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1. Introduction. The weight multiplicity M, (m) of the weight m belonging to the
irreducible representation with the highest weight A of the affine Lie algebra can be
computed using the Kostant-Kac formula (Kac [3])

Ma(m) = > 8K[s(A+p)—(m+p)], (1.1)
sew
where W stands for the Weyl group for the affine Lie Algebras and p (analog of half
the sum of positive roots of the finite dimensional Lie algebra) is defined by

(p,a) :%(ai,ai), i=0,1,2,....0, (1.2)

a;’s are the simple roots and 65 = +1 depending on the nature of the permutation
resulting from the action of W. The Kostant partition function (KPF) K (Q) is defined
as the number of ways Q, which is given by a fixed linear integral combination of the
simple roots,
¢
Q=>nai, ni€l,, (1.3)
i=0
can be partitioned into non-negative linear integral combination of the positive roots.
For the affine algebras, these positive roots are infinite in number.
Kostant’s partition function K (ng,n4,...,71y) appears as the expansion coefficient
in the Taylor expansion of the generating function

G(x0,X1,...,X¢) = Z K(no,...,mg)xo™x1™ -+ xp™, |x;| <1 forall i. (14)
{ng} ’
The generating function G which can be constructed from the knowledge of the
simple and positive roots of the affine algebra taking proper account of their multi-
plicities may be easily shown to be equal to A~!, where A is the denominator function
in the character formula [4].
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In [5] we developed a method using the generating functions to obtain the KPF for
the affine Lie algebras. The method consists in recognizing that the inverse of the
generating function can be expressed as an infinite product identity. This results in
recursion relations for the KPF. For simple cases like the Virasoro algebra and the affine
algebra Am, these relations are nothing but Euler’s equation and Carlitz equations [1]
for the partition functions.

Kac and Peterson [4] have obtained the KPF for the affine algebra A(ll), A(ll) and A(ZZ)
using the properties of the Weyl group.

It has been shown [5] that using the method of generating functions we can get the
expression of Kac-Peterson for the KPF for A(ll) if we make use of the number theoretic
identity of Tannery and Molk [6] derived as a 0-function identity. We had earlier found
the generalization of the T. M. identity for the case of Agl).

In the present article we develop the method of the generating functional for all of
the twisted affine algebras. The twisted affine algebras consist of the series A(Zzg) £=1),
Aéz{,)_l (£ = 3) and the special cases of EéZ) and Df). We construct the generating func-
tional for all of the above cases and then derive the recursive relations for the KPF in
some typical examples.

A twisted affine algebra X 1(\}‘) admits an automorphism T of the Dynkin diagram of
the Lie algebra Xy of the order k so that

Tk =1. (1.5)

From the Lie algebra Xy, an invariant eigenspace g® on which T = 1 may be projected
out. A Kac-Moody extension of g© is possible by the addition of an extra simple root
ao whose choice can be made by following the prescription of Goddard and Olive [2].
For the series Aézg) the extra root is

ap = (—(]5,0,%), (1.6)

where ¢ is the highest short root of A,y. This is twice of the highest short root of the
corresponding invariant subalgebra B,. For other twisted affine algebras, a is given by

ap = <*¢,0,%>, (1.7)

where ¢ is the highest short root of the corresponding invariant subalgebra g(©.
Several infinite product identities, which we frequently use are listed below:
(I) Euler’s identity

b@) = m (1-q") = 3 (-D¥kq2CD, (1.8)
n= kez

(I) Jacobi’s triple product identity

T(u,v)

1T1(1 —umv™)(1-uv™ ) (1-u""1v")
n=

Z (_l)ku(k/Z)(kH)v(k/Z)(k—l) (1.9)
kez
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(IIT) the quintuple product identity

Qu,v) = m (1 —unyn) (1 —u2nlynly (1 —y2n-lyn)
n=

X(1_u4n—4v2n—1)(1_u4nv2n—1) (1 10)
2 2 2 2
_ Z [u(3k —Zk)v(3k +k)/2_u(3k —4k+1)v(3k —k)/Z]_
kez

The plan of the paper is as follows. In Section 2, we review our earlier work on the
generating functional approach to the KPF for the algebra AQZ). The equivalence of
our work with the results of Kac and Peterson [4] dictates an infinite product iden-
tity for each affine algebra. Here we derive the identity for AQZ). To our knowledge
this identity has not appeared earlier. The significance of these identities is under
investigation. Sections 3, 4, 5, and 6 contain our discussions for the KPF for the
AS) (0=2), AY) | (£=3), D}, (£ = 2) and the special cases of E;’’ and D}, respec-
tively. Finally we conclude in Section 7.

2. Partition function for AEZ). The Cartan matrix for this case A(ZZ) is

2 -4
) -
With the set of the positive roots given by

dnap+(2n—-1)a,
4n-1)ap+(2n-1)aq

Ay =102n-1)apg+na; (2.2)
2n-1ag+(n—-1)a,

2naop+mna,,

where ay and a; are the simple roots of AéZ) and n = Z, — {0}. The Diophantine
equations yielding the Kostant partition function K(ng,n;) are
ng = Z [Anpp+4n—-1)gn+(2n—-1)r,+ 2n-1)6, +2nty, ],

n

(2.3)
ni=> [n—1)pu+(n—1)qn +nry+ (n—1)5, +ntyn],

where p,,qn,...,ty are non-negative integral variables. The generating functional for
the partitions is

G(x0,x1) = [Q(x0,x1)] ' = > K@ (no,m1)xy°x1'L. (2.4)

no,n1:0

The second equality is valid when |xg| < 1 and |x;| < 1. Using the quintuple product
identity we can derive the recursive relation

2
> Ko (no —-3m?+2m, n; — M%)
mezZ , (2.5)
3mc—-m
- A(ZZ) (n0—3m3+4m—1, ni —#) :6710'06”1’0.
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In an alternate approach Kac and Peterson [4] derived the explicit formula

Ky (no,my) = > pP18[(2k—1)ng—4(k—1)n; — (k—1)(3k—1)]
k=1

_ Z p 3 [kno— (2k—1)n; - lk(3k— 1)].
k=1 2

(2.6)

Using (2.4) and the expression for K,

inverse of the quintuple product structure

2 in (2.6), now we derive an identity for the
2

u2kqp2k+1
1— u2kp2kil

u2k71w2k
1- u2k—1w2k

[Q(u,w?)] " = [¢(uw)2123 S (uw)kBk+2)

k=0

_ ¢(u2w2)753 Z (uw)k(Sk—l)
k=1

(2.7)

or

1
1 — -2k —(2k+1)

[Q(u,w?)] "' = [¢(uw)2123 S (uw)keke?)

k=0 (2.8)

_ ¢(u2w2)*53 kz: (uw)k(3k—1) 1_1/L2k11u;2k:| .
>1

The right-hand side of the identity (2.8) means the following. If we compare the ex-
pansion coefficients of the terms u™w?™ for ny < 2n; the first expression in the
right-hand side gives identical results as this left-hand side. The domain of conver-
gence in this case is u, w < 1, when the expansion coefficients of the terms 10w ?2™"1
for ng > 2n,; are to be compared, we choose the second expression in the right-hand
side. This has a domain of convergence u, w > 1.

3. Partition functions for A;ze)_ The example of the algebras A;zg) is distinct from the
other cases as in the former generating functionals for KPF get contributions for each
of the roots of the Lie algebra A, invariant under the automorphism of the Dynkin
diagram—equal to a factor that is inverse of the quintuple product structure. This
can be directly traced to the fact that no simple root of A,, remain invariant under
the outer automorphism. As a consequence the real roots of A§2) have their different
sizes with the square of the roots having the ratio 4 : 2 : 1. The largest roots of the
affine algebra always contain the smallest simple root in a multiple of 4. This forces
the appearance of the inverse of the quintuple product structure for the generating
functional.

The Lie algebra has the simple roots «y,...,®> and admits an automorphism of its
Dynkin diagram

K = 0p_it1, (3.1)

where i = 1,2,...,4. The £ positive roots of A,; invariant under this automorphism
are

o1+ 0ppr, g1+ O+ Xpp1+0pip,y oony X+ 0+ 0. (3.2)
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The subalgebra of A,,, invariant under the other automorphism (3.1) is By and its
simple roots f,..., ¢ may be projected as

1
Bi= E(“ﬁ“z#wz), (3.3)

where i = 1,...,4. For later use we identify the positive roots of By. The short roots
are

As = {BesBoot +Borercr B+ Bt -+ Bl (3.4)

Each of the invariant roots of A,y in (3.2) correspond to a short root of ;. We divide,
A, the long roots of S, into two groups.
(I) The roots of the subalgebra Ay_; (cg), (£(£—1)/2) in number are

Bl""lBﬁ*l!Bl +62="'1B—€72 +B'€*l""lB1 +BZ e +Bf71- (35)
(I) The rest of the long roots of By, consisting of several series are:

Be-1+2B¢,Be—2+Bo-1+2B¢,...,B1+ B2+ +2By,
Bo—o+2Bp-1+2Bp,Bo-3+Bo—2+2Bp-1+2B¢, ...,

(3.6)
Bi+--+Br2+2Bp-1+2By,
B1+2B2+---+2Py.
The (£ +1) simple roots of the algebra Ag,) may be directly written as
1
= (,231,232, .. ,2[;(,,0,5), ar = (81,0,0), ar=(Bp0,0). (3.7
The Cartan matrix for the algebra A%,
2 =2 0 0
-1 2 -1 0 0
0 -1 2 -1
(3.8)
2 -2
0
-1 2

admits a null vector (1,2,...,2) which reflects the structure of the imaginary root
1
0= (0,0,§> =ag+2ai+---+2ay. 3.9)

The complete set of the imaginary roots of A;ZZ are given by né, where n =7, — {0}
and each imaginary root has a degeneracy £. The positive real roots of A(Zzp) have two
origins. The first set which has its genesis in the roots of A, listed in (3.2), which are
invariant under the outer automorphism, is given by

(£2B¢,0,m),(£2Bp_1 £2B¢,0,n),...,(£2B1 x2Box---x£2By,0,n), (3.10)

where n =7, + (1/2). The outer set of positive roots are of the type
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B.0.0U(=8.0.7). 3.11)

where n = Z, — {0} and B is any positive root of By, belonging to the set (3.4), (3.5),
and (3.6). When B € 35, the length of the roots in (3.11) becomes 1/4 of the length of
the roots in (3.10).

Each of the sequences of the roots of A,, contributes a multiplication factor to the
generating function G @ (x0,X1,...,X¢). Let us consider the following root sequence:

(+2Bi,0,n), where n ZZ+ +(1/2); (B¢,0,0) U (=By,0,n/2), where n = Z, — {0} and
the imaginary roots (0,0,n/2), where n = Z, — {0} the last set is being considered
with unit multiplicity. The contribution of the above sets are respectively

on-17"1 2n-17"1
[1 X (xoxt o xg )" ] [l—x}%"(xoxf---xﬁfl)" ] ,

e E:S

o111 1
[1 X" Yxoxt - x3 )" 1] [l—xj;”’l(xoxf---xil)"] , (3.12)

n=1

i -1

1_[ [ n(xox? - -xﬁfl)n] :
These factors form together the inverse of the term [Q (x;xox? - - -ngl)]f1 of the
quintuple product. Each of the £ series of roots in (3.10) along with a corresponding
series of the type (B(€As),0,0) U (£B(€As),0,n(e(Z,/2)—{0})) and set the imaginary

roots (0,0,n(e(Z./2) —{0})) considered with unit multiplicity, contributes a factor
Q! to the generating functional. This product grouped as

G (X0, X1, -, X0) = [Q(x0,31)Q(x0_1X0,72) - - -Q (X2 - - - X0, 0-1)Q (1 - - - x4, %0) | ",
Yi=xoXi-o-xj ,, i=12,...,0-1,
(3.13)

gives the full generating functional except for the contributions of the series related
to the long roots of S.
The contribution to the generating functional due to the root of the type (5,0,0) U

(£B,0,n/2), where n € Z, and BcA; may be understood by considering a series say
(B1,0,0) U (xB¢,0,n(e(Z/2) — {0})). It contributes to the generating functional the
factor

1_[ [(1-q"x1)(1—-g"x;)] " (1-x1) 7", (3.14)

where the variables g, related to the imaginary root is

q = XoXf - - - Xj. (3.15)
We rewrite (3.14) as
TT=am) TT([1- (xox1x3 - - - x3)"xP1[1 = (xox123 - - - x2)" ' x7]
n=1 n=1 (316)

X [1—(xox123 - x3)" X)) 7 = (@) [T (x1,ax171)] 7
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Each of the (£2 —¥) long roots of By causes such a multiplicative factor in the gener-
ating functional, which has the structure

Gr(x0,X1,...,X¢) = GA(fyl (x0,X1,...,X¢-1;9) G (X0, X1,...,Xp), (3.17)
where
GA%l)(XO,le---:xéLl;Q)
2-1)(-2)/2 _ _
= [p@] PP (e a ) - T(x1,axY) (3.18)
X T(x1x2,qx7",x5") -+~ T(xp_oxp-1,ax,2,x50,)
XT(x1x2 - xp,qx7 %531 - x,1)]
and
G (x0,X1,...,X¢)
0-1)(£-2)/2 2 -1 -2
= [p(@]" ([T (xp-1,x5,ax70,x,%,)
A% 1% (3.19)

- T(Xl . .Xl;ilx;’qxlfl . xg_lzxz_llxgz)
11— — -1
XT(X1X%'"Xlzuqxllxzz"'x{,/z)]} .

The contribution (3.18) has the same form as that of the generating functional for
the KPF for A}]fl, which appears as a consequence of the roots of A,_;(C Bp) listed in
(3.5). The full generating functional for an arbitrary algebra Afg) may be obtained as
a product

G,2 =GsGy. (3.20)

Al

The technique of obtaining the recursive relations for the KPF is the following. We
first substitute the full generating functional (3.20) in (1.4) and multiply both sides
with the Euler product, the triple and quintuple product with the appropriate argu-
ment. Then matching terms with a particular set of exponents for the x-variables, we
obtain the recursive relations for the KPF. The result for Af) reads as

> (=1)™"[K(M~Ni,N—Ni,P—P) ~K(M~M;,N —Ny,P—P,)

mmn,p,qel
—K(M—M;3,N—N3,P-P3) +K(M-My,N-Ny,P-Ps)| (321)
= > (=DM 5y pSn2eSp 2,
ke
where
2 2 _ 2
M1=L+3p2+p+(3q2+q)2, M2=L+3p2 ”+3q2+q,
.. 3p*+p  3d°—-q .. 3p*-p  3d°—-q
M3 =L+ 5 + 5 y M4 =L+ 5 + 5 y
Ny =R+3p®+p+3q9°-2q, N> =R+3p®-p+3q9°-2q, (3.22)

N3 =R+3p>+p+3q°—4q+1,
P, =S+3p®-2p+34°-2q,
P3=S+3p?-2p+3q°—-4q+1,

Ny=R+3p>—p+3q°-4q+1,
P, =S+3p?-4p+1+3q°-2q,
Py=S+3p®—4p+3q°—-4q+2,
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with

L=

NE

(m+1)+%(n—1), R =m?+n?, S=mm+1)+nn+1),
K Y, (3.23)
E= §(3k+1)+§(3€+1).

The recursive formula for any other algebra may be obtained similarly.

4. Partition function for A}7 |. Unlike the case of A%}, the inverse of the quintuple
product structure does not appear in the generating functional for the KPF for an
A(zze)fp { > 3 algebra. Instead, the inverse of the triple product and Euler product
completely constitute the generating functional.

The Dynkin diagram of A,,_;, with the simple roots &y, &o,...,%>¢_; admits an au-
tomorphism defined by

K = Xop—i, (4.1)

where i = 1,2,...,(£ - 1) and «y is kept invariant. The £ roots invariant under this
map are:

P, Xp 1+ O+ O py1yeee, X+ X4+ -+ Xpp_1. 4.2)

The subalgebra Cy invariant under the map (4.1) may be constructed from the simple
roots

Kitormi G _q o (p-1),
2 4.3)
Beo = xyp.

Bi =

The positive roots of Cp are listed below. The roots of A,y_; invariant under the au-
tomorphism, as listed in (4.2) reappear as the long roots of Cp.

AL =1{B0.2Bo-1+Bes 2Bo2+2Bp_y +Bpne2Br+2Ba+ - +2Bp 1+ B}, (44)

For the purpose of easy identification we divide the set of short roots Ag of Cp in
several sequences. A subalgebra A;_; (C Cy) is composed of the simple roots 1, S2,...,
Bo—i. The positive roots for this Ay_; are £(£ —1)/2 in number and are given by

Biy--sBe-1s Bi+ B2y, Be2tBorye- s BitBat -+ By 4.5)
The rest of the short roots, also £(£—1)/2 in number, are conveniently grouped as
Be-1+Be, Be—2+Bo-1+Bes..sBr+-- -+ Bo_1 + B,
Bo—2+2Bp—1+ B2, Bo—3+Bo—o+2Bp—1+Bps--o,B1+---+Bp2+2Bp1+Ps,  (4.6)
e, B1 2B+ -+ 2Bp_1 + Be.

The root space of the algebra Ag‘?fl (¢ = 3) may be constructed from the simple roots

ao:(—ﬁl—232—---—25571—5,9,0%), a1 = ($1,0,0),  ag=(B,0,0). (4.7)
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The first element of the triplet for the root a is the negative of the highest short root

of Cyp. The Cartan matrix for the Afp) i

2 0 -1
0 2 -1 0
-1 -1 2
(4.8)
2 -1
0
-2 2
The null vector (1,1,2,...,2,1) selects out the imaginary root
1
6=<0,0,§) =aog+ta;+2a+---+2ap_1+ay. (4.9)
The positive imaginary roots for Afzzlg)_] are
2né, where n e 7, —{0}, (4.10)
nd, where n # 0mod 2. (4.11)

The first set has a degeneracy £ and the second set has a degeneracy (£ —1). The real
roots are nondegenerate. They are classified as:

(B,0,0)U (+B,0,n), where B € AL, neZ,-1{0}, 4.12)
(B,0,0)u(iB,O,%), where B € Ag, n € Z, — {0}. (4.13)

To discuss the contribution of the above sets of roots to the generating functional, we
introduce the variable

a4 =Xox% X5 Xy, (4.14)

that is closely connected to the structure of Cy. Now the contribution of any particu-
lar series belonging to (4.12) may be understood by choosing 8 = B, (say), and thus
obtaining the factor

(1-xy) ]_[ [(1-a%"xp) (1-g*"x; )] 7 (4.15)
Neglecting the degeneracy factor, the imaginary roots in (4.10) contributes a factor
[Ta-a*m". (4.16)
n=1

The contributions (4.15) and (4.16) may be combined together as the inverse of the
triple product factor

l_[ ( — (xgxixs3 - -x‘,%flxg)”x’;][l — (xgxixs - -Xilxe»)"’lx;l]
et 4.17)

_ -1
x [1- (xdxtad - xi_yxe) "% 7Y = [T(xp.a®xg )]
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Each of the series in (4.12) coupled with one of the £-fold degenerate imaginary root
series in (4.10) similarly generate an inverse of the triple product factor. Collecting
together, we find this contribution to the generating functional for the KPF as

Gr(x1,...,xp) = [T(xp,a’x,;") T (x5 x0,a°x;%,x,°)

2

(4.18)
S T(xgxg - xg Xe @t XXy xt g )]

-1

The other series of the imaginary roots, listed in (4.11) has a multiplicity (£ —1) and
it contributes to the generating functional

i 2yq0-1
S (@) = [T (1—g2n-1)~ 0~ [2@) ] 41
Gmta) = [T (1)1 =[G @19)

The real roots in (4.13) also make a contribution proportional to the inverse of the
triple product structure. To illustrate, we consider the series in (4.13), where 8 = ;.
The contribution is

(1-x1) Z [(1-g"x1)(1-a"x )] = p@[T(xr,ax1")] (4.20)

The total contribution of all the real roots listed in (4.13) has the structure
Gs(X1,...,xp) = GA}‘,)l (x1,..0,x0-1;9) Gs (x1,...,xp), 4.21)

where

GA<31>1(X1,---,X£—1;Q)

0-1)(£-2)/z _ _ _ _

=[p@]" PR T(xr,axY) - Txpon,axp ) T(xix2,ax7 x5 )
T (xpaxp 1,axy 5 ) T(xaxz - - xp 1, axiyt---x; )],
(4.22)

and
G~5(X1,...,Xy)
£-1)L _ _
=[p@]" PRI (g axp xp ) - Tx - xpaxy - xgh)

X T(xp-ax3_ x¢,ax; yx;% x;") (4.23)

< T(x1--xp_2x5 X, qx7" - xp x5 x,70)

2 2 “1,-1,-2 —1\1-1
"T(Xle"'x{g_lxﬂaqxl x2 X(}_lxg )] )

The factor G has the form of the generating functional for the KPF for the algebra

A(l)
A 71. The variables g referred toin (4.21) and (3.17) are, however, different. Combining
the factors (4.18), (4.19), and (4.21), we obtain the full generating functional for the
KPF for an arbitrary algebra

G,» =GrGmGs. (4.24)
20-1

For the purpose of obtaining the recursive relation for the KPF, we restrict ourselves
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to the particular cases A(SZ). The technique is to substitute the generating functional
G A2 as obtained from (4.24) to the left-hand side of (1.4) and then use the Euler iden-
tity (1.8) and triple product identity (1.9) for the appropriate arguments. Comparing
terms with the same set of exponents of the variables (xg,x1,...,X¢) on both sides of
(1.4), we get the recursive relation for the example of Af—,Z) algebra

3 56 . ~ - . -
S (~)FE MRS (N~ No, Ny — Ny, N2 — N, N3 — N3)

mp,mp,ms,
nl,.N6
ez
k1+k2+£1+---+€4 (4-25)
= > (-1 ONg, EON;, EON, 2EON3 E>
k1,k2
£1yeils
ez

where

3
. n n n
Ny = Zmi(mfl)+71(n1+1)+72(n271)+73(n3+1)

6 (4.26)

5. Partition functions for Df€2+)1- Now we construct the generating functional for

the series Dﬁ)l (for £ = 2). The Lie algebra Dy, has simple roots «i, &2,..., %, with
the Dynkin diagram admitting the automorphism defined by the map

Oy = Xpyps (5.1)

whereas the rest of the roots are kept invariant. The positive roots of Dy.; that are
invariant under the map (5.1) may be grouped in two categories:
(I) the roots of Ay_;(C Dy,;) constructed from the simple roots

X1, 2,y Xp_1, (5.2)
(IT) the set consisting of
Kp+ &p1 + &Kpyq, Kpp+ Kpg + e+ Koy,
eyt X X1, Kp_2+H2XKp_1 + O+ Ko,
e O X+ 201 + X F Xpaqs (>-3)

ey 200+ 20+ X+ K-
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The subalgebra By(C Dy, 1) which is invariant under the map (5.1) is constructed from
the simple roots where

Bi=ci i=1,...,(-1);
Kp+ Xpyq (5.4)
Bo="%5""
Previously we enlisted the roots of By. As evident from (3.5) and (3.6), the root of Dy,
invariant under the automorphism (5.1) appear as the long roots of By. The simple
roots of Dy, (£ = 2) are listed below:

a():(—Bl—Bz—"'—Bg,O,%), (11:(31,0,0), a’ﬂ:(B%O!O)' (55)

The first component of the root triple a, is the negative of the highest short root of

Be¢. The Cartan matrix for the algebra Dﬁl is

2 -1 0
-2 2 -1 0
o -1 2
’ (5.6)
2 -2
0 -1 2
which admits a null vector (1,1,...,1) that is related to the imaginary root
6=(0,0,%)=a0+a1+---+a9. (5.7)
The complete series of the imaginary roots are:
2nd, wheren €7, - {0}, (5.8)
néd, where n #0 mod 2. (5.9)

The imaginary roots (5.8) have a degeneracy £ and the roots (5.9) are non-degenerate.
The real roots of Di ,1 may also be grouped in two sets:

(B,0,0)U(£B,0,n), where S e &,{1 as listed in (3.5) and (3.6); and n € 7, — {0},
(5.10)

(8,0,0) U (13,0, g) where B € A, as listed in (3.4) and n € Z, — {0}.  (5.11)

Following a procedure akin to the previously adopted one, we construct the generating
functional for the KPF for an arbitrary algebra D}”,. We introduce the variable

q=XoX1-""Xy. (5.12)

The generating functional may be conveniently grouped as a product of several fac-
tors. The series listed in (5.10) with B taken as root of the subalgebra A,_;(C Byp),
as listed in (3.5) produces a factor Gf;f)il (x1,...,Xp_1,q9°) characteristic of the gen-

erating KPF functional for A}l_)l algebra. This factor which also includes part of the
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contribution from the imaginary roots is

GA}IJI(XI;---;XE—I;QZ)

£-1)(£-2)/2 _ _
= [p(@)] T (e, a2 - T (1,025 Y)

X T (x1x2,4°x7 x5 ") -+ - T(xp_ox-1; ax ;. xpL)

(5.13)

e T(xx. ., xen,a?xr Xt xp )]

The rest of the contribution from the imaginary roots is [¢(g)]~!. The contribution
corresponding to the other long roots of By listed in (3.6) may be grouped as

Gr(x1,...,xp)
_ 2\10-1)/2 2 2.1 -2 2 2.1 -1 -2
=[¢(a%)] [T(Xg_lxl,,q Xp 1Xyp ) - T(xy-- TXp_1Xp, 47X Xp 1 Xy )
T (xpaxp y x5,a° X, % %)

_ — — -1
..T(Xlx%...xg,qlelxzz...Xez)] .
(5.14)

The contribution corresponding to the short roots of By listed in (3.4) is

Gs (X1, 0) = [p(@)]°[T (xxp,ax; ") T (xp1x0,ax," x;)
"T(Xl"'xf’qxl_l"-X,El)]_l, (5.15)
Combining the different contributions, the full generating functional emerges as
Ghpy (x1,00x0) = [d(@)] G o (X100 X01) - GL(x1,.,X0) Gs (X1, X0)- (5.16)

The explicit construction of the generating functional in terms of the inverse of the
triple product and the Euler product may be used to derive the recursive relations as
done previously. We just quote the formula for the Df> algebra:

6 ) 3 ) ~ ~ ~ ~
S (~D)EE MK (N — Noy Ny — N1, N2 — N2, Ny — N3)

e
1.,1n2,1n3
ez 4 .52 g (5.17)
= > (—l)zlzlkﬁz":lg‘}5N1,55N2,E6N3,E5N0,E,
ki,k2,k3,kq
t1,0r€e7
where
13
No=> m; 1)+§an(nl—1),
i=1 i=1
S 3
1=>mi-my-my+—(ni-1) (n2—1)+—>(n3+1)
i-1
o n n n
=Zm%—m1+m6+71(n1—1)+72(n2+1)+73(n3—1), (5.18)
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6. Partition functions for EéZ) and Df). The simple roots «y,..., s of the Lie al-
gebra Eg admit the automorphism of its Dynkin diagram given by the map

X1 = Xe, X2 = s, (6.1)

and the other roots remain unaltered. The simple roots of the invariant subalgebra F4
are projected as

X1 + Xg
=72 ,

K2t X5

B1 B2 5

B3 =03,  Pi=0cy. (6.2)

The invariant roots of E¢ map to the long roots of F,. The simple roots of the algebra
EéZ) may be chosen as

a0 = (—231 —332—233—34,0%), ai = ($1,0,0), 6.3)

where i = 1, 2, 3,4. The first component of the triplet for the root ag is just the negative
of the highest short root of F;. We just quote the result for the generating functional
GE<2> (x0,x1,...,X4) having the multiplicative structure

6

G2 = GLGmGs, (6.4)
6

where G| refers to the contribution due to those root sequences of E((f) which relate
to the invariant roots of the Lie algebra Eg, and consequently to the long roots of F;.
The factor Gs indicates the contribution of the root series of Eéz) corresponding to
the short roots of F4. The imaginary roots generate the term F4. The explicit values of
these factors are given below:

G (x0,X1,%2,x3,%4) = [p(q?)]"
[T(x3,0°x5") T (x4,9x5 ") T (x3x4,4x3 " x5 )
X T(x3x3,0°x;°x3") T (x5 x3x4,4°x5° x5 x5")
X T (xix3x3,a %1 ° x5 x5 1) T (x5 x5 %4, 4% X3 °x5° x5 )

2 2

xT x3ixgh) (6.5)

2,22 2,-2-2,-2, —1
XTX5X5X4,4° X7 “X3°X3°x5 ")

2,2 2024~
X1X5X3X4,q4"X1"X»

xT

X T(x2x3x5x4,q°x7 x5 x5%x,°

X T (x3x3x3x4,q°x72x5 x5 x5 1)

Py

1
2,4,3,2 2 -2 —4 -3 -2
X T(x{x3x3x5,q°X1 x5 x5°x5°) ],

G (@) = [$(a®) (@] 2, (6.6)
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Gs (x0,X1,X2,X3,X1) = [p(@)]"
[T(x1ax7") T (x2,qx;")
><T(xlxz,qxl‘lxz‘l)T(xgxg,qxz‘lxgl)
X1X2X3,qX7 x5 x5 1) T (x2x3%4,q%5 ' x5 x5)
X1x5X3,ax7 ' x5 253 ") T (x1x2x3x4,4x7 ' x5 x5 x5 1)
X1X3x3%x4,qx7 x5 %x3 X h)

1
x1X2X3X4,qX1 X2 X3 X4

T(
T(
T(
T( )
T (x1x3 x5 x4, ax7"' x5 x5 x5 )
T( i)

x1x2x3x4,qx1 Xz X3 B
(6.7)

where
a = XoxX3x3x5x4. (6.8)

Derivation of the recursive relation for the KPF is straightforward and we omit it here.

The example of the algebra Df) is distinct from the others because the Dynkin
diagram of the Lie algebra D, is symmetric under the permutation group S3 for the
simple roots 1, 2, and «3 thus defining an automorphism of order 3:

T3 =1. (6.9)

The subalgebra of Dy, invariant under the automorphism may be projected as

X1+ X2+ X3

B1= 3 ,  B2=Ba. (6.10)

The roots of Dy, invariant under T map to the long roots of G,. We enlist the simple
roots of Df)

ao = (—231—/32,0,%), a; = (B:,0,0), (6.11)

where i = 1,2. The first component of the root is negative of the highest short root of
G». The Cartan matrix for Df) is

-1 2 -1 (6.12)

which admits a null vector (1,2,1) relating to the imaginary root
1
0= (0,0,§) =ap+2a; +as. (6.13)
The imaginary roots appear in two series:

(I) the roots 3nd, where n € Z, — {0} and the multiplicity is 2, and
(I) the non-degenerate root nd, where n # 0 mod 3.
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The real roots of Df) are of two kinds. The roots of the first type owe their origin to
the invariant roots of the Lie algebra D4. They are

(B,0,0) u(+B,0,n), (6.14)

where n € Z, —0 and S is a positive long root of G». The second type may be listed as

(8,0,0)U (16,0%), (6.15)

wheren € Z, —0 and B is a positive short root of G,. To write the generating functional,
we introduce

d = XX} x>. (6.16)

The contribution of the imaginary roots to the generating functional is
Gm(@) = [p(@)] " 2 [(1-a* ) (1-a*" )] " = [d@)p@] . (6.17)
n=1

The real roots of the series (6.14) contribute

Gr(x0,%1,%2,%3) = [p (@)’ [T (x2,a%x3 ) T (x3x2,@°x 7353 ) T (x3x3,a%x 3% ) ]!
(6.18)

The other real roots appearing in (6.15) contribute

Gs (x0,x1,%2,x3) = [P(@ [T (x1,ax7") T (x1x2,0x7 x5 1) T (x2x0, ax72x;5 )] 7

(6.19)
The full generating functional for the KPF has the structure
G = GmG1Gs. (6.20)
The recursive relation for the KPF may be derived as before and reads
Z (—1)Z§:1mi+niK(N0—N0,N1—Nl,Nz—Nz)
75111 ,7%2,773’13
ter (6.21)
= > (~Dkirkerlirlo gy SN 2SN, E
k1,k2,01,02
where
) 33 13
No Ezml(ml l)+§znl(n171)s
i=1 i-1
3 3
Ny =3> m?-3m;+ > n?+ns,
= (6.22)

3
Z 2_1’11—1’12-‘1-1’13
n; 72 y
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7. Conclusion. We obtained the general structure of the generating functional for
the KPF for an arbitrary twisted affine algebra. The recursive relation for the KPF may
be obtained in any specific example by a simple algorithm. It is noteworthy that for
all of the affine algebras, both twisted and untwisted ones, we need to use only the
identities (1.8), (1.9), and (1.10) to extract these recursion relations. The series Aé‘? is
further distinguished in the sense that only for them the quintuple product structure
appear in the generating functional thus necessitating use of the identity (1.10). The
reason can be traced back to the fact that the longest roots among the roots of these
different sizes always contain the smallest simple root in a multiple of 4, thus securing
the appropriate structure for the inverse of the quintuple product structure in the
generating functional.

A characteristic infinite product identity for each affine Lie algebra may be derived
by exploiting the generating functional approach and the alternate formulation of
(Kac and Peterson [4]). The relations of these identities with the modular functions
are under investigation and will be the subject of a future publication.
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