)
e
lim  H(t) =24 " T2
t—(m+1/2)~ pi—1
For p; < —ei/2, these are all positive. However, for t =n—1/4,
1 l0'¢
Hi(n-1)= —_ pvgdj/4+:|, (5.15)
i(n=3) Pj—l[ ! d,

so Hj(n—1/4) <0 for small d; > 0 and, therefore, T;(t) oscillate and dampen to zero.
On the other hand, H;(t) > O for large d; and all t so that T;(t) go to zero without
oscillation.

For case (g), v (j) > 1 and, hence, T;(t) is unbounded. In this case, we note by (5.14)
that Hj(n—1/2) and lim; . (n+1/2)- Hj(t) are negative, but that H;j(n) = 1 so that T;(t)
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crosses the axis twice on the interval [n—1/2,n+1/2). Therefore, T;(t) has growing
oscillations.

For case (h), the ratio r(j) = 1 so that T;(t) = H;(t)T;(0), i.e., T;(t) is a 1-periodic
function. This function crosses the axis twice on each interval [n—1/2,n+1/2) since
Hj(n-1/2) =-1,H;(n) =1, and lim;_ (n+1/2)- H;(t) = —1. Hence, T;(t) is an oscillat-
ing, periodic solution.

Cases (i) and (k) can be handled by noting that, regardless of the value of b, if p; > 0
and p; # 1, then the ratio r(j) satisfies 0 < e 4 < ¥ (j) < 1 so that the solutions
dampen to zero as t — +o0. To see whether they go to zero with or without oscillation,
we must consider H;(t).For 0 < p; < 1, formulas (5.14) give Hj(n—-1/2) <0, Hj(n) =1
and lim;_ (»+1/2)- Hj(t) < 0 so that H;(f) must cross the axis twice on each interval
[n—-1/2,n+1/2). Hence, T;(t) must oscillate as well as dampen to zero.

For p; > 1, T;(t) may or may not oscillate. Generally, if p; is large, T;(t) goes to
zero without oscillation. For example, if p; = 20 and d; = 10, then b = 0.068, H;(t)is
positive on [n—-1/2,n+1/2), and, hence, T;(t) goes to zero without oscillation. If,
on the other hand, p; > 1, but not too much bigger than 1, then H;(t) crosses the
axis twice so that T;(t) oscillates as it approaches zero. For example, if b = 0.9 and
d; = 21t/1.5 (chosen by adjusting a in d; = (amrj)?), then p; = 1.36, H;(n) = 1, and
Hj(n+1/4) = —2.83, so that H;(t) must cross the axis on the interval [n,n+1/4].
H;(t) also crosses the axis on [n+1/4,n+1.4) since H;(1.4) = 0.5. Hence, T;(t) must
oscillate and dampen to zero as t — +co.

For the last case (j) note that p; = 1 if and only if b = 1. If b = 1, then the functions
E,j(t) are not defined. In fact, our method does not provide a solution if p; = 1 for
the same reason as for the case of b(t) = b with b = 1. To recapitulate, note that if
we let £ = n in (4.6), we obtain Tj(n) = 0 for all n and all j. In particular, 7;(0) =0
for all j = 1,2,3,... so that if we let t = 0 in the superposition series (4.27), we get
up(x) =u(x,0) =0 and so our method does not provide a solution for 1 (x) = 0.

Finally, note that for any values of d; and p; which satisfy p jd§ +(21)2 # 0, we can
find a corresponding value for b determined by

d5+(2m)?

- Aimenr 1
b &2 (2’ (5.16)

(This follows from the definition of p;.) Therefore, in each of the cases listed above
for which a solution exists, we can find a value of b which generates a solution T (t)
that behaves as that case describes. O

REMARK. Regardless of the values of the parameters a and b, as j — + o note that
d; = (amj)? - +oo and that

Lemr 1y 1
pt e 1-2)— . (5.17)
So
,—dil2 1
lim 7 (j) = lim 22¢_ 1 _, (5.18)

oo j=te piedil? 41
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Hence, for large j, T;(t) dampens to zero. Furthermore, this decay is fast as the ratio
goes to zero rapidly as j — +o0 because of the exponential terms in the definition of
the ratio v (j). Consequently, for large t the series in (4.27) for u(x,t) has only a small
number of terms that are not approximately zero.

6. A scalar EPCA for b(t) = bcos(mrt). We continue the discussion of the previous
section by investigating a time dependent function b (t) having a period different from
that of the expressiont—n =t —[t+1/2], which has period 1 and appears in (4.29). In
particular, we consider b(t) = b cos(rrt), which has period 2, and which yields periodic
solutions T; of two different periods, as well as producing nonperiodic solutions.

We begin by writing the analytic expressions for T;. Into (5.3), we substitute « = 1T
to obtain

Eni(t bd; 1 )+ = sin(rrt 6.1
nit) = bcos(rn) -1 d§+rr2 [COS(T( )+;jSln(n )]’ ©-1)
provided b # —1,1. By (4.22), (4.23), and (4.24), we have
—bdj'lT
— 4 ifn odd,
@+m)(1+b) °
Eni(n—0.5) = 6.2
i ) bd—ﬂT if n even o
(d5+m2)(1-b)’ ’
—bdjTl'
——  __ ifnodd,
@+m1-p) " °
E(n_l)j(Tl—O.S) = (63)
bd—JTr if n even
(d5+m2)(1+b)’ '
and
1 bd] if n odd
@+m)(1+p)’ O
Dyj = ‘ (6.4)
bd3 _
if n even.

M E Ay

Combining these, we see that the ratio F;(n), unlike the previous examples, does
indeed depend on n, though it depends only on whether »n is odd or even. To be
specific

(1+b> [[d§+ﬂ2(l—b)]edf/z—bdl,-n

, if n odd,

1-b [d§+n2(1+b)]ed1/2—bdj1'r} nne

Fi(n) = i . (6.5)
(1_b>[[dj+n2(1+b)]e i2 +bd;m

1+b/ | [d5+m2(1-b)]e%/? +bdm

}, if n even.

By (4.21), we have

Tj(t) = Hj(t) {ﬂFj(k)} T;(0), (6.6)
k=1
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where n = [t +1/2] and where H;(t) = Dpje % "™ + E,;(t) is given by

[[d5+m2(1+ b)le~dit-m) _ bd5 cos(mrt) — bdrsin(rt) ]

if
(@2 +m2)(1+b) . Hfnodd
H;(t) = '
[[d§+n2(1—b)]e’d1”*”) —bd? cos(rrt) —bd;mrsin(mt)] "
,  if n even.
(@2 +m2)(1-b)
(6.7)

Note that H;(t) is periodic with period 2, not period 1.

In the previous examples we identified the nature of the solutions T; by examin-
ing the ratio function v (j) = Fj(n). If Fj(n) = -1, for example, we have oscillatory,
periodic solutions. In this case, Fj(n) varies with n for a, b, and j fixed so that if
F;j(n) = -1 for some values of n, it might be different for other values of n, and,
therefore, the solutions T; are not necessarily periodic and oscillating for all time t.
Fortunately, though, the ratio F;(n) depends not on the exact value of n, but only on
whether 7 is odd or even. Therefore, the product of F; for two consecutive values of
n, ie., P(d;) = Fj(n)F;(n+1) is constant for all n = 1,2,3,..., and depends only on
J, assuming a and b are fixed. Hence, if this product is —1, then we have oscillatory,
periodic solutions. As we will see, the periods of the periodic solutions are no longer 1,
but some larger value (either 2 or 4). In fact, since F;(n) # F;(n+1) for all n, we have
no solutions T;(t) of period 1 as at least one of F;(n) and F;(n + 1) cannot be 1 or
—1 (see (6.5)). Equivalently, T;(t) cannot be of period 1 as H;(t) is not of period 1. We
summarize and expand on these ideas in the following theorem.

THEOREM 6.1. The solution to BVP (4.1) with b(t) = bcos(mtt), b + —1,0,1, is as
described in Theorem 4.1 with Tj(t) given by (6.6). The time functions Tj(t) behave as
follows

(a) There are no solutions T; of period 1.

(b) For |b| <1, Tj(t) — 0 as t — oo. Furthermore, T; does not oscillate for small j,
specifically, for all j such that

[d5 + (1= |b)]e " ~ |bld;m (6.8)

is positive. For j making (6.8) zero, T(j) =0 for allt = 1/2. Finally, T} does oscillate for
all j large enough such that (6.8) is negative.
(c) For |b| > 1, there exists a unique dj > 0 satisfying

[(d3)*+m2 (1~ |b])]e“ " + [pldim =0 (6.9)
from which follows
(1) There exists a dg > dj such that the corresponding T; is a 4-periodic, oscillating
solution. See Figure 6.5.
(2) For d} < d; < dg, T; is unbounded and oscillating as t — . See Figure 6.6.
(3) Ford; > dg, Tj — 0 and oscillates as t — . See Figure 6.7.
(4) For d; < d;-k and for |b| > 1 small, T; is unbounded.
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(5) For d; < d}‘ and for |b| > 1 large, there exists a dg < d;‘ such that T; is a 2-
periodic solution. See Figure 6.4. Furthermore, for d; < dg, T; — 0 as t — co while for
dp < dj < dj, T;j grows without bound. See Figures 6.8 and 6.9.

REMARK. In points (4) and (5) above, we believe that the time solutions T; do not
oscillate, but we have not been able to prove this. We need to show that H;(f) > 0 in
these cases, but we have not been able to prove this although all of our computer and
analytical work says that it should be so.

PROOF.

CONCLUSION (a). This follows from the remark made immediately before the state-
ment of the theorem.

For the other conclusions, observe that the product P(d;) = Fj(n)F;(n+1) becomes

} (6.10)

[d5+m2(1—b)]e %2 —bd;m | | [d5+m2(1+b)]e %/ +bd;m
[d? +12(1+b)]e%’? —bd;m [d? +12(1-b)]e%’? +bd;m

P(d;) = |:

and is unchanged when we replace b with —b. Because of this symmetry, we can extend
our conclusions to b < 0 by discussing the behavior of the T; solutions for b > 0 only.

CONCLUSION (b). To prove conclusion (b) we first graph P(d;) as a function of
dj (and, hence, j), and observe the essential features of the graph. We, then, prove
conclusion (b) by referring to these features. Finally, we show why the graph of P(d;)
must have the features described. For 0 < b < 1, the graph of the function P(d;) is
given in Figure 6.1.

P(d;)

1.0

0.5

0.5 1.0 : .0

-0.5

-1.0

FIGURE 6.1. Product ratio P(d;) for b(t) = bcos(mt), |b| < 1.

The essential features of the graph that interest us are
@ [P(dj)| <1 for all values of d; > 0.
(i) P(d;) has the same sign as (6.8) so that P(d;) is positive for small d;, and
negative for large d;.
(iii) P(d;) — 0 as d; — o, and approaches zero from below.
As we show below, when 0 < b < 1, all factors in (6.10) are positive for all 4; > 0
except for expression (6.8). For large d; (and, hence, large j), P(d;) < 0 because (6.8)
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is also negative. This combined with (i) and (6.6) means that T;(t) — 0 as t — o and
that T; oscillates.

When P(d;) = 0 (6.8) is also zero. Since (6.8) is in the numerator of F;(n) when n is
odd (see (6.5)), then T;(t) =0 forall t = 1/2 as, by (6.6), F;(1) is a factor of T; for all
t>1/2.

For d; small enough such that (6.8) is positive, P(d;) > 0. As we show below, when
(6.8) is positive, Hj(t) > O for all t so that T; — 0 as j — oo, by (i), and T; does not
oscillate.

Now, we complete the proof of conclusion (b) by verifying the essential features of
Figure 6.1 and the remarks just discussed. To show (i) for 0 < b < 1, first observe that
the denominator of P(d;) is positive since bm? exp(d;/2) > bmd;j. Also, for simplicity,
we define constants A, B, and C such that

[d5+Ale %2 —Cd; | | [d5+Ble”%/*+Cd,
P(d;) = 5 - 5 ¥ . (6.11)
[d; +Ble i2—cd; [d+Ale i2ycd;
If P(d;) = 1, then by clearing the denominator, we have
d.
[d2+ A][d2 + Ble 4 > [d?+ A][d2 + Be% +2Cdj[B—A]cosh(?1) (6.12)

which is clearly impossible as B > A > 0, and C, d; > 0 for 0 < b < 1. Similarly, if
P(dj) < -1, then

2md; < [A+Bld;
< [d5 +A][d5 +B] cosh(d,) +Cdj[B—A]sinh<%> (6.13)
< (Cd;)? = m*d?

which is also clearly impossible.

To show (ii), note that all factors in (6.10) are positive for all d; > 0 when 0 < b <1
except for the factor (6.8). For small d;, (6.8) is positive, but for large d; it is negative.
In fact, we can show that there exists exactly one d; > 0 such that (6.8) is zero. We do
this by setting (6.8) equal to zero and solving for b, instead of solving for d;, to obtain

d; + 772
b= djrredf/z = <1. (6.14)
Since the function
2 2
flx)=—"T (6.15)

XTreX/2 4 172

is differentiable (continuous) and strictly decreasing for all x > 0, and since f(0) =1
and limy_. f(x) = 0, there exists exactly one d; satisfying (6.14) for any given b such
that 0 < b < 1. Hence, there exists exactly one d;, call it d}‘, making (6.8) zero, and
P(d;‘) =0.

The fact that H;(t) > 0 when (6.8) is positive was needed to show that T; did not
oscillate for j such that d; < dj, i.e.,, when P(dj) > 0. To show this, we discuss two
cases, n odd and n even.
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When n is odd, H;(t) > O for all d; > 0, regardless of the value of b > 0. Clearly,
Hj(t) > 0on [n,n+1/2] as all terms are positive. So, we must discuss the interval
[n—1/2,n]. On this interval, the cosine term in (6.7) is nonnegative, so we need be
concerned only with the sine term. When d; < 1T, we have

[@%+m?(1+b)]e "™ > b > bd; = bd;msin(mt) = 0, (6.16)
so that H;(t) > 0. When d; > 1, and on [n—1/4,n],
—bd’ cos(rt) > bd,mrsin(rt), (6.17)

so that H;j(t) > 0 on [n—1/4,n]. On [n—1/2,n —1/4], regardless of the value of
dj >0,

[d5+m2(1+b)]e 4™ > m?pei* > bd jmsin(mt), (6.18)

so that Hj(t) >0 on [n—1/2,n—1/4], completing the proof of our claim for n odd.

When n is even and 0 < b < 1, we again consider the intervals [n — 1/2,n] and
[n,n+1/2] separately. On [n —1/2,n], only the cosine term is negative. Since this
term is dominated by the exponential term, i.e.,

[d5+m?(1-b)]e %™ > di > bd3 cos(mt), (6.19)

we have H;j(t) > 0 on [n—-1/2,n]. When d; < d}‘, (6.8) is strictly positive as noted
above. This allows us to show that H;(t) is strictly decreasing on [n,n+1/2] as

—d;{[d;+m2(1-b)]e "™ —bd mrsin(mt)} — bd;m? cos(mt)

H(t) =
i (d5+m2)(1-b)
(6.20)
—d;{[d;+m2(1-b)]e 4> —bd;m} - bd;? cos(trt) 0
= (@2 +m2)(1-b) -
Again, by the fact that (6.8) is positive for d; < d;f,
lim H;(t) >0, (6.21)

t—-(n+1/2)~

so that Hj(t) > 0 on [n,n+1/2]. This completes the proof of our claim that H;(t) > 0
for all t when j satisfies d; < d}.

One additional conclusion that we can draw from (6.14) is that P(d) = 0 only when
|b| < 1. Here, we have made use of the symmetry remark presented at the beginning
of the proof.

Finally, because of the exponential factors exp(d;/2) in the denominator of P(d;),
we see that

lim P(d;) =0 (6.22)
dj-*oo

which, when combined with (ii), is (iii). Furthermore, T; — O rapidly for large d; as
P(dj) = 0.
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CONCLUSION (c). To prove conclusion (c), we take the same approach as used for
conclusion (b). We graph P(d;) as a function of d;, explore the graph’s relevant fea-
tures, explain how these features dictate the behavior of the solutions T;, and then
show why the graph of P(d;) must have the features described.

The graph of P(d;) as a function of d; has two general forms depending on b > 1.
If b > 1 is small, P(d;) looks like the curve in Figure 6.2 while if b > 1 is large, P(d;)
appears as in Figure 6.3. Note the following similarities in these two graphs

FIGURE 6.2. Product ratio P(d;) for b(t) = bcos(mt), |[b| > 1 and small.

P(d;)
2

) D
FIGURE 6.3. Product ratio P(dj) for b(t) = bcos(rt), [b| > 1 and large.

(i) P(d;) has a vertical asymptote located at some value d;‘ > 0.
(i) P(d;) is negative for d; > d and approaches the axis from below as t — o, but
never crosses the time axis.
(iii) P(d;) is positive for 0 <d; <dj and P(d;) — o as d; approaches d from the
left.



338 J. WIENER AND W. HELLER

The difference in the two graphs is that for large b (Figure 6.3), P(d;) decreases
for a short period on the interval 0 < d; < d} before increasing while for b small
(Figure 6.2), P(d;) is strictly increasingon 0 < d; < d}‘. The significance of this differ-
ence is that for b large, the product ratio P(dg) = 1 for some dp satisfying 0 < dp < d}‘
(See point B on Figure 6.3). This means that the corresponding solutions T; are peri-
odic with period 2 (see Figure 6.4). The period must be 2 because H;(t) is 2-periodic
for all j and because the product of any two consecutive factors Fj(n) and Fj(n+1)
in (6.6) is 1. For b > 1 small (Figure 6.2), we do not have this type of solution because
P(dj) =1 foralldj> 0.

1.2
1.0
0.8
0.6

0.4

0.2

2 4 6 8 10

FIGURE 6.4. T;(t) for b(t) = bcos(mt), b =3, d; = 3.656.

1.0
0.5
2 4 6 8 10 12

-0.5

-1.0

FIGURE 6.5. T;(t) for b(t) = bcos(mt), b =3, d; = 3.897.

The other interesting feature, which is present in both Figures 6.2 and 6.3 (see point
E on those graphs), is that P(dg) = —1 for some dg > d;‘f. The corresponding T; so-
lutions must oscillate and are 4-periodic (see Figure 6.5). This follows from the fact
that H;(t) is 2-periodic and that P(dg)? = F;j(n)Fj(n+ 1)Fj(n+2)F;(n+3) = 1 for
any integer n =1,2,3,... so that T;(t +4) = T;(t) (see (6.6)).
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FIGURE 6.6. T;(t) for b(t) = bcos(mt), b =3, d; = 3.85.
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FIGURE 6.7. Tj(t) for b(t) = bcos(mrt), b =3, dj =4,
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FIGURE 6.8. T;(t) for b(t) = bcos(mt),b=3,d; =3.

We see other types of behaviors for T; as well. For example, P(dp) < —1 for dp
slightly larger than d}‘ so that the solutions T exhibit growing oscillations (see Figure
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2 4 6 8 10

FIGURE 6.9. T;(t) for b(t) = bcos(mt), b =3,d; =3.7.

6.6) while for dr much larger than d*, —1 < P(dr) < O (see F in Figures 6.2 and 6.3)
so that T; possesses damping oscillations (see Figure 6.7). Note that the 4-periodic
solution at dg separates these two behaviors, that is, for d; satisfying d}* <d; <dg,
we have growing oscillations while, for d; satisfying dr < d, we have decaying oscil-
lations. The 4-periodic solution serves as the dividing line between these two types of
solutions.

Similarly, in Figure 6.3, we see that for b > 1 and large, the 2-periodic solution at dp
(point B) separates dampening solutions for all d4 such that 0 < d4 < dg from growing
solutions for all d¢ such that dg < d¢ < dj. See Figures 6.8 and 6.9. For b > 1 and
small (Figure 6.2), we see that P(d;) is strictly increasing for d; satisfying 0 < d; < d;‘
so that we have solutions T; which grow as t — .

Now, we explain why the graphs of the product ratio P(d;) are as they appear in
Figures 6.2 and 6.3. We begin by discussing the sign of the product ratio written-out
in (6.10). The two factors containing the term 72 (1 + b) are positive for all d; > 0.
(Note that exp(d;/2) > d;.) The factor in the numerator containing the term 772 (1—b)
is negative for all d; > 0 since d;exp(—d;/2) < 2 < 1. The factor

[d2+ 1% (1-b)]ei’? + bd;m 6.23)

in the denominator is negative for d; > 0 small and positive for d; large. To see
this, note that this factor is approximately 2(1 — b) < 0 for dj near 0 while, for
dj > /b —1, it is positive. Since (6.23) is continuous, there exists at least one d;‘
such that (6.23) is zero. In fact, there is only one such d}‘ because once (6.23) becomes
positive, it stays positive. The proof of this fact is lengthy and is given at the end of
this section in Lemma 6.2. Combining the information of the previous paragraph, we
see that P(d;) > 0 for 0 <d; <d} and P(d;) <O for d; > d}. Furthermore, P(d7) is
not defined as (6.23) is zero so that we have a vertical asymptote at dj. In fact, if we
set x = d}‘ in (6.23) and solve for b, we get

x2 + 172

b=g(x)=
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The function g is well defined and is larger than 1 because xe /2 < 2 for all x > 0.
This says that we can have a vertical asymptote for b > 1 only. Furthermore, since g is
continuous for all x > 0, g(0) = 1, and lim,_ g(x) = o0, we have a vertical asymptote
for any given value of b > 1. Finally, as noted in the discussion of conclusion (b),
P(dj) # 0 for all d; > 0 when b > 1 because the factors in the numerator are never
Zero.

Now, the properties (i), (ii), and (iii) of the graphs in Figures 6.2 and 6.3 follow from
these remarks and the fact that

lim P(d;) =0, (6.25)
dj—*oo

which is a consequence of the exponentials in the denominator.
The last detail to attend to is to show the uniqueness of the zero d;‘ of (6.23). This
is Lemma 6.2 which follows. O

LEMMA 6.2. For b > 1, the function
fx) = [x2+m2(1-b)]e*? +brx (6.26)

has exactly one zero on the interval x > 0.

PROOF. Instead of f(x), we consider the related function
F(x)=e X f(2x) = 4x° +mw? —bm[m—2xe *]. (6.27)

Note that if d;‘ is a zero of f(x), then x* = d;f/Z is a zero of F(x), and vice versa.
Furthermore, we consider the two separate, continuous functions

Fi(x) = 4x° + 12, Fy(x) = brr[mm—2xe™¥], (6.28)

which are graphed in Figure 6.10 and which intersect at the zeros of F(x). Note that
F>(x) < btr? for all x > 0 whereas F; (x) is a parabola which grows without bound.
Furthermore, since F;(0) = 12 < b1 = F»(0), the graphs of the functions F; and
F, must cross at least once on the interval x > 0. To show that there is only one
intersection point, we need the following observations, which the reader can verify
easily by computing derivatives and considering Figure 6.10.

(1) F3(x) < F;(2) for all x >0 and F;(x) is decreasing for x > 2.

(2) F;(0) =0 and Fj (x) is increasing for all x > 0.

(3) F2(1) < Fo(x) < F»(0) = brr? for all x > 0.
With these facts, we show that once F; (x) and F»(x) intersect at some point x* > 0,
F, and F» do not intersect again as F; (x) increases more rapidly than F»(x) for all
x > x*. We do this by considering two separate cases: 1 <b <5 and b > 5.

CASE1<b<5. ForO<x <1, Fj(x) <0< F{(x).For x > 1, by (1) and (2) above,

Fj(x) <F;(2) =2mbe % <2m5e 2 < 8 =F; (1) < F| (x). (6.29)

Hence, for all x > 0, F;(x) < F;(x) so that once F; and F, intersect, they do not
intersect again as F; grows more quickly than F,.
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FIGURE 6.10. Fi(x), F>(x), and y = brt2 for b = 5.

CASE b > 5. We must be more careful in this case. First, we note that because the
range of F»(x) is bounded by F» (1) and F» (0) (see (3) above), F; (x) and F,(x) intersect
only at those values of x for which F; (x) is likewise bounded by F»(1) and F»(0), i.e.,

br(m—1) <bmw(mw-2e") =F(1) <F(x) < F»(0) = bmr. (6.30)

Solving this for x, we see that the x-coordinate of any intersection point must satisfy

ME <x51/b_1l_ (6.31)
V T 2 2

Therefore, for all b > 5, all intersection points must occur on the interval

[SI=D=TT 54y 6.32)
™ 2

Since F;(x) is decreasing on x > 2, by (1) above, the largest value of F;(x) on the
interval (6.31) must occur at the left endpoint, which we denote by the function

L(b) z,/b("*%g > 2.4, (6.33)

Computing the following estimates, we have

Lib) = lb(n—-’Tl)—b%:\/E\/nz—Z\/ﬁzg\/El (6.34)

L) <P BT (6.35)
m 2 2

and

Hence, since the largest value of F;(x) on the interval (6.31) occurs at the left endpoint,
Fy(L(b)) = b2me LW [L(b) -1]
< b2mre T [pT | (6.36)
= b’ g(b),
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where a simple calculation shows that

g(b) = be Vb2 (6.37)
has a maximum at b = 16/, which is
16\ 16 ,
g(b)sg(TT)— Ve, (6.38)
Therefore, for all x satisfying (6.31), we have
F5(x) < Fy(L(b)) < Vb 12 (117652) <6.81/b. (6.39)

On the other hand, since F; (x) is increasing for all x > 0, by (2), the minimum of F; (x)
for x = L(b) follows from

F{(x) = F|(L(b)) = 8L(b) ZBg\/E=4\/F\/Ez 7Vb. (6.40)

Hence, for b > 5 and for all x on the interval (6.31), F;(x) < 6.81vb < 7v/b < F; (x)
so that once F; and F, intersect, they do not intersect again as F; grows more rapidly
than F,. This completes the proof of Lemma 6.2. O

7. A scalar EPCA for b(t) = bet. The behavior of the time solutions T;(t) are very
complicated for b(t) = be*t. Not only must we deal with five parameters a, b, j, n,
and s in attempting to analyze the solutions, but, as we see below, the ratio function
F;(n) does indeed depend on n in a nontrivial way. Recall that for b(t) = b and
b(t) = bcos(2trt), F;(n) is independent of n, i.e., constant for j fixed while, for b(t) =
bcos(rrt), Fj(n) depends only on whether 7 is even or odd. In the present case, F;(n)
varies withn = [t +1/2] so that the solutions T;(t) may change behavior as t increases.
For example, Fj(n) may be greater than 1 for the first few values n = 1,2, 3,... meaning
that the solutions grow without oscillation. Then for the next few values of n, F;(n)
becomes less than —1 meaning that solutions grow with oscillation, then the solutions
dampen with oscillation as —1 < Fj(n) < 0 for larger values of n, and finally T; — 0
monotonically as F;(n) satisfies 0 < Fj(n) < 1 for all large n. Therefore, to catalog
all solution behavior, as was done for the cases b(t) = b and b(t) = bcos(2Trt), is
exceedingly difficult, if not impossible and probably not interesting. Therefore, we
concentrate only on the asymptotic behavior of the solutions T; which can be readily
classified by comparing the parameters s and d; = a®m2j2. The interesting behavior
occurs for s = d; where the corresponding solution T; approaches a periodic curve
which is not itself a solution to the differential equation (4.6). In the previous examples,
the periodic solutions were all solutions to the differential equation (4.6) for all time
t>0.

First, we write the analytic formulas for the T; solutions. By (4.22), the functions Ey;
become

hdje“ .
Gtd,) (ben—1)" if s+d;+0,
Enj(t) = (7.1)

dje 4itbt
%, ifS+dj :0,
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provided bes™ # 1 for all n = 1,2, 3,... . The solutions T,; follow from (7.1) and equa-
tions (4.21), (4.22), (4.23), and (4.24).

THEOREM 7.1. The solution to BVP (4.1), with b(t) = best and with bes™ # 1 for all
n=1,2,3,..., has time functions T;(t) given by (4.21), (4.22), (4.23), (4.24) and (7.1). If
F;(n) is defined and nonzero for alln = 1,2,3,..., the solutions T; behave as follows

(a) For s <0, the functions T;(t) — 0 as t — o with the approach being monotone

for t large enough.

(b) Fors =0, b(t) = b, which we have already discussed in Section 3.

(c) For 0 < s < d;j, the functions Tj(t) — 0 as t — o, but the convergence is not

monotone.

(d) Fors =dj, ast — oo, the solutions T; approach the periodic curve Cjcosh(s(t —

n)), which is not a solution to the differential equation (4.6).
(e) For 0 < dj < s, T;(t) grows without bound and without oscillation for t large
enough, but the growth is not monotone.
If Fj(k) = O for some positive integer k, then T;(t) = 0 fort = k—1/2 as can be seen
from (4.29). If condition (4.26) is violated so that Fj(k) is not defined for some positive
integer, then uy(x) must be orthogonal to +/2sin(1rjx) as described in the second
remark following Theorem 4.1, and T;(t) = 0 for all t = 0. On the other hand, if u, is
not orthogonal to /2 sin(1r jx), our method does not provide a solution.

PROOF. We consider several cases.

CASE (a) s < 0. Observe thatast — o, n = [t+1/2] — o, and E,;(t) — 0 so that
Dyj=1-Eyj(n) — 1. Hence, H;(t) = Dnje‘df(t‘"> + Eyj(t) approaches the 1-periodic
function e~% =™ _ (Note that this is periodic because the difference ¢ —n is periodic.)
Also,

D(nfl)jefdflz +E(n,1)j(n— 0.5) . 1

Fi(n)= —, 7.2
i) Dyje%i’? + Epj(n—0.5) edi (7:2)

and since d; > 0, we see that as n — oo,
n
[]Fik) —o. (7.3)

Hence, T} goes to zero as t approaches infinity if s < 0. This decay is monotone for ¢
large enough as e 4i*=™ decreases on each interval [n—1/2,n+1/2), n=1,2,3,....
We remark that the time solution to the nondelay equation is

Tj(t) = Cj(1—best) M/ e dit (7.4)

which also approaches zero as t — . This formula is valid whenever 1 —bexp(st) is
positive, or if it is negative, then d; /s is such that the function p(t) = pdi /s is defined
for p <0, e.g., if s is an odd integer or if d; is an even integer.

CASE (b) 0 <s < dj. For t large, E,j(t) approaches the function

d

stt=n) 7.5
S+dje ( )
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and
Dyj=1-Eyj(n) — st+d; (7.6)
Hence, H;(t) approaches the bounded, periodic function
—-d;(t-n) pS(t—n) -di(t-n)
se™ % +dje e 4
s — +d_ (S+dj)(t—n) 7.7
S+d‘j S+dj [S ie ] ( )
for t large. Also, as t — o0, n — o0 and so
-dj/2 . 58/2
se %" +d;e
Fj(n) — L (7.8)

sedil? 1 dje=si2’

For 0 < s < dj, thisratio is positive but less than 1. To see this, realize that the function

fx)=

sinh(x/2) (7.9)
B .

is increasing for x > 0 (the Maclaurin series for f may be helpful when verifying this),
and proceed as below. Since 0 < s < d;,

sinh(s/2) < sinh(d;/2)

S dj
es/Z_e—s/Z edj/Z_efdj/Z
< (7.10)
s dj
se 421 d;esl? < seil? + dje s/
se 4il2 1+ d;es?
sedil? v dje-s/2
Consequently, as n — oo,
n
[[Fi(k)—0 (7.11)
k=1

and, therefore, T;(t) approaches O as t goes to infinity. However, this decay is not

monotone as (7.7) is decreasing on [n —1/2,0), but is increasing on [0,n+1/2), as

the reader can verify. Note also that the limit of the ratio Fj(n) is independent of b.
For the nondelay equation,

T;(t) — Cj(=b)%’s (7.12)

as t — co. The interesting fact, here, is that while T; for the delay equation goes to 0,
regardless of the value of b, the limit as t — oo of T; for the nondelay equation depends
on b, as well as on a, j, and s. For the delay equation, b affects only the rate at which
T; goes to 0.

CASE (c) s = 0. Here, b(t) = b and so the associated solutions have already been
discussed in Section 3.

CASE (d) s = dj. Since s > 0, H;j(t) and F;(n) also approach (7.7) and (7.8). H;(t)
approaches a 1-periodic function, as before, but the ratio in (7.8) is exactly 1 in this
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case. Hence, as t increases, T;(t) approaches the periodic curve C;cosh(s(t —n)).
See (7.7) and Figure 7.1. As the reader can verify, this function is not itself a solution
to (4.6). This is to be contrasted with the T; solution to the nondelay equation (7.4),
which approaches the constant C;(-b).

FIGURE 7.1. Tj(t) for b(t) = be’!, b =0.75,s =d;j=1,j=1,a=1/m.

CASE (e) 0 <dj <s. Again(7.7)and (7.8) apply. H;(t) approaches a 1-periodic func-
tion, as before, but the ratio in (7.8) is greater than 1 as can be seen by a calculation
similar to the one in the case 0 < s < d;. Hence, as t increases, T;(t) grows without
bound and without oscillation, for t large enough. The growth is not monotone be-
cause (7.7) is alternately decreasing and increasing on each interval [n—1/2,n+1/2).

Finally, note that T; for the nondelay equation does not grow without bound, but
approaches the number C j(*b)dj/ * when this value, and, hence, the range values of
T; itself are defined as real numbers. O

8. Conclusions. We summarize the features of the time solutions T; to the BVP (4.1)
and compare these with the time solutions to the nondelay BVP, where the solutions
are known.

The most common difference between the time solutions to the delay problem ver-
sus the nondelay problem is the “kinks” or discontinuities in the first derivative, that
occur at the pointsn+1/2,n =0,1,2,.... While the solutions to the nondelay problem
may be C*, which is the case for b(t) = b, the delay problems always have discon-
tinuities in the first derivative, producing a “rippling” effect in the solution curves.
See, for example, Figures 3.1, 3.3, and 7.1. This phenomenon is caused by the impul-
sive nature of the delay, and is a familiar feature to researchers working with this
type of delay. From the computational standpoint, this discontinuity arises when, in
the course of applying the method of steps, we try to splice together the solutions
to the time differential equation in adjoining intervals of the form [n—1/2,n+1/2],
n=0,1,2,....Because the solutions to the time differential equation, in each of these
intervals, form a one-parameter family, we are able to adjust the parameter to obtain
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continuity of the solutions only, but we are unable to obtain continuity of any of the
derivatives.

The “ripples” caused by the discontinuities in the derivatives can produce changes
in the nature of the time solution curves as compared to the nondelay equation. One
such change is the loss of monotonicity. This is apparent in several of our examples.
For instance, for b(t) = best with s =d i, the nondelay equation has solution

T;(t) = Cj(e ' —b), (8.1)

which approaches monotonically the constant curve Cj(—b). However, the solution
to the delay equation approaches the periodic curve Cjcosh(d;(t—-n)), n = [t+1/2],
but does not do so monotonically. See Figure 7.1.

A more severe effect of the piecewise constant delay is the appearance of oscillations
in the solutions where none were present in the solutions to the nondelay equation. For
example, for b(t) = b, the solutions to the nondelay equations were either unbounded
and monotonic, or monotonically decaying to zero. In Figures 3.2 and 3.4, we see that
the delay has caused these solutions to oscillate about the time axis.

The most radical difference between the solutions to the delay and nondelay prob-
lems is the existence of periodic solutions for the delay problem where such solutions
were impossible for the nondelay problem. For example, for b(t) = b, all solutions to
the nondelay equation either grow monotonically without bound or dampen to zero
monotonically, whereas for the delay problem we have the existence of an oscillating,
periodic solution (see Figure 3.5). Interestingly, this solution serves to separate the
unbounded solutions (small j) from the bounded, decaying solutions (large j). See
Theorem 3.3(d). Furthermore, the period of the solution is 2, which is double the pe-
riod of the expression t —n =t — [t + 1/2] that appears in the analytic solution to all
of our examples. See equation (4.29).

The phenomenon of periodic solutions separating growing solutions from decaying
solutions is also seen for b = bcos(xt) for both & = 2 and «x = 1. For & = 2,
there are two periodic solutions which arise for different values of the parameters
a, b, and j. See Theorem 5.1. Furthermore, these solutions have different periods.
One is of period 1, which is the same period as of b(t) = cos(xt) and the expression
t—[t+1/2], while the other is twice that. For « = 7t and |b| > 1 large, we also have two
periodic solutions that arise for different values of the parameters. See Theorem 6.1.
The interesting feature in this case is that the periods are both different from the
period of the expression t — [t + 1/2]. One is of period 2, which is the same as the
period of b(t) = cos(mrt), but the other is of period 4, which is twice the period of
b(t) = cos(trt).

Finally, the separation of the growing from the dampening solutions is also evident
for b(t) = best. When d; < s, the solutions T; dampen, while for d; > s the solutions
T; grow without bound. When d; = s, the solution T; approaches the 1-periodic curve
Cjcosh(dj(t—n)), n =[t+1/2]. This curve is not itself a solution to the delay equa-
tion and the solution that approaches it is not itself periodic. See Figure 7.1. Note that
this is different from all the previous examples discussed in that the solutions T; were
themselves periodic solutions.
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