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STABLE FINITE ELEMENT METHODS FOR THE STOKES PROBLEM
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ABSTRACT. The mixed finite element scheme of the Stokes problem with pressure stabi-
lization is analyzed for the cross-grid Py — Py_1 elements, k > 1, using discontinuous pres-
sures. The P —Pj_; elements are also analyzed. We prove the stability of the scheme using
the macroelement technique. The order of convergence follows from the standard theory
of mixed methods. The macroelement technique can also be applicable to the stability
analysis for some higher order methods using continuous pressures such as Taylor-Hood
methods, cross-grid methods, or iso-grid methods.
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1. Introduction. For the finite element approximation of the stationary Stokes
equations several approaches appear in the literature [6, 9, 13]. The purpose of this
paper is to analyze the mixed finite element scheme with pressure stabilization for
some higher order triangular elements.

Let Q be a bounded polygonal domain in R?. We consider the approximation of the
stationary Stokes problem: find u = (u;,u2) and p satisfying

—-vAu+Vp =f inQ,
divu=0 inQ, (1.1)
u=0 onoQ,

where u is the fluid velocity, p is the pressure, f is the given body force per unit mass,
and v > 0 is the viscosity. For the sake of simplicity, we take the viscosity equal to one.
With the usual notation (see Section 2 for details) the standard variational formulation
of this problem is: find u € H} (Q)? and p € L3(Q) such that

(Vu,Vv) - (divv,p) = (f,v), veH}(Q)?,

. 5 (1.2)
(divu,q) =0, qe€Lj(Q),
where (-,-) denote the usual L? inner products. For f € H-1(Q)? this problem has a
unique solution (cf. [9]). The standard mixed method based on (1.2) reads as follows:
find u, € Vy, C H} (Q)? and p € P, € L3(Q) such that

(Vup, Vv) = (divv,pp) = (f,v), veVy,
. (1.3)
(divup,q) =0, q € Pp.
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Suppose that the finite element spaces V;, and Py, indexed by the parameter h, 0<h <1,
satisfy the inf-sup condition or the Babuska-Brezzi stability condition

inf sup divv, p) >C, (1.4)
0+pep, 0+vevy [IVIIIIPlo

where C is a positive constant independent of h. Then the theory of mixed methods
states that the system (1.3) has a unique solution (uy, py) satisfying

fa—usli+llp=pullo = C( inf la=vii+ inf Ip=al ). (1.5)
where (u, p) is the solution to (1.2). Introducing the associated bounded bilinear form
B(u,p;v,q) = (Vu,Vv) —(divv,p) +e(divu,q), €==1, (1.6)
and the linear functional
L(v,q) = (f,v), (1.7)
we can recast the formulation (1.3) as follows: find (up, pr) € Vi X P, such that
B(up,pn;v,4) =L(v,q), (v,q) € VpXPp. (1.8)

Then the main result of [1, 2] says that (1.5) holds provided

BOLPNA) L c(jufy 4 pl), (wp) €VaxPh,  (1L9)
o+vevuxp, IVIL+llgllo
where C is a positive constant independent of h. Equation (1.9) will be referred to the
stability condition for a bilinear form B in general.

Since it could be a difficult task to verify (1.4) for a particular choice of velocity
and pressure approximations, several methods have been developed aiming at sta-
bilizing the discrete solution. We introduce an approximation scheme with pressure
stabilization as follows: find (up, pn) € Vi, X P, such that

B(up,pn;v,q) = L(v,q), (v,q) €EVpXPy (1.10)
with
B(u,p;v,q) = (Vu,Vv) — (divv,p) + e(divu,q)

+GBTEZrhhT([[v]],[[Q]])T, e==l, (1.11)

L(v,q) = (f,v).

Note that this method was considered as a special case of the stabilization procedures
in [7, 10].

It is the purpose of this paper to show that the mixed finite element method (1.10)
with pressure stabilization converges for some higher order elements using discon-
tinuous pressures. More specifically, we establish the convergence of the cross-grid
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Py — Py elements, k > 1 and the P}’ — Py_; elements, k > 2 (see Section 3). To verify
the stability condition (1.9), we will combine the ideas of macroelement technique in
[15, 16, 17] and the arguments in [8] for Galerkin least squares methods. Then the er-
ror estimate (1.5) follows in the usual manner. The macroelement technique can also
be applicable to the stability analysis for some higher order methods using continuous
pressures, such as Taylor-Hood methods, cross-grid methods, or iso-grid methods.

An outline of the paper is as follows. In Section 2, we develop the stability analysis
and the macroelement technique together with the necessary preliminaries. The sta-
bility and convergence of various elements mentioned above are shown in Section 3
by an application of the results in Section 2.

2. Macroelement technique and weak stability. Let %), be a partitioning of Q into
triangles for a bounded polygonal domain Q ¢ R2. The triangulation is assumed to be
regular in the usual sense, that is, for some o > 1,

hKSO'pK, KE(@;[, 2.1)

where hy is the diameter of element K and pg is the diameter of the largest circle
contained in K. The mesh parameter h is given by h = max(hg) and the set of all
interelement boundaries will be denoted by Ij,. We will not assume % to be quasi-
uniform.

The finite element subspaces of Py — P; element are

Vi ={v=(v1,v2) € H}(Q)?:vi|x € Pr(K), i=1,2, K €6y},

(2.2)
Py ={p € Li(Q):plk € Pi(K), K €6y},

where P; denotes the collection of all polynomials of degree not greater than s and
L3(Q) denotes the subspace of L?(Q) of functions with zero mean value. Our notation
is standard. The norms and seminorms in the Sobolev spaces H! (Q)? are denoted by
-l and | - |1, respectively.

Given any regular triangulation %;, by a macroelement we now mean a connected
set M of adjoining elements K from %;. Two macroelements M and M are said to be
equivalent if there is a continuous one-to-one and onto mapping F : M — M such that
F|k is affine for each K ¢ M. For a macroelement M we define the spaces Vg and Py
consistent with Vj, and Py,:

Vom ={ ve HY(M)?:v|x € Pr(K)?, K Cc M}, (2.3)
Py = {p € Li(M) : p|x € Pi(K), K C M}. (2.4)

Further we define
Ny ={p €Py:(v,Vup)u =0, veVou}, (2.5)

where V,p is given by Vp|kx on each K ¢ M. The collection of edges of elements in
the interior of M is denoted by I;. The following seminorms defined in P, turns out
to be very useful for the analysis below:

lplh= 2> hlIVPlGe el = > he(llp]L(Ip1]);. (2.6)

Keep Tely
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In Py we similarly define

Ipl3 = > hzlIVpljk, Ilp1113 = > hr([lp1],[[p1]) 1. (2.7)
KcM Tely
Here, the collection of edges of elements in the interior of M is denoted by Iy, I - llox

is the L2 norm on K, (-, -)7 is the inner product in L2(T), hr is the diameter of T, and
[[p]]lr is the jump in p along T.
The macroelement technique is based on the macroelement partitioning Jt; satis-
fying the following conditions:
(M1) there is a fixed set of equivalence classes %;,i = 1,...,q, of macroelements such
that each M € .l;, belongs to one of %;;
(M2) there is a positive integer L such that each K € ), is contained in at least one
and not more than L macroelements of J(;;
(M3) each M € %, i =1,...,q, satisfies
(M3a) p € Ny implies that |p|y = 0.
The usefulness of the macroelement concept and the above mesh-dependent norms
is that it enables us to establish some weak stability estimates for the proof of (1.9).

REMARK 2.1. We have modified the presentation of Sternberg [16, 17] to deal with
the pressure stabilization and discontinuous pressure approximations.

LEMMA 2.2. Let % be a class of equivalent macroelements. Suppose that (M3a) is
valid for every M € %. Then there is a constant C > 0 such that

sup (v, Vap)m

>Clplu, pEPu (2.8)
0+veVy M IVI 1M

holds for all M € %.

PROOF. For M € %, define a scaling invariant

By = inf sup AU (2.9)

0#pePy 0+veVq y IViLmlplm

which is positive from the hypothesis. By virtue of the argument of Sternberg (cf.
[15, 17]), the regularity condition (2.1) ensures that there is a constant C such that
By = C > 0 for all M € %, which implies (2.8). O

LEMMA 2.3. Suppose that there is a macroelement partitioning Jly, satisfying (M1),
(M2), and (M3). Then the weak stability inequality

divv,
WVYP) - - CalllpNin, p € Py (2.10)
o+vev, IVl

is valid.

PROOF. The local weak stability estimates (2.8) implies that for a given p € P, and
M € My, there is vy € Vi, with vy = 0 in Q\M such that

—(Va, Vap)y = Clpliy, (2.11)

lvmli = vmlim < |pIm. (2.12)
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Then we have

(Aivva,p)y = —(Va, Vap)y + >, (v, [[p1]) 1, (2.13)
Tely
1/2
(diva,p)MZClvlfw—< > th||vM|3T) 152078 (2.14)
Tely

Here n denotes a unit normal to T. From Lemma 2.4 we have the estimates

> hitlvulidr = C D hidlivmlid ¢ < C'IvI3 - (2.15)
Tely KcM

Combining (2.12), (2.14), and (2.15), we obtain
(divvp,p)y = Cilpli — Calplvl L1, (2.16)

where C; > 0 and C> > 0 can be taken independent of M. Next let us define v €
Vj, through v = ZMEM vum. Then the macroelement conditions (M1), (M2), (M3), and
(2.16) give

divv,p) = > (divva,p)y

Meuy
=G > Iply—-C D Iplulllp]]im
Mey, Meauy,
1/2 1/2 2.17)
2C1|V|ﬁ—C2< > |}912w) ( > [[Iﬂ]]hzw) '
Meay Medty

> G lpla —Co(VLipln) (VLILp1In)

= Cilpli, = CoLIplnlllp11In-

Since
Ivih<Clvli=C > [vuhim=C > Iplu
Meay, Meay,

<CL > hgllVpllox < CLIQI"?|pln,

Keey

(2.18)

it follows from (2.17) that there are constants C; > 0 and C» > 0 satisfying (2.10). Here
|Q| denotes the measure of Q. O

LEMMA 2.4. Let M be a macroelement. Then we have foru € Vy,

Z h;lnull%_T <C Z hf<2||u|\5,1<, (2.19)
Tely KcM
and foru € Vo y,
> hllluligx < Claliy, (2.20)
KcM

where constants C > 0 depend only on the regularity constant o of (2.1).
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PROOF. According to the argument of [3, page 1045] it is not difficult to see that
for u € v;,0,

> hr'lulg ;< Chilluallf. (2.21)
TeoK

Then (2.19) follows immediately. Next, applying the argument of a proof of the inverse
inequality for piecewise polynomials (cf. [13, page 195]), we can show that (2.20) holds
foru e Vo u. O

LEMMA 2.5. Suppose that either k > 2 in the definition (2.2) of Vi, or P, C C(Q).
Then there are two positive constants C, and C» such that

(divv,p)
YV Cllipllo—Calpln, p € Pa. (2.22)
o=vev, Vi

PROOF. These are the cases (i) and (ii) of [8, Lemma 3.3]. See [8, pages 1685-1687]
for the proof. O

LEMMA 2.6. Under the assumption of Lemma 2.3 there are two positive constants
C1 and C, such that the weak stability inequality

d- )
WVYVP) S Clipllo-Calllp1lln, p € Pa (2.23)
o+vev, VI

holds.

PROOF. Equation (2.23) follows from (2.10) and (2.22). To be more precise, let C;, >
and ¢y, ¢ be the constants in (2.10) and (2.22), respectively. For 0 < t < 1 we have

WVYP) S ey (il ln=Calllp1in) + (e ol —calpln)
0+veVy, vl (2.24)

>teillpllo+ (L-6)Cr—tez) Ipln— (1 =t)Ca|[[p111n-
Then (2.23) follows provided t < C;(C1 +c¢2) 1. O

We are ready to verify the stability condition (1.9) for the method (1.10). We do the
case € = 1. The other case € = —1 is similar.

THEOREM 2.7. Suppose that there is a macroelement partitioning M, satisfying
(M1), (M2), and (M3) for a regular triangulation My of Q C R?. Then given a stabi-
lization parameter B > 0 the stability condition (1.9) for the method (1.10) is valid.

PROOF. Let (u,p) € Vi, X Py. First, we note that
B(u,p;u,p) = [Vull§+BILIp1ll; = Cilulif +BILLp11I5. (2.25)
Next, according to (2.23), there is w € Vj, satisfying

(divw,p) = Clipllg—Csllpllol[p11In (2.26)
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and |lw|l; = llpllo. Then for t; > 0 and t, > 0,
B(u,p;—w,0) = —(Vu,Vw) + (divw, p)
> —[[ulillpllo+Callpl3— Cslipllo [[p1]1n

b City lul}  Glllplllj e
= (C2_2_2)|p|(2’_ 2t1] T2 -
Choosing t; and t, small enough, we have
B(u,p;—w,0) = C4llpll§— Csllullf - G| [[p]1117, (2.28)

for some positive constants Cy4,Cs, and Cg. Let us denote (v,q) = (u—dw, p). It follows
from (2.25) and (2.28) that

B(u,p;v,q) = B(u,p;u,p) +5B(u,p;-w,0)

= sCullpll+ (€ -l + (8-sco tpnlf. &
Choosing 0 < § <min {C,C5 !, BCs'} we obtain
B(u,p;v,@) = C7 (Il +[1pllo)* (2.30)
for some positive constant C;. On the other hand, we have
Ivili +llallo < Cs(lally +11pllo) (2.31)

for some positive constant Cs. Finally combining (2.30) and (2.31) we establish the
stability condition (1.9) for the method (1.10). O

The error estimates are now obtained in the usual manner from the stability inequal-
ity (1.9) and from the following estimates (cf. [8, 9]):

1/2
( > hilvalldg+ > hT([[q]],[[q]])T> <Cllqllo, q € Pn, (2.32)
Keey, Tely
1/2
inf ( > hilIVa-p)lgx+ D hr([[q—v]],[[q—p]])r>
a€Pn \ k', Tel, (2.33)
<Cinf lg-pllo < Ch'"plis1, peH"(Q),
qePy
inf lu—vl; < Ch*lulgs1, ueH*1(Q)% (2.34)
vEV)

THEOREM 2.8. Let the assumptions of Theorem 2.7 be valid. Assume further that
the solution (u,p) to (1.2) satisfies u € H**1(Q)2 and p € H"*'(Q). Then for B > 0,
(1.10) has a unique solution (ay,py) satisfying (1.5) and

lu—uplls +llp = pnllo < C(R*[lier + R plia). (2.35)
If in addition Q is a convex polygon, then we have

lu—unllo < C(h** ulks1 + R 2 pli). (2.36)
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PROOF. We follow the argument of [8, page 1688]. Let i € V), and p € Pj, be the
interpolants of u and p, respectively. The stability condition (1.9) of B implies the
existence of (v,q) € Vj, X P, such that

vl +1lqllo = C,

. 3 5 5 (2.37)
[[a—wanll, +[|p —pnlly < Blup -, pn—p;v,q).

Since

B(uy —0,pn—p;v,q) =Bu—-a,p —p;v,q), (2.38)

1/2
Bu-u,p-p;v,q) < C(Hll—l"lll% +lp-plig+ 2. hT([[P—ﬁ]],[[P—ﬁ]])T>

Tely
1/2
'(\|V||f+||QI|(2>+ z hT([[Q]],[[Q]])T) )
Tely
(2.39)
we get, from (2.32), (2.33), and (2.37),
6 —wanll; + [P = pully < C(Ila—1tll +lp — Bllo), (2.40)

which gives (1.5) with the aid of the triangle inequality. Now (2.35) follows from (1.5),
(2.33), and (2.34). Moreover, (2.36) follows from the Aubin-Nitsche argument using the
a priori estimate [12],

llallz + llpll < Clifllo (2.41)
for a convex polygon. O

3. Higher order stable elements. In this section, we apply, essentially, Theorems
2.7 and 2.8 for the analysis of several higher order stable elements. We will verify the
macroelement conditions (M1), (M2), and (M3) and the approximation properties (2.33)
and (2.34) for each method to establish the error estimates (2.35) and (2.36). Our main
concern is the verification of the condition (M3), since a construction of macroelement
partitioning satisfying (M1) and (M2) is not difficult and the approximation properties
(2.33) and (2.34) follow from the standard interpolation theory. For the P} — Py
elements, Vj, is enlarged using bubble functions on certain triangles. For the Py — Py
cross-grid elements or the Py — Py iso-grid elements, the pressure triangulation %), or
@y, is coarser than the velocity triangulation 4. But the results of Section 2 can be
interpreted without difficulty.

We begin by recalling that the barycentric coordinates A; = A;(x), 1 <i<3,0of x=
(x,y) € R? with respect to the points A; = (x;,yi), 1 < i < 3, which makes a triangle
K, are the unique solution of the linear system

3 3
DAA =%, > Ai=1. 3.1)
i=1 i=1



STABLE FINITE ELEMENT METHODS FOR THE STOKES PROBLEM 707
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FIGURE 3.1. Examples of macroelement.
It follows that
A1 1 Y2—¥3 —(x2—x3) || x—x3
_ , (3.2)
Aaf €Kl [-(n->3) xi-x3 ||y-3

where |K| denotes the measure of K and € = =1 depending on the orientation of A, Ay,
and As. Similar relations hold also for [ﬁ;] and [ﬁ; ] Note that for any nonnegative
integers i, j, k,

2iljlk!

J ALalakdx
K

A few examples of macroelement are illustrated in Figure 3.1. For the macroelement in
Figure 3.1a we interpret by Ag, A1, A the barycentric coordinates on K with respect to
Ap, A1, and Aj;. The similar interpretation of notation will apply for the other figures.

3.1. The cross-grid Py — Py_, elements, k > 1, using discontinuous pressures. In
the cross-grid methods using discontinuous pressures the triangulation €, is obtained
from a triangulation 6, by dividing each K’ € €, into three triangles inserting an
interior vertex Ag as in Figure 3.1a, where A is not necessarily the center of gravity
of K'. For k > 1 we define Vj, by (2.2) and

Py={peLi(Q):plk € Pr1(K), K €6p}. (3.4)

LEMMA 3.1. Let M be a macroelement consisting of three triangles aligned as in
Figure 3.1a. Define Vo by (2.3) and

Py={peli(M):plk €Pr1(K), Kc M} fork=2. (3.5)
Then (M3a) is valid.
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PROOF. Let p € Ny and write

g(A01A11A2)

Kl (3.6

px|K)\ =

Suppose that px |k, = h(uo, 3, 42) /|K,|. Here A;’s and p;’s are the barycentric coordi-
nates of K, and K, respectively. Choose u = (u1,0) € Vj u such that

Aod2(g+h)(Ao,A1,42) 1InKjy,
Uy = Hop2(g +h) (Mo, 3, u2)  in Ky, (3.7)
0 otherwise.

Then (u, Vi p)y = 0 gives an equation

9(A0,A1,22)

h b b
(2\0?\2(9+h)(?\0,)\1,7\2) o (“0“3“2)> _o.
A K

) +<H0H2(g+h)(uoyu3.l12), K, |
K) H

(3.8)

On the other hand, it is not difficult to see from (3.3) that

1 1
*J AoAz2 (g% +gh) (A0,A1,42) dx = *J Motz (g% + gh) (po, s, p2) dx.  (3.9)
Ky Jxy Ky Jk,

Combining (3.8) and (3.9) we get

1
| monz g+ )2 a0 s i) dx = 0 (3.10)
u JKy
which implies
(g+h) (o, u3, u2) = 0. (3.11)
Then we have
Pxlk, = _9(ko,p3,H2) (3.12)
| Kyl

By the same argument we obtain

_9(10,13,T1) __9(A0,42,A1)
Prlke = S Pl = TN (3.13)

Thus g is a polynomial satisfying
Q(AO;AI,AZ) = _g(AO,)\ZyAl)I
9(Ho, 2, 13) = =g (Mo, M3, 12), (3.14)
9(T0,T3,T1) = —g(T0,T1, T3).

Let us consider the case k = 4 first before we turn to the general case k > 1. From
(3.6), (3.14), and the assumption k = 4, we can write

a b
Pxlk, = Kl (AT =A%) + Tl (A1do—A2A¢) (3.15)
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with two parameters a and b in R. Similarly, p, |k, can be written as the right-hand
side of (3.15) with the parameters a and b replaced by a’ and b’, respectively. Note
also that px and p, in K, or K, can be expressed using a,b and a’,b’, respectively.
Then from (3.6), (3.15), and

(Px)y = (Py)x (3.16)
which are valid on each K € €, we get
a(?\l,y—?\z,y):a'(/\l,x—/\z,x), b(?\l,y—Az,D’):b,(Al,X—AZ,X)- (3.17)

Applying (3.2) and (3.17) in K, Ky, or K, we find that (a,a’) and (b,b’) satisfies the
homogeneous system in (s,t),

s(x1—x0) +t(yv1—y0) =0, s(x2—x0) +t(y2—y0) =0, (3.18)

of which the solution is trivial since the determinant of the coefficient matrix is equal
to |Kx|/2 > 0. This implies that |p|y = 0 when k = 4. For the general case k > 2, we
can write

1 L. L.
Pl =—— > aiji(AiA—A5A])AL. (3.19)
KAl i+j+l=k-2
i>j>0, =0

Similarly, py |k, can be written as the right-hand side of (3.19) with the parameters
ai,j, replaced by a; ; ;. Moreover py and p, in K, or K; can be expressed using a;,,.
and “;,j,z analogously. Then we find that (ai,j,l,a;’j’l) satisfies (3.18) for each i, j,l. It
follows that a; ) = a; ;;, = 0 for each i,j,l and that Vp|x = 0, for all K c M. This
completes the proof. O

Thus we have a nonoverlapping macroelement partitioning, with one class of
macroelements equivalent to K’ € 6;,, which satisfies (M1), (M2), and (M3). A care-
ful observation of the analysis of Section 2 also shows that for a nonoverlapping
macroelement partitioning the coefficient of € in the approximation scheme (1.10)
can be reduced to

>3 he(llpll[Lal)) g (3.20)

K’ &), Telgr

where I'y denotes the collection of edges of elements of %6;, in the interior of K'. We
will call the resulting scheme as the locally stabilized approximation scheme (cf. [11]).
Since the approximation properties (2.33) and (2.34) are valid, we obtain the following
result for the cross-grid Py — Px_1 elements, k > 1, using discontinuous pressures.
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THEOREM 3.2. Suppose that 6y, which is obtained from €, is a regular triangula-
tion of Q. For k > 1, define V;, and Py, by (2.2) and (3.4), respectively. Then Theorem 2.8
is valid with B > 0 for the approximation scheme (1.10) or for the locally stabilized
approximation scheme.

REMARK 3.3. The case k = 1 can be considered as a special case of the scheme
in [11].

3.2. The P — Py_; elements, k > 2, using discontinuous pressures. The argument
of Lemma 3.1 shows that in general a macroelement M of type (b) in Figure 3.1 con-
sisting of n triangles with a common vertex A in the interior of M satisfies (M3a)
provided n is odd. When the index n of Ag is even, we augment bubble functions on
a triangle in M in order to verify (M3a). For a regular triangulation 6; of Q, we can
construct a macroelement partitioning .y, consisting of macroelements of type (b)
and (c) in Figure 3.1. Let ¢ be a set of triangles in %6, such that for each macroelement
M € Ay, with an interior vertex of even index there is a triangle K € €. Then we have
the following result for P — Px_; element.

THEOREM 3.4. Suppose that €), is a regular triangulation of Q. Define

Vi = {ve H{(Q)?:vIg € Pr(K)?, K €6p; VIk € [P(K) ®A1A2A3P¢2(K) 1%, K € €},

Py=1{p €Li(Q):plk € Pk-1(K),K €6}
(3.21)

Here Aq,Ap,A3 are the barycentric coordinates of the corresponding triangle K. Then
Theorem 2.8 is valid for k > 2.

3.3. The cross-grid Py — Py elements, k > 1. Inthe cross-grid Py — Py elements, k > 1,
the triangulation €, for velocity is obtained from the triangulation %; for pressure
by dividing each K € %, into three triangles inserting an interior vertex Ay as in
Figure 3.1a, where A is not necessarily the center of gravity of K.

For k > 1 we define Vj, by (2.2) and

Pr={p €L3(Q):plg € P(K), K € @n}. (3.22)

LEMMA 3.5. Let M be a macroelement consisting of three triangles aligned as in
Figure 3.1a. Define Vo by (2.3) and

Py={peP (M)} fork=1. (3.23)

Then (M3a) is valid.

PROOF. Let p € Ny and choose u € Vy y such that

AoVp inKj,
u=quVp inky, (3.24)
ToVp inK;.
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Then (u,Vyp)y = 0 gives
(AoVp,Vp)k, + (VP VP)g, + (ToVP,Vp)g, =0 (3.25)

which implies Vp|x = 0 for all K ¢ M and thus |p|y = 0. O

Thus we have a nonoverlapping partitioning, with one class of macroelements equiv-
alent to (a) in Figure 3.1, satisfying (M1), (M2), and (M3). Since the approximation prop-
erties (2.33) and (2.34) are valid, we obtain the following result for the cross-grid Py — Py
elements, k > 1.

THEOREM 3.6. Suppose that 6y, which is obtained from %y, is a regular triangula-
tion of Q. For k = 1, define V, and Py, by (2.2) and (3.22), respectively. Then Theorem 2.8
is valid with B = 0.

3.4. The iso-grid Py — Py elements, k > 1, using continuous pressures. In the
Py, — Py iso-grid elements, k > 1, using continuous pressures, the triangulation €;
for velocity is obtained from a triangulation %, for pressure by dividing each K € €},
into four triangles inserting three vertices, one at each edge of K. Each of the inserted
vertices is not necessarily a mid-point of the corresponding edge. For k > 1 we define
Vi, by (2.2) and

Pn={peL3(Q)nC(Q):plg € Pr(K), K €6}. (3.26)

LEMMA 3.7. Let M be a macroelement consisting of twelve triangles aligned as in
Figure 3.1d. Define

Voum = {ve H}(M)?:v|g € Pr(K)?, K €€, nM},

L - (3.27)
Py={peCM):plg eP(K), K€€, nM} fork=1.
Then (M3a) is valid.
PROOF. lLet p € Ny and define
rTo in Ko17,
Mo in Koze,
Ao in Koeo,
g =700 in Kozg, (3.28)
Bo in Kogo,
Yo in Koo,
0  otherwise,

where K;j denotes the triangle with vertices A;,A;, and Ag. Let e = (e1,e2) be the
unit vector in the direction of A; A, and choose u = (e;gpe,e29pe) € Vou. Note that
Pe = Vp -eis continuous on Ky23 UK142. Then (u, Vup)u = 0 gives

(ToPe; Pe)kyys + (HoPes Pe) kyrg T+ + (YoPes Pe) ko, = O (3.29)
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which implies pelky;, = 0,...,Pelk, = 0. The similar argument gives also palky,, = 0,
where d is the unit vector in the direction of A,A;. Since e and d are linearly indepen-
dent, we get Vp|gy,;, = 0 and so Vplk,,; = 0. Next consider u = (e2gps,—e1gpe) €
Vo.u, Where pt € Py_1(R?) is the extension of (ex»py —e1Py) k4. Then (W, Vpp)y =0
gives

(Topé_'pé)K017 + (uopé_lpé)K(ﬁg + (Aopé_lpé)KOGZ =0 (3'30)

which implies pg Ik, = 0. Since (e1,e2) and (e2, —e;) are orthogonal, pelkys, = Pe |kos
= 0 implies Vplg,, = 0 and so Vplk,,, = 0. The analogous argument also gives
Vplks = 0. It follows that |ply = 0. O

Now it is easy to construct a macroelement partitioning, with only one class of
macroelements equivalent to (d) in Figure 3.1, satisfying (M1), (M2), and (M3). Since
the approximation properties (2.33) and (2.34) are valid, we have the following result
for the iso-grid Py — Py elements, k > 1, using continuous pressures.

THEOREM 3.8. Suppose that ¢, which is obtained from %y, is a regular triangula-
tion of Q. For k > 1, define Vi, and Py, by (2.2) and (3.26), respectively. Then Theorem 2.8
is valid with B = 0.

3.5. The Py — Py_, Taylor-Hood elements, k > 2

LEMMA 3.9. Let M be a macroelement consisting of three triangles aligned as in
Figure 3.1a. Define Vo by (2.3) and

Pyu={peCM):plxk €Pr1(K), KCM} forkz=2. (3.31)

Then (M3a) is valid.

PROOF. Let e = (e1,e») be the unit vector in the direction of Ao—Aé. Choose u =
(u1,u2) € Vou such that

e1doAzpe inKj, e2doA2pe  in Kj,
U1 =qei1lo2pe In Ky, U = exlloH2pe in Ky, (3.32)
0 in K-, 0 in K-,

where pe = Vp -e. Let p € Ny. Then (u,Vyp)m = 0 gives

(A0A2Pe, Pe)k, + (HoH2Pe, Pe)k, =0 (3.33)

which implies pelx, = 0 and pelg, = 0. Similarly, we have palx, = 0 and palx; = 0,
where d is the unit vector in the direction of AyA;. Since e and d are linearly indepen-
dent, we have Vp = 0 in K,,. By the same reasoning we also have Vp = 0 in K, or K.
It follows that |p|y = 0. O

Now it is not difficult to construct a macroelement partitioning iy, consisting of
macroelements of types (b) and (c) in Figure 3.1, satisfying (M1), (M2), and (M3). Since
the approximation properties (2.33) and (2.34) are valid, we get the following result
for Py — Py_, Taylor-Hood elements, k > 2.
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THEOREM 3.10. Suppose that 6y, is a regular triangulation of Q. For k > 2, define
Vi by (2.2) and

Pp={p € L{Q)NC(Q):plk € Pr_1(K), K €6p}. (3.34)

Then Theorem 2.8 is valid with § = 0.

REMARK 3.11. It should be pointed out that some restrictions (cf. [5]) inherited
from the result of Scott and Vogelius [14] are removed here. See [4] for a differ-
ent proof.
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