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ABSTRACT. We obtain the Hyers-Ulam stability and modified Hyers-Ulam stability for the
equations of the form g(x +p) = @ (x)g(x) in the following settings: |g(x +p) —@(x)g(x)|
<0, lgx+p)—-@p(x)g(x)| < p(x), [(gx+p)/p(x)g(x))—1| < Y(x). As a consequence
we obtain the stability theorems for the gamma functional equation.
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1. Introduction. In 1940, Ulam [7] raised the following problem: under what condi-
tions does there exist an additive mapping near an approximately additive mapping?
In 1941, this problem was solved by Hyers [2]. Therefore we usually say that the
equation E; (h) = E>(h) has the Hyers-Ulam stability if, for an approximate solution
f such as |E1(f) — E2(f)| < &, there exist a function g such that E;(g) = E2(g) and
|f(x)—g(x)| < €. This stability problem has been further generalized [1, 6]. In this
paper, we say that the equation E;(h) = E»(h) has a modified Hyers-Ulam-Rassias
stability if for an approximate solution f of the following types.

In the sense of Rassias, for a fixed function ¢ such as

|Ev(f)—Ex(f)| <=y (1.1)

there exists a function g such that E,(g) = E2(g) and |g(x) — f(x)| < ®(x) for some
fixed function .
In the sense of Ger and Semvl, for a fixed function  such as

Ei(f)
E>(f)

there exists a function g such that E;(g) = E»(g) and « < f/g < B for some fixed
functions « and B.
The aim of this paper is to give three stability theorems for the equation

1‘ <y (1.2)

gx+p)=@x)g(x). (1.3)

The gamma functional equation is an example of (1.3), that is, our stability theorems
are general cases of stability theorems for the gamma functional equation. Throughout
this paper, let §,p > 0 be fixed and n be a given nonnegative integer.
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2. The Hyers-Ulam stability of g(x + p) = @(x)g(x). In the following theorem,
we investigate the Hyers-Ulam stability for equations of the form (1.3).

THEOREM 2.1. If a function g : (0,) — R satisfies the following inequality:
lgx+p)—p(x)g(x)| <6 Vx>ng (2.1)

and some function @ : (0,0) — (0,00) such that

(2.2)
x+pl)

o

y(x):= 3 ﬂ

j=01i=0

is bounded for all x > ng, then there exist a unique solution f : (0,0) — R of (1.3) with

lg(x)—f(x)] <y(x)6§ Vx> no. (2.3)

PROOF. For any x > 0 and for every positive integer n we define

n-1 1

Pn(x) =g(x+pn) l_[ m (2.4)

By (2.1) we have

n
1
[Ppi1(x)=Pp(x)| = |gix+pn+1)) —@(x+pn)g(x+pn) Um
n (2.5)
for x > ny.
1:[cp(x+7m) 0
Now we use induction on n to prove
n-1j
|Pa(x)—g(x)| <6 > ] (2.6)

el 0cp(X+m)

for all x > ny and for all positive integers n. For the case n = 1 the inequality (2.6) is
an immediate consequence of (2.1). Assume that (2.6) holds true for some n. It then
follows from (2.5) and (2.6) that

(2.7)

n Jj
| Prui1(x) —g(x) | < |Pns1(X) = Pp(x) | + | Pn(x)—g(x)| < 6; ]:[ x+nl)

which completes the proof of (2.6). We claim that {P,,(x)} is a Cauchy sequence. In-
deed, for n > m and x > ny we have
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n-1

|Pp(x) =P (x)] < D |Pji1(x)—Pj(x)|
. 1 2.8)
géj;ﬂl:[m — 0 asm — co.
Hence we can define a function fj: (0,) — R by
Jo(x) = lim Py (x). (2.9)
Since Py (x +p) = @ (x)Py+1(x), we have
So(x+p) =@x)folx) Vx>mny. (2.10)
We also have
|fo(x)=g(x)| = lim |Pn(x) =g (x)| < 5%111([)@ G+ pi) 2.11)

=y(x)6 Vx>nyg

which completes the proof of (2.3). If h : (ng,o) — R is an another function which
satisfies (2.3) and (2.10), then it follows from (2.3) and (2.10) that

n-1
x)—h(x)| = _ x+pn)—h(x+pn
| fo(x)—h(x)]| i1‘£(p(x+m) | folx+pn)—h(x+pn)|
(2.12)
- 1
<20y(x+pn _—
yix+p )H o Plx+pi)
for all x > ny and all positive integers n. This implies the uniqueness of fj.
Now we extend the function fj to (0, ). We define
Flxym JOXHRP) o <y, (2.13)

[Tr_b @ (x +np)

where k is the smallest natural number satisfying the inequality x + kp > n,.
Then f(x+p) = p(x)f(x) forall x >0 and f(x) = fo(x) for all x > ny. Also the
following inequality holds:

|f(x)-g(x)| <y(x)6§ Vx> no. (2.14)
O

3. The modified Hyers-Ulma-Rassias stability of g(x + p) = @(x)g(x). In this
section, we investigate the modified Hyers-Ulam-Rassias stability for equations of the
form (1.3) in two types. The former (Theorem 3.1) is the sense of Rassias, the latter
(Theorem 3.2) is the sense of Ger and Semrl [1].

Let a mapping @ and ¢ : (0, %) — (0, c0) satisfy the inequality

d(x) = z¢(x+p“’)n(p(x+m)<oo Vx € (0,0). (3.1)

By using an idea from paper [6] of Rassias, we can prove the following theorem.
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THEOREM 3.1. If a function g : (0,0) — R satisfies the following inequality
lg(x+p)-@(x)g(x)| < Pp(x) Vx> ny,

(3.2)
then there exists a unique solution f : (0,0) — R of (1.3) with
|g(x)—f(x)| <®(x) Vx>ny.

(3.3)
PROOF. Let P,,(x) be defined as in the proof of Theorem 2.1. By (3.2), we have

n 1
| Pai1 (0) = Pu(x) | = [g(x + p(n+1) - @(x+pn)g(x +pn)| UW
" - (3.4)
<¢p(x+pn) Ui(x-i-pl) for x > no.

Now we use induction on »n to prove

|Pn(x)—g(x)]| <

Z ¢>(x+m)]_[

3.5

<P(X +pi) (3-5)

for the fixed x > ny and for all positive integers n. For the case n = 1, the inequality
(3.5) is an immediate consequence of (3.2). Assume that (3.5) holds true for some n
It then follows from (3.4) and (3.5)

|Pri1(x)—g(x)| < |Pn+1(X)an(X)|+|Pn(x)fg(x)|

(3.6)
< ¢>(X+m) |7
JZO (p(x+p1)

which completes the proof of (3.5). Now let m,n be positive integers with n > m
Suppose x (> ng) is given. By (3.1), we have

n-1
|Pu(x) =Pm(x)| < > |Pja(x)=Pj(x)|

j=m

——— — 0 asm — oo.
(p(x+m)

- (3.7)
< > Px+pj) l_[
j=m

This implies that {P,,(x)} is a Cauchy sequence for x > ny. Next proceeding of the
proof is the same as that of Theorem 2.1

THEOREM 3.2. Letg: (0,»)

O
(0,0) be a function that satisfies the inequality
g(x+p) ’ -
—— 1| =yY(x) Vx>ny, 3.8
()9 (x) P(x) 0 (3.8
where @ : (0,00) —

(0, ) is a function such that

S
o= 2 e 69
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is bounded for all x > ng and y : (0,0) — (0,1) is a function such that
a(x):=>log(l-y(x+pi), B(x):=> log(l+y(x+pi) (3.10)
i=0 i=0
are bounded for all x > ngy. Then there exists a unique solution f : (0,00) — (0,) of

(1.3) with

) < f(x) ePX) x> . (3.11)
atx) =

PROOF. Let P, (x) be defined as in the proof of Theorem 2.1. For any x > 0 and for
all positive integers m,n with n > m, it holds

Po(x)  glx+pim+1)) g(x+p(m+2))
Pn(x) @kx+pm)gx+pm) @(x+pim+1))g(x+pim+1)) (3.12)
glx+pn) ’

px+pn-1))g(x+pn-1))

The following inequality is an immediate consequence of (3.8): for all x > ng and
i=0,1,2,...

0<1-ylx+pi) < (pf}:’;;g;&?;w <1+lx+pi). (3.13)
From (3.12) and (3.13), we get
_ n-1
];[n (1-w(x+pi) < Pm(x) <11:_7[n 1+y(x+pi)) (3.14)
or
el nl
> log (1-y(x+pi)) <logPn(x) —logPm(x) = > log(1+y(x+pi)). (3.15)

Since this series converges by assumption, {logP,(x)} is a Cauchy sequence for all
X > ng. Now we can define

L(x):= limlog Py (x), f(x)= el = lim Py (x) Vx> . (3.16)
It is easy to see that

flx+p)= lim Py (x +p) = lim @ (x)Prs1(x) = @(x)f(x) Vx> no. (3.17)

Since
Pulx)  x+p gx+2p) g(x+pn)
gx) @x)gx) ex+p)gx+p) plx+pn-1)g(x+pn-1))’

(3.18)
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we get

(X) 1‘[ (1+w(x+pi) Vx>no. (3.19)

el
[TA-wx+pi) <
i=0

This implies, from (3.16), (3.19), and the definitions of «, f, that

R AC I T RV (3.20)
g(x)

Now it remains only to prove the uniqueness of f. Assume that h : (0,0) — (0, ) is
another solution of (1.3) which satisfies (3.11). By (1.3),

fx) _ flx+pn) fix+pn) g(x+pnb)
hix) hx+pn) gx+pn) h(x+pn)

for any x > 0 and Vn. 3.21)

Hence we have

eo((x+pn) f(x) eB(erpn

T = i) = extpm VM- (3.22)
By assumption,
a(x+pn)=> log(1-y(x+pi)) —0 asn— (3.23)
i=n
and similarly B(x + pn) — 0 as n — . Hence, it is obvious that f(x) = h(x). O

4. Application to gamma functional equation. In this section, we apply our results
to the stability of gamma functional equation. The following functional equation:

gx+1)=xg(x) Vx>0 4.1)

is called “the gamma functional equation”. It is well known that the gamma function
['(x) = J: e 't ldt (x>0) (4.2)

is a solution of the gamma functional equation (4.1). Jung [3, 4, 5] obtained the stability

theorems of the gamma functional equation. We can obtain them from our results as
follows:

COROLLARY 4.1. If a mapping g : (0,) — R satisfies the inequality
lg(x+1)—xg(x)| <6 Vx>ny, (4.3)

then there exist a unique solution f : (0,0) — R of the gamma functional equation (4.1)
with

Vx> nyg. (4.4)
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PROOF. Apply Theorem 2.1 with p =1 and @(x) = x. Forany x > 0

N T | 1 1
Z.ﬂxﬂ‘:§(1+x+1+(x+1)(x+2)+'“>

<l<1+l+l+i+ )—i
T x 2 22 X’

(4.5)

Then Z;‘;O H{ZO(l/(P(X +1)) converges to some y(x) and y(x) < 3/x for any x > 0.
Thus we complete the proof of Corollary 4.1 by Theorem 2.1. O

COROLLARY 4.2. If'a mapping g : (0,) — R satisfies the inequality
lg(x+1)-xg(x)| <p(x) Vx>ny, (4.6)

then there exist a unique solution f : (0,) — R of the gamma functional equation (4.1)
with

lg(x)—f(x)]| <®(x) Vx>mn,. 4.7)

PROOF. Apply Theorem 3.1 and condition (3.1) with p = 1, @ (x) = x. O

NOTE 4.3. Jung’s theorem [4] has the different domain from our’s, but we can easily
change to the same domain.

COROLLARY 4.4. Let € > 0 be given. If a mapping g : (0,00) — (0,00) satisfies the
inequality

o

xl+e

glx+1)
xg(x)

1 ’ < Vx> no, (4.8)
then there exists a unique solution f : (0,00) — (0, %) of the gamma functional equation
(4.1) such that for any x > max{ng,5'/1*€}

ex) < % < eﬁ("), (4.9)

where (x) := > log(1—6/(x+1)'+€) and B(x) := > olog(1+6/(x +1i)1T€).

PROOE. If x > §1/1+€ then 37 jlog(1-6/(x+1)1*€) and X2 jlog(1+ 6/ (x +1i)1+€)
converge, respectively. Applying Theorem 3.1 with p = 1, @(x) = x and @ (x) =
&8/x1*+€ we get the desired result. O
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