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ABSTRACT. A characterization of normal distributions of two independent random vari-
ables X and Y with a finite E[X?] based on the linearity of E[X | X + Y] and the ho-
moscedasticity of var[X | X + Y] given by Rao (1976) is proved to be stable.
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1. Introduction and basic results. The problem of characterization of normal dis-
tributions in empirical Bayes view based on the linearity of the posterior mean and the
homoscedasticity of the posterior variance was studied by several authors [2, 4, 6].

Let Uy,...,U, be a random sample from the distribution F(u | 8) such that E[U; |
0] = 0 exists, 0 is a location parameter of F(u | €), then the observed values of U,
can be written as uj; = 0 +wj, j = 1,...,n, where w; does not depend on 6, and is
the observed values of a random sample Wy,...,W,, from some distribution function.
Assume that 6 is a given value of an unobserved random variable ®, then ® and the
random sample Wy,...,W,, are independent. Set Z = Z;‘:lUj/n and X = Z;‘:]Wj/n,
then Z = © + X, where O and X are independent. It is clear that to study the normality
of the random variables ® and W is equivalent to study the normality of the random
variables ® and X. Then, without loss of generality, we can assume that n = 1 in the
random sample Uy,...,U,. Assumed the linearity of the posterior mean E[0 | Z = z]
with respect to z, and the homoscedasticity of the posterior variance var[0 | Z = z],
Rao (1976) gave the following result on the normality of Y; and ©.

Let X and Y be two independent random variables having the nondegenerate dis-
tributions F and G, respectively. Set Z = X +Y, then the following characterization of
normality of F and G were obtained.

THEOREM 1.1. Suppose that E[X?] is finite. The following conditions:
E[X|Zl=a,+a1Z, var[X | Z] = b,, (1.1)

where 0 < aq < 1, and a,,a1,b, are constants, hold if and only if both F and G are
normal distributions.

The following result characterizes normality of a distribution F based on a random
sample from F, and is obtained directly from Theorem 1.1.
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COROLLARY 1.2. Let Xy,...,Xy, n > 1, be a random sample from a nondegenerate
distribution F, and let Z = 3%_, X;. The condition

var[X; | Z] = b,, (1.2)

holds if and only if F is a normal distribution.

DEFINITION 1.3. A distribution F is e-normal if there exist u € R and o > 0 such
that supy [F(x) —®((X—u)/0)| < &, where ® is the distribution function of a standard
normal distribution.

Let a distribution F be characterized by a property S. This characterization of F
based on S is stable if the property S is replaced by a weaker property S¢, where ¢ is
a “small parameter”, then the distribution F; is close to F in term of ¢ [5]. Sapogov [7]
showed the stability of Cramer’s theorem, that is, with some supplementary con-
ditions, he showed that if F = F; % F» is e-normal, then F; is Cor, ~3(In(1/¢))71/2-
normal, and F;, is C 0',§23(ln(1/ £))~1/2-normal. Hoang [3], with supplementary condi-
tions, showed that ¢-independence of X +Y and X —Y, where X and Y are indepen-
dent, implies f;(¢)-normality of F; and F», and he also showed that s-independence
of X = (1/m)Z7_, X; and §2 = (X —X)?2, where X,..., X, areii.d. F, implies B> (¢)-
normality of F. In his results, 81 (¢) and B2 (&) both are of the order of (In(1/¢g)) /2.
In this paper, we show the stability of the characterizations of normal distributions
given by Theorem 1.1 and Corollary 1.2. To show these stability results, we need the
following result on a measure of closeness of two distribution functions using their
characteristic functions given by Esseen [1]. (See also [5]).

THEOREM 1.4. LetF and G be distribution functions and @ and @ be their respective
characteristic functions. If G has the derivative G’, then

1 T
SupF(x) = G x)| = 7 L

@ ((t) —y(t) 24 ;
f‘dt+ﬁsgp|6 (x)]. (1.3)

In the proofs of the theorems in Section 2 and Section 3 below, the inequality
leZ —1] < |z|e!?, (1.4)

for any complex number z, is used several times.

2. Stability of the characterization given by Theorem 1.1. In this section, we
show that the characterization of normal distributions given by Theorem 1.1 is sta-
ble, that is, we show that if the posterior mean is &-linear and the posterior mean is
e-homoscedastic, then F and G both are C[In(1/¢)]~Y2-normal.

THEOREM 2.1. Let X andY be two independent random variables with nondegener-
ate distribution functions F and G, respectively. Assume that E[X?] is finite and set
Z=X+Y.If

EX|Z]l=ao+a1Z+b1(2), (2.1)
var[X | Z] = by + by (2), (2.2)
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where ay,b, are constants, 0 < a; < 1. Assume that supy, |b,(Z)|, sup,|b2(Z)| < &,
and € < e 2Wot2\/ox?+oy?+5)/(1-a1) ywhere gx? and oy? are the variances of X and
Y, respectively, then both F and G are C(In(1/¢)) 1/2-normal, where C depends on
tll,bo,O'xz, and O'yz.

Before proving Theorem 2.1, the following question on the set of the distributions
F and G is raised: does the set of the distributions F and G that satisfy (2.1) and (2.2)
contain only normal distributions? In other words, is there any F and G such that Z
is not normal and (2.1) and (2.2) hold? The answer to this question is given by the
following example.

EXAMPLE 2.2. Suppose that X has an N(0, 1) distributionand Y hasan (1/2)N(0,1)
+(1/2)N(0,1-¢) distribution, 0 < € < 1, are two independent random variables. Then
Z=X+Y hasan (1/2)N(0,2) + (1/2)N(0,2 — &) distribution. Hence, X | Z = z has an
oN(z/2,1/2)+(1-ax)N(z/(2—¢),(1-¢)/(2—¢)) distribution, where

1/\/§e—x2/4

X L VZe At 1/2 e ¥ (2.3)
Therefore, E[X | Z=z] =z/2+ b;(z), where
£z
b = . 2.4
1(2) V2(2-8)[V2+/2 —gecz?/42-e)] (2.4)
Hence,
|b1(2)] <e\z|e*szz/4<e, var[ X | Z:z]=%+bz(z), (2.5)
where
—e[4v2(2 - 8)1/2642/(2—5) +(212-¢) +22)37(44)22/4(275)]
by(2) = —5 50 — . (2.6)
4/2(2-€)2e-2%122-8) 1 4(2 — £)5/2¢-2%/4
Thenvar[X | Z=2z]<1/2 and
£(12 +22)e 4-92°/42-0) (124 z2)p2/4 €
Ib2(2)| < =5 s = W <3V23 2.7)

PROOF OF THEOREM 2.1. Assume that € < 1. By (2.1) and a finite E[X?], E[Y?] is
also finite and bg > 0. Without loss of generality, assume that E[X] = E[Y] =0, and
El[var[X | Z]] = b,. This implies a, = 0, E[b1(Z)] = E[b>(Z)] = 0 and (2.1) and (2.2)
can be written as

E[X|Z]l=a1Z+b1(Z),

2 272 2 (2'8)
E[X°|Z]l=bo+aiZ +2a:Zb1(Z)+bi(Z)+Db2(Z).

Multiply both sides of (2.8) by ei‘Z and take the expected values. The following equa-
tions in @ and y, the characteristic functions of F and G, respectively, are obtained.

(I-a) @' (OYt) =a1p )Y’ () +S1(t),

@ (OW(t) = b)Y (t) +at@” (W (t) +2ai ()Y () +alpt)w” (t) +S(t),
(2.9)
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where
S1(t) = E[ie?*?by(Z)],  Sa2(t) = E[—e'?(2a1Zb1(Z) +b3(Z) +b2(2))].  (2.10)
Hence, for any ¢,
1S1(t)| = |E[ie'?b1(2)]| <E[Ib1(2)|] < . (2.11)

By Cauchy-Schwarz inequality

|E[ei2Zby(2)]| < E[1Z]1b1(2)|] < (E[22])"*(E[b2(Z2)])"? < Jox2 + oy 2e,
1S2(t)| = |E[ —e2(2a1Zb1(Z) +b3(Z) +b2(Z))]|
<2|ai||E[Zby(Z2)]| +E[b?(Z)] + | E[b2(2Z)]]

<2a1\Ox2+0y2e+e’+e< Z(amaxz +oy2+ 1)5.

Since @ (0) = @ (0) =1, @’ (0) = ¢’ (0) = 0, and the continuity of characteristic func-
tions, let

(2.12)

s le'ol wol_ |t|S5}_ (2.13)

= . 1/
5(¢) sup{6.|(19(t)|,|(l/(t)|2€ GG

For |t]| < &(¢), divide both sides of (2.9) by @ (t)y(t), the following equations are
obtained

(1oay@© g, w'®

) =a, WD) +R; (1), (2.14)

@) L) L (@) (W)
(1-ai) o) - by +aj WD) +2a1<(p(t) )( w(t)>+R2(t), (2.15)
where
0) 0
Rl(t)ii(p(t)qj(t)’ RZ(t)ii(p(t)(,U(t)' (2.16)
From (2.11)

SOOI _ & ap R1(0) = 5,(0) =0, (2.17)

RO = 1o D] = eiga €

and from (2.12)

2a,(VoxZroyZ+1
Ro(t)] = —152D1 - _2a1(Vox+oy?+ )g=2a1<w/0'X2+0'y2+1)61/2. (2.18)

@)l )] elidgl/d
Set
_ @) @)
=" k= 2.19)
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Then
@’ (1) , 2 Lp”(t) 2
=h'(t) + h“(t), t)+k 2.20
() (t)+h-(t) WD) k' (t) +k=(t). ( )
From (2.14),
k(t) = 1= alh(t) Ri(t) 2.21)
a
and then,
K (1) = 1= alh’(t) Ri(t), (2.22)
ai
Substitute in (2.15) the following equation is obtained
2 / 2
Wt) = — by,  aj [R1(1—L)+R1(lt)+ (1- Zal)Rl(t)h(t)] R>(t) (2.23)
l-a1 1-a1 a ap a1 l-a;’
From E[X] =0,
h(t)=(p(t) _ b, 1

plt)  l-a; +1—a1
t / 2
XJ [ﬂl%(Rl(u) R3 (u) 2(1- 2a1)

0 ay al al

Ry (u)h(u)) +R2(u)] du,
(2.24)

and from @ (0) =1,

q9(t)=exp{— bo £2 41
2(1-ay) 1-a;
JJ [ (R 1 () Ri(%u)Jr (1a12a1)R1( wh (u))+R2(u)]dudv}»
—exp{—ﬁt2+R(t)},
(2.25)
where

1 (YT (R Ri(w)?  2(1- 2a1)
RO=1"2, Jo,[o[ al( o @ & Rl(u)h(u))+R2(u)]dudv'
(2.26)
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For

It] < 6(e), IRe{R(t)}]

SH— a L:Rl(v)dv

1—611

t rv
+ 1 JJ [Rz(u)—R%(u)—2(1—2a1)R1(u)h(u)]dudv}‘
1-aiJoJo
t
s’ a JRl(v)dv‘
1-ay Jo
1 t v (2.27)
+‘1 JJ [|R2(u)|+R§(u)+2|1—2a1||R1(u>\|h(u)|]dudv‘
—ai JoJo
a 1 5 t1?
571—151151/2|t|+71—a1 [2(@1\/0;(2+0y2+1)s”2+e+2\1—2a1|s”2]%
1/2
< E|alti+ 5 (2anfox v oyt + 1201 - 2,1 1012]
— a1
gle 1 p >
< 1_a1[|t|+§<2\/m+3)ltl ]
Hence,
_ bo 2
(0] = exp | - 5
t
+Re{—1il1a J’ Rl(v)dv+1_a
1Jo 1 (2.28)

t rv
XJ J [Rg(u)—Rf(u)—2(1—Zal)Rl(u)h(u)]dudUH
0Jo
— bo 2 _ gl’? [ l 2 2 2]}
zexp{ et Tom e+ 5 (2yox? +ov2 +3) It | .
Since the function
by Z,i[ 1 2 2 2]}
exp{ e T e+ 5 (2yox? +ov2 +3) ] (2.29)

is decreasing in |t|, and |@(t)| > €V/4 for |t| < 6(¢g), &(¢) is not smaller than the
solution ty > 0 of the equation

2

bo 2 El/ [ l 2 2 2]}_ 1/4
exp{—z(l_al)\t\ _1—a1| |t|+2(2m+3)|t| — g4 (2.30)

or equivalently, the equation

[Do +€"2(2y/ox? + oy2 +3) |11 + 22t = %m(%) 2.31)

The function on the left-hand side of (2.31) is an even function, and for t > 0, it is
increasing. Then equation (2.31) has two opposite solutions. For t > 0, equation (2.31)

becomes
1*&1 1
[+ &2 (2on? + 0y +3) 12 + 2620 = 158 in (1), (2.32)
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Fort>1,

[b,, +gl/? (2\/0’)(2 +0y2 + 5)]t < [bo +gl/? (2\/0;(2 +0y2 + 3)]t2 +2el/2¢

(2.33)
< [bo +el/2 (2\/0;(2 +0oy2+ 5)]t2,
and for t <1,
[bo +el/? (2\/0X2 +oy2+ 5)]t2 < [lo(, +el/? (leaxz +oy2+ 3)]t2 +2¢'%t
(2.34)
< [bg +&l/? (2\/0';(2 +oy2+ S)Jt.
Hence,
. (1-a;)In(1/¢) (1-a1)In(1/¢)
to = m1n<| Z[bo +El2(2Jax2 T oy 2+ 5)1/2] "2[by + €12 (2Jox2 +0y2 +5)] } (2.35)

If we choose & < e=2(bo+2+/ox?+oy?+5)/(1-a1) then

(1-ay) 3 (1-ap)In(1/e) 1z
2[by +2\Jox2+0y2+5] > 1L 0(€) = Lo = do(e) = 2[by +2\Jox2+0y2+5] ’

(2.36)

Using [1, Theorem 1.2], where G is the cumulative distribution function of a normal
distribution with zero mean and the variance by /(1 —a;), and by choosing T = §,(¢),

F(x)@(X)
bo/(l_al)

sup
X
So(€) _ p—Ibo/2(1-ay)]t?
slj [p(t)—e ' |dt+ sup |9’ —x
ITJ-s5(e) t] 16, (e) x bo/(1-ay)
_ lj‘mf) o-bor2-apne [1=eX0] o 122(1~a1)/bo
ITJ)-s,(e) [t] 113/25, (¢€) (2.37)
S L7 o thorzaeapiz RMROT 12y2(1—-a1)/bo
T ) s, 00 [t] I13/26, (¢)
<E b0 () 51/2[t+%(2m+3)t2]
- IT 0 (1fa1)t

Xe([—bg+fl/2(2 U’X2+()'y2+3)]t2+261/2t)/2(]—a1)dt+ 122
bo'*T13/26, (¢)’
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by using (2.27),
1 9 gll2[2+ (2m+ 3)t]
H —a

Xe[(—h0+251/21/o’X2+a'y2+3)t2+2t]/2(17a1) dt + 12,2
ba!*TI3/28, (¢)

< L [(por261/2/ox750y743) 50 (0124250 (0)] [201-ar)
T II
Xj%mguq2+w¢a?¢Eﬁ43ﬂLﬁ+ 122
0 1-a; beI131268, (8)
_€Y2[48,(e) + (2Vox2+ 0v2 +3)8,(€)?]
- 2M(1-a,)
xe[(J,ﬁzguzm+3)50(5)2+250<g>]/2<17a1)+b%¢f)
oI13/25, (&
1/2 2 2 2
_ £'26,(e)*(7+2ox? + 0v?) (2.38)
2M(1-ay)
s el -bo+2e1255(2)2 (7+2 O'X2+D'y2):|/2(lfal)+&
boI13/26, (&)
_ _e?In(1/¢) (7 +2\/ox? + 0y?) pbo/2(1-a1)
AT1(by + 2 Jox2 + 0y2 +5)

Xe[sl/zln(l/e)(HZ ox2+0v2) | /4(bo+2/ox2+ay2+5)
24(b0+2\/0'xz+0'y +5) [111(7)]’”2
(1—ay)b,II3/2 £
<5L 7+2y0x? +0y? elbor20-an 1+ [ (7+2:/oxZ+0v2) [4(bo+2+/oxZ+oy2+5) |
~ U4I(bo + 24Jox2 + 0y2 +5)
24(h0+2\/0'X2+0'y2+5)}[ln(l)]’l/z
c ,

(1—a,)b,IT3/2

since for small &, €/2In(1/¢) < 1, and €Y2In(1/¢) < [In(1/&)]~Y/2. Therefore F is
C[In(1/&)]~Y2-normal, where C is a constant depends only on ai,b,,0x? and oy?2.
From Z = X+Y, X = Z-Y, substitute in (2.1) and (2.2), the following conditions on
Y are obtained:

E[Y|Z]=-a,+(1-a,)Z-bi(2Z), var(Y | Z) = by, +ba(Z). (2.39)
Similarly, G is also C[In(1/&)]~!/2-normal. This completes the proof. O

3. Stability of the characterization given by Corollary 1.1. In this section, we
show that the characterization of normal distribution given in Corollary 1.2 is stable.

THEOREM 3.1. Let X1,..., Xy, n > 1, be a random sample from a nondegenerate
distribution function F with a finite second moment, and let Z = Z X If

var(X; | Z) = —Io(,+c(n 7Z), 3.1)
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where b, > 0 is a constant not depending on Z, sup; |(n/(n—-1))c(n,Z)| < ", € <
min{1,b2'™}, then F is C[In(1/&)]~Y/2-normal.

PROOF. Without loss of generality, assume that E[var(X; | Z)] = ((n—1)/n)b,.
Hence, E[c(n, Z)] = 0. To simplify the notation in the proof, assume that sup, [c(n, Z)|
<¢&,and € < 1. From (3.1),

2
E[X}|Z] = 1ZT+nTbo+C(n 7). (3.2)

Multiply both sides of (3.2) by e?*Z and take the expected value, the following equation
in the characteristic function ¢ of F is obtained:

@ (M@ L) =@ 2O P2 (L) — bo@™ (1) +Sn (1), (3.3)
where
Su(t) = ——E[eit?c(n, 7). (3.4)
n-1
Then
sup Sy (£)| < nlE[|eitZHc(n,Z)|] < l<e. (3.5)
! -

Let 5(&) = sup{T:|@(t)| > /2", |t| < T}. Then for |t| < §(¢), equation (3.3) can be
written as

Q'@ -p3t) b 4 Sn(®)
5 =-bo+——=.
@2 (t) " (t)
Take integration both sides of (3.6) with respect to t, and assuming that the mean of
Fis u,

(3.6)

t Sn(u)

@' (t) ,
=—bot+ip+
ot TIHT ) o (u)

@(t)
Take integration both sides of (3.7) with respect to t, together with the condition
@(0) =1, we get

(3.7)

t rv
o —(12)bet? | Sn(l)
pt)=e +Lut+J0 o () dudv. (3.8)
Let
t rv
Rat) = [ [ 2520 duav.
° (3.9)

1Sa )l ‘ HtJ £ 12t
Re (R, (1)) < udv| < ————dudv| < —
IRe (Rn (D)1 = H Jo |<P”(u)| v 0Jo (g2m)" uavi =&y

Hence,

| (t)] = e~ (1/Dbot>+Re([g ¢ (1Sn (W)1/I™ w)) dudv)
3.10
e~ (1/2)bot?~(1/2)l/2¢2 (3.10)

o~ (1/2)(bo+e! 122
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Since e~(1/2(ho+e/))1% jg 4 decreasing function in |t], and |@(t)| > €'/2" for |t] <
6(¢g), 6(¢) is not smaller than the maximum of the absolute values of the solutions of
the equation

e—(l/2)(h(,+51/2)t2 _ 61/211, (3.11)
or equivalently, the equation
(b0+e”2)t2:11n(1). (3.12)
n £

Equation (3.12) has two opposite solutions. Let

_( In(1/e) \Y?
o = (n(bo +51/2)> 3.13)

be its positive solution. Then

_ M)”Z _<M>1/Z
5@ =t0= (i rerm) 200 = (i)
() — 1/2)h0t2+wt| = o~ (1/2)bot? o |[eRnt) —1|

(3.14)
< e WDbot® s R (1) |eRn D]

< %e(l/zmhaul/?)ﬂ51/2t2 < %EI/ZtZ’

if we assume that € < b2. Using [1, Theorem 1.2] once again, for any 0 < T < §(¢),

X—pu 1 (T —(1/2)bot2+iut 24 xX—p
su Fx—<I>( )‘S—J dt+ ——su <I>( )
u |Foo - (Y )| < 5 [ nr P 1% s,

1 RIS 122 272 122
It TJb 32 11 +H3/2T\/E'

(3.15)
If we choose T = §y(¢), (3.15) becomes
L (Xx—u e'?In(1/e)  122n(b, +1) [ ( )]-1/2
sgp’F(x) ¢(\/E)’S1'In(bo+l)+ VRN c 16

- (3/e)3/2\/ﬁ+12\/2n(b0+1 [ ()]-1/2
~ [ (bo +1) 13/2/b, £ ’

since for € > 0, €1/2In(1/¢) < (3/e)3/2[In(1/€)]7/2. In order for the last term of the
inequality (3.16) does not depend on n, instead of choosing sup,|c(n,Z)| < &, we
choose sup, |c(n,Z)| < €™, then (3.16) becomes

- 552) | < [(G2 122t (1]

assuming that & < min{1,b3/"}. Therefore, F is C[In(1/¢)]~'/?-normal, where C de-
pends only on b,. O
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