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ABSTRACT. We shall consider the behaviour of Ishikawa iteration with errors in a uniformly
convex Banach space. Then we generalize the two theorems of Tan and Xu without the
restrictions that C is bounded and limsup,, sy < 1.
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1. Introduction. Let C be a closed convex subset of a Banach space Xand T:C — C
be nonexpansive (that is, ||[Tx — Ty || < ||lx —y|| for all x,y in C). In 1974, Ishikawa [1]
introduced a new iteration process as

Xni1 = T(snTxn+(1=sp)xn)+ (1 —ty)x,, n=0,1,2,..., (1.1)

where {t,,} and {s,} are sequences in [0, 1] satisfying certain restrictions. The Mann
iteration process is a special case of Ishikawa where s,, = 0 for all n > 0 [4].

In 1993, Tan and Xu [7] obtained following result: let C be a bounded closed con-
vex subset of a uniformly convex Banach space X,T : C — C a nonexpansive map-
ping. If for any initial guess x¢ in C, {x,} defined by (1.1), with the restrictions that
Sotn(1—ty) =00, > 7 (su(1—ty) < oo, and limsup,, s, < 1, then limy_.. |X,—T Xyl
=0.

Let C be a closed convex subset of a Banach space X and T : C — C be nonexpansive.
For any given x € C the sequence {x,} defined by

Xni1 = CnXn + BnTVn+Ynln, Vn=8&nXn+PBnTXn+Ynvn, n=0. (1.2)

is called the Ishikawa iteration sequence with errors. Here {u,} and {v,} are two
bounded sequences in C, and {&,}, {Bn}, {yn}, {&n}, {Bn}, and {y,} are six sequences
in [0, 1] satisfying the conditions

On+PBn+Yn=GCn+Pn+yn=1 foralln=0. (1.3)
In particular, if Bn =y, =0 forall n >0, the {x,} defined by
xo € C, Xn+1 = CnXn+BnTXn+Yynun, n=0, (1.4)

is called the Mann iteration sequence with errors.
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REMARK 1.1. Note the Ishikawa and Mann iterative processes are all special cases
of the Ishikawa and Mann iterative processes with errors.

It has been shown that if C is a nonempty bounded closed convex subset of a uni-
formly convex Banach space X, then every nonexpansive mapping T : C — C has a
fixed point (see [2]). In this paper, we first extend [7, Lemma 2.3] to the Ishikawa it-
eration sequence with errors (1.2), without the restrictions that C is bounded and
limsup,, s, < 1. Then we generalize [7, Theorems 3.1, 3.2, and 3.4].

2. Lemmas

LEMMA 2.1. Suppose that {a,},{b,}, and {c,} are three sequences of nonnegative
numbers such that

ans1 < (1+by)an+cy foralln=1. 2.1)
If >0 _1bn and Y, _, ¢y converges, then limy,_.. a, exists.
PROOF. For n,m > 1, we have

An+m+1 = (1+Dpsm) Gnem + Cnem

n+m n+m n+m

[T A+bi)an+ > [] (1+bj)ei

i-n i=n j=itl (2.2)

IA

n+m n+m n+m

< H (1+bi)an+ 1_[ (1+bj) Z Ci.

i=n j=n

IA

It follows that

limsupam < [ [ (1+bi)an+ ][] (1+D)) > ci. (2.3)
m—eo i=n j=n i=n

Hence, limsup,, ., am <liminf,_. a,. This completes the proof. O

LEMMA 2.2. Let C be a closed convex subset of a Banach space X, and letT:C - X
a nonexpansive mapping. Then for any initial guess x¢ in C, {x,} defined by (1.2),

Ixns1 =l < llxn =Pl + yallun = pll+ Buinllvn —pll, (2.4)
for alln > 1 and for all p € F(T), where F(T), denotes the set of fixed points of T.

PROOF. Forall p € F(T), we have

lIxne1—pll
< &tnl|xn = pll+ BullTyn = pl[+ ynllun —pl|
n N . (2.5)
< otn||xn = |+ Bn(&nllxn = Pl + Bul|Txn = Pl + Fnllve = pll) + yullun —pl|
= Hxn—pH""}/nHun—pH+Bn)7n~|vn_p||-
This completes the proof. O

LEMMA 2.3 [3]. Let C be a closed convex subset of a uniformly convex Banach space X,
and let T : C — X a nonexpansive mapping. Then the mapping I — T is demiclosed on C.
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3. Main Results

THEOREM 3.1. Let C be a closed convex subset of a uniformly convex Banach space
X, T : C — C a nonexpansive mapping with a fixed point. If for any initial guess x¢
in C, {x,} defined by (1.2), with the restrictions that >.;,_, 0nBn = 0, > _ B <
00, Yr_o¥n <o and X_o¥n < oo, thenlimy .« [[xy, — Txyll = 0.

PROOF. By Lemma 2.2 and T with a fixed point, we set
M= Sulg(HTXn_unH:||Xn_unH:HTyn_VnHvHJ’n—”an”Xn_vn”) (3.1)
n=

It follows from (1.2) that
Ins1 = Txnar|l < ctnllxn = Txnea ||+ Bul| Tyn = Txnaa ||+ yul| Txn1 = unl|

< otu(|[en = Txn|| +[|Txn = Txp|)
+Bn(cnl[yn = xnll + Bullyn = Tyull + yullyn —unll) + ynM

< o (|| = Txn|| + Bullxn = Tyull) + &nBnBullxn — Txnll
+B121(6‘n||xn_TynH"'BnHTXn_TJ’n”)+YnM+BnYn||yn_un||
+ & Y| [Xn = Unl| + € BrFnlxn = Vnl|+ Badnl|Tyn —vall

< 0|0 = T + 0 Brl[xn = T+ &nBuBullxn — Txnll
+ B Gonllxn = Tvull+ B Bullxn = vl +2yuM + BnynM

< (0tn + BB+ B2B2) |30 — Txnl|
+ (0t B + B3 &) (|10 = Txul| +[|Txn — Tynl|)
+2YnM + Bn§nM + B Bn§nM

< (0tn+ On BB+ B2B + P+ B &n + 0n BB + B2 &nBn)
X |0 = T+ 2ynM + BnInM + (0tn B + B &n + Bz Pn) InM

< (1420 BnBn)l1xn = Txul| +2(yn + BnFn) M.

(3.2)

Setting a, = Txy — Xn, by = ZaanBn, and ¢, = 2(yn + BuyYn)M, it follows from
Lemma 2.1 that lim,_« ||a || exists.

Let 7 (xp) = limy— o | X5 — Txyn|l. To reach the desired conclusion, it suffices to show
that 7 (x¢) is independent of the initial value x,. We let {x} denote iteration (1.2) com-
mencing at x¢. Since [[xn+1 — x|l < X, — x|, we may assume that limy . [|X, —
x|l =d > 0. Then, we obtain

\|Xn+1—x,ﬁ+1||=||0<n(Xn—XZ)+Bn(Tyn—Ty;f)H
ok _ * 3.3)
s[l—ZO(an5<||xn Xn (Tyz Ty””)}ﬂxn—x;;”,
|len — x|

since [Ty, — Ty < llxn —x;5|l. Thus,

1 xi—xF—(Ty;—Ty}
> 2 (XTI TYDN e < =g = otnen — x5l B9
i=0 ||x1 xl”
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It follows that

ia B S ||anxz*(TJ’n*TJ’rT)|| < 0o (3 5)
b [|xn =it ' '

By condition 3 5_, &, fn < c0, we have 3 o_o &, fnBn < c. Thus,

- ||Xn—xﬁ—(Tyn—TJ’ff)||] p }
16 1) + < 00, (3.6)
nzz:o nﬁn{ [ (|20 — x5t ]| B ®
It follows that
timinf [||xn x5 — (Tyn = T;)||+ Bn] = 0 (3.7)

since >;,_o &nfBn = o and § is the modulus of convexity of uniformly convex Banach
space X. Hence, there is a sequence {ny} C {n} such that

nyl;lonxﬂk_xzk_(Tynk_Ty;qkk)” =0, llljl;lank =0. 3.8)

On the other hand, we have
H12em, =Ton, || = |35, = Tx |
S||(x"k —Txn,) — (sz _TXZ,()H
S||‘xnk —X:k - (Tynk _Ty;‘;k)” +HTXnk - TynkH + ||Tx:ik _Ty;rk”

SHXnk _X;ka - (Tynk _Ty::k)H"'BnkHXnk _Txnk||+Bnk||x;ka —TX;,ka||+2}7nM.

(3.9)
Setting k — o in (3.9), it follows from (3.8) that
tim [[1xn, — T || = i, ~ T [l = 0. (3.10)
Thus,
lim [l = Txu || = |lxz = Txq[| =0, (3.11)
that is, ¥ (xo) = v (x). This completes the proof. O

Recall that a Banach space X is said to satisfy Opial’s condition [5] if the condition
Xn — Xo weakly implies

limsup ||x,, — xol| < limsup||x, — || for all y + xo. (3.12)
n—oo n—oo

THEOREM 3.2. Let C be a closed convex subset of a uniformly convex Banach space
X which satisfies Opial’s condition, T : C — C a nonexpansive mapping with a fixed
point, and {x,} as in Theorem 3.1. Then {x,} converges weakly to a fixed point of T.

PROOF. let wy(x,) be the weak limit w-set of {x,}. By Lemma 2.3 and
Theorem 3.1, w,, (x;) is contained in F(T), the fixed point set of T.

The remainder of the proof is similar to that of [7, Theorem 3.1], so the details are
omitted. O
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REMARK 3.3. Theorem 3.2 generalizes [7, Theorem 3.1].

Recall that a mapping T : C — C with a nonempty fixed points set F(T) in C will be
said to satisfy condition A [6] if there is a nondecreasing function f : [0, %) — [0, %)
with f(0) =0, f(#) > 0 for v € (0,), such that ||x — Tx|| = f(d(x,F(T))) for all
x € C,where d(x,F(T)) =inf{||x —z||:z € F(T)}.

The following two theorems generalize Theorem 3.2 and [7, Theorem 3.4] respec-
tively. Since a similar proof is in [7], we omit their proof here.

THEOREM 3.4. Let X,C,T, and {xy} be as in Theorem 3.1. If the range of C under
T is contained in a compact subset of X, then {x,} converges strongly to a fixed point
of T.

THEOREM 3.5. Let X,C,T and {x,} be as in Theorem 3.1. If T with a nonempty
fixed points set F (T) satisfies condition A, then {x,} converges strongly to a fixed point
of T.
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